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Abstract

We present a construction method for Ramanujan graphs from simplicial complexes with
one or two blockers, using the corresponding multivariable functions, where blockers mean
minimal elements of the complement of a simplicial complex. First, we completely find all the
binary linear codes obtained from simplicial complexes with one or two blockers, producing
exactly 23 families of few-weight binary linear codes and 4 families of self-orthogonal codes.
Furthermore, their weight distributions are explicitly computed by using the corresponding
multivariable functions. Then we construct 14 families of nonbipartite Ramanujan graphs
from the few-weight binary linear codes found; their eigenvalues are computed by using
the weight distributions of the corresponding codes. We emphasize that it is the first time
that the simplicial complexes with a few blockers are used for construction of few-weight
linear codes and the corresponding Ramanujan graphs. Moreover, we verify that our families
of Ramanujan graphs are different from the previous families in terms of eigenvalues and
regularity.
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1 Introduction

Ramanujan graphs have drawn much attention due to the fact that they are “good” expanders
achieving the spectral bound. In fact, expanders (or expander graphs) have a great deal of
applications in various areas such as coding theory, cryptography, computer science, network
design, and even in pure mathematics (for instance, refer to [7-9, 17, 19, 27]). In addition,
the zig—zag graph product is used for construction of expanders [24]; this construction yields
constant-degree expanders of arbitrary size. In this construction, the role of base expanders
is very important; thus, we point out that Ramanujan graphs can play as base expanders.
Recently, there has been a great deal of developments on explicit construction of Ramanujan
graphs; for example, we refer to [2, 18, 20, 21, 23, 28]. Lubotzky et al. [20, 21] gave a
construction of Ramanujan graphs from projective linear groups over the finite fields of prime
order. Furthermore, Batra et al. [2] firstly constructed local bipartite Ramanujan graphs, using
the result in [23].

On the other hand, there have been many studies on construction of Ramanujan graphs
arising from codes; for example, we can refer to [3, 4, 15, 16, 22]. In [3, 4], Ramanujan graphs
were constructed from 2-quasi-perfect Lee codes over the finite field IF,, where p is a prime
with p = £5 (mod 12). Mesnager et al. [22] generalized the results in [3, 4] to the case of
every odd prime p; they showed that the Cayley graphs from some families of 2-quasi-perfect
Lee codes over I, are Ramanujan graphs, using Kloosterman sums. Recently, in [15], the
connection between linear codes over IF,, and Ramanujan graphs were characterized, and
using this characterization, they constructed some families of Ramanujan graphs with three
or four eigenvalues from few-weight linear codes over IF,.

There has been much progress on constructing few-weight linear codes by using simplicial
complexes (for example, [5, 6, 10, 12, 14, 25, 29]). In particular, they [5] suggested a method
for computing the weight distributions of binary linear codes associated with simplicial
complexes by using the corresponding multivariable functions. We note that the eigenvalues
of aRamanujan graph fromalinear code C are explicitly determined by the weight distribution
of C. Motivated by these facts, we focus on studying a construction method for Ramanujan
graphs from simplicial complexes, using the corresponding multivariable functions.

In this paper, we find many families of Ramanujan graphs, which are constructed from
simplicial complexes with one or two blockers, where blockers mean minimal elements of
the complement of a simplicial complex. As a method, we use the corresponding multivari-
able functions for computation of the weight distributions of linear codes whose defining
sets are the simplicial complexes. First, we completely classify all the binary linear codes
obtained from simplicial complexes with one or two blockers, producing exactly 23 families
of few-weight binary linear codes and 4 families of self-orthogonal codes. Furthermore, their
weight distributions are explicitly computed by using the corresponding multivariable func-
tions. Then we construct 14 families of nonbipartite Ramanujan graphs from the few-weight
binary linear codes obtained. In addition, we explicitly compute the eigenvalues and the mul-
tiplicities of the Ramanujan graphs, using the weight distributions of the corresponding codes;
computations are confirmed by Magma software. The Ramanujan graphs are summarized in
Tables 3 through 5.

We emphasize that it is the first time that the simplicial complexes with a few blockers
are used for constructing few-weight linear codes and the corresponding Ramanujan graphs.
Moreover, we find that some of the families of Ramanujan graphs obtained are new, compared
to the previous results [3, 4, 15, 16, 22] in terms of their regularity and eigenvalues.
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We explain the significance of using simplicial complexes with one or two blockers. In
fact, there is another representation of simplicial complexes using their maximal elements; in
this case, it is possible to construct Ramanujan graphs from this representation. However, our
focus in this paper is to use simplicial complexes with one or two blockers. We point out that
even though the simplicial complex A has one or two blockers, the set of maximal elements
of A can have various large cardinality (refer to Examples 2.3 and 2.4); for example, there
is a simplicial complex A which has one blocker, but the number of its maximal elements
is 9. In general, it is a hard task to handle the case when the set of maximal elements of A
has large cardinality; the computation process can be very complicated. The advantage of
using blockers is that our method is much more efficient when the cardinality of the set of
the blockers of A is relatively much smaller than the cardinality of the number of maximal
elements of A.

This paper is organized as follows. In Sect. 2, we introduce some definitions and previous
results. In Sect. 3, we find all the binary linear codes obtained from simplicial complexes
with one or two blockers and compute their weight distributions. Then, in Sect. 4, from the
binary linear codes obtained in Sect. 3, we find some families of nonbipartite Ramanujan
graphs, and we also compute their eigenvalues and multiplicities. In Sect. 5, we compare our
results to the other results on Ramanujan graphs obtained from codes.

2 Preliminaries

For a vector ¢ = (¢1,¢2,...,¢p) € Fg, the support of ¢ is defined by Supp(c) = {I <
i < n| ¢ # 0}. Throughout this paper, we identify Supp(c) with ¢ for convenience. The
(Hamming) weight w(c) is defined by w(c) = |c|. An [n, k, d] binary linear code means a
subspace of 5 having dimension k and minimum weight d = min{w(c) | 0 # ¢ € C}. An
[n, k, d] binary linear code is called optimal if there is no binary linear code of minimum
weight greater than d for fixed length n and dimension k. For a binary linear code C of length
n, we can obtain another binary linear code C+, called the dual code of C, and it is defined
by Ct ={xe I} | x - cforall ¢ € C}, where - implies the classical inner product in ;. A
binary linear code C is said to be self-orthogonal if C € C~, and projective if the minimum
weight of C* is at least 3. The following lemma provides a simple sufficient condition for
identifying self-orthogonal binary linear codes.

Lemma 2.1 [11, Theorem 1.4.8] Let C be a binary linear code. If every codewords of C has
weight divisible by four, then C is self-orthogonal.

Let A; denote the number of codewords with weight i in a binary linear code C of length
n (1 <i < n), and the weight enumerator of C is given by

AX)=1+A1X + A X>+--+ A X"

There is significant interest in binary linear codes with few nonzero weights, called few-weight
code.
For a subset D C ', we can define a linear code Cp as follows:

Cp ={cp() :=(u-d)gep | u e Fy}.

Then such a subset D is called the defining set of Cp. In this paper, we consider linear
codes whose defining sets are simplicial complexes. A subset A of I}’ is called a simplicial
complex if for any u € A, v < u implies that v € A, where < denotes the partial order
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between vectors, i.e. v = (v, V2, ..., Up) < U = (U1, un, ..., u,) means v C u as their
support sets. Then a maximal element of A and a minimal element of IF3' \ A can be defined,
respectively; in detail, an element m of A is called a maximal element of A if there is no
element u € A such that m < u. Let F denote the set of maximal elements in the simplicial
complex A. An element b of A is called a minimal element of F7' \ A if there is no element
u € F7'\ A such thatu < b. Let M denote the set of minimal elements b of ' \ A according
to the partial order <. The elements of M are called the blockers of A.

We explain the relationship between the set M of blockers and the set F of maximal
elements for a given simplicial complex A, using the following three examples. In Example
2.2, for a given set M of blockers of A, we present how to find the set 7 of maximal elements
of A. Example 2.3 treats the one blocker case; we observe that even though A; has one blocker
fori =1,2,3(M,;|=1fori =1, 2, 3, respectively), the corresponding set 7; of maximal
elements have various cardinalities (|F;| = 7, 8,9 fori = 1, 2, 3, respectively). Moreover,
in Example 2.4, we consider the two blocker case; when A; has two blockers fori =4, 5,6
(|M;| =2 fori = 4,5, 6, respectively), the corresponding set F; have various cardinalities
(|Fil =17,16,17 fori =4, 5, 6, respectively).

Example2.2 Let A C Fg be a simplicial complex. Let F be the set of maximal elements and
M be the set of blockers of A. If M = {(1, 1,0, 0, 0)}, we have then

F3\A = (1,1,0,0,0),(1,1,1,0,0), (1, 1,0, 1,0), (1, 1,0,0, 1),
2T (L1, 1, 1,0),(1,1,1,0, 1), (1, 1,0, 1, 1, (1, 1, 1,1, 1)
and so
0,0,0,0,0),(1,0,0,0,0), (0,1,0,0,0), (0,0,1,0,0),(0,0,0, 1, 0), (0,0,0,0, 1),
A= (1,0,1,0,0), (1,0,0,1,0,(1,0,0,0,1), (0, 1,1,0,0), (0, 1,0, 1, 0), (0, 1,0, 0, 1),
~],0,1,1,0),(0,0,1,0,1),(0,0,0, 1, 1), (1,0, 1, 1,0), (1,0, 1,0, ), (1,0,0, 1, 1),
©0,1,1,1,0),(0,1,1,0,1),(0,1,0,1, 1), (0,0,1,1, 1), (1,0, 1,1, 1), (0, 1, 1, 1, 1)

Thus, the set F of maximal elements of A is given by
F={(1,0,1,1,1),(0, 1,1, 1, )}.

Example2.3 Let A; C IF;O be a simplicial complex for i = 1, 2, 3. Let F; be the set of
maximal elements and M; be the set of blockers of A;. For the following given M; with
IM;| =1 =1,2,3), we obtain F; as in Example 2.2, respectively.

() fM; ={(1,1,1,1,1,1,1,0,0,0)}, then

o,1,1,1,1,1,1,1,1, 1), (1,0,1,1,1, 1,1, 1, 1, 1),

7= (1,1,0,1,1,1,1,1,1, 1), (1,1,1,0,1, 1,1, 1, 1, 1),

" Ya,1,1,1,0,1,1,1,1,1), (1,1,1,1,1,0,1,1, 1, 1),
1,1,1,1,1,1,0,1, 1, 1)

() f Mo ={(1,1,1,1,1,1,1,1,0,0)}, then

o,1,1,1,1,1,1,1,1, 1), (1,0,1, 1,1, 1, 1, 1, 1, 1),

P 1,1,0,1,1,1,1,1,1,1), (1,1,1,0,1, 1,1, 1, 1, 1),
271,11, 1,01, 1,1, 1,1, (1,1,1,1,1,0, 1,1, 1, 1),
a,1,1,1,1,1,0,1,1,1), (1,1,1,1,1,1,1,0, 1, 1)
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(i) f M3 = {(1,1,1,1,1,1, 1,1, 1, 0)}, then

o,1,1,1,1,1,1,1,1,1), (1,0,1,1,1, 1,1, 1, 1, 1),
1,1,0,1,1,1,1,1,1,1), (1,1,1,0,1, 1,1, 1, 1, 1),

F=4(1,1,1,1,0,1,1,1,1,1), (1,1,1,1,1,0,1, 1, 1, 1),
1,1,1,1,1,1,0,1,1, 1), (1,1,1,1,1,1, 1,0, 1, 1),
1,1,1,1,1,1,1,1,0, 1)

We explicitly compute the weight distributions of corresponding linear codes CAT (& A%
and CA* in Theorem 3.1, where their parameters are [1015, 10, 504], [1019, 10, 508],
and [1021 10, 510], respectively. Moreover, we obtain nonbipartitle Ramanujan graphs
Cay(]Flo, AT, Cay(IFlO, A3), and Cay(IFlO, A3%) in Theorem 4.1, respectively.

Example2.4 Let A; C F g be a simplicial complex for i = 4,5, 6. Let F; be the set of
maximal elements and M; be the set of blockers of A;. For the following given M; with
IM;| =2 =4,5,6), we obtain F;, respectively.

i tMy={b;:=(0,1,1,1,1,1,1,1,0), b2 :=(1,1,1, 1,1, 0,0, 0, 0)}, then

©,1,1,1,1,0,1,1, 1), (1,1,1,1,0,1, 1, 1, 1),
7 = 0,1,1,1,1,1,1,0, 1), (0,1,1,1,1, 1,0, 1, 1),
4= 1,1,1,0,1,1,1,1, 1), (1,0,1,1, 1,1, 1, 1, 1),

(1,1,0,1,1,1, 1,1, 1)

Then the corresponding code C A has parameters [381, 9, 126] and its weight distribution
is given in No. 21 of Table 2. Moreover, we construct a nonbipartitle Ramanujan graph
Cay(IFg, A}) in No. 12 of Table 5.

(i) If Ms = {b := (1,1,1,1,0,0,0,0,0), by := (0,0,0,0, 1, 1, 1, 1,0)}, then

(1,1,1,0,1,0,1,1,1), (1,0,1,1,1,1,0, 1, 1),

(1,1,0,1,0,1,1,1,1), (1,0,1,1,0,1, 1,1, 1),

(1,1,1,0,1,1,1,0,1), (1,1,0,1,1,0, 1, 1, 1),

o L1001 1 LD, (10,1111, 1,0,1),

5710, 1,1,1,1,1,1,0,1), (1,1,1,0,1,1,0, 1, 1),
0,1,1,1,1,0,1,1,1), (1,1,0,1,1,1,1,0, 1),

0,1,1,1,0,1,1,1,1), (1,1,0,1,1,1,0, 1, 1),

(1,0,1,1,1,0,1,1,1), (0,1,1,1,1,1,0, 1, 1),

Then the corresponding code Ca; is a [449, 9, 66] code with weight distribution as given
in No. 6 of Table 1, and a nonbipartitle Ramanujan graph Cay(FJ, A}) in No. 5 of Table
4 is constructed.

(iii) If Mg = {b; :=(0,0,0,0,1,1,1,1,1,1),bp := (1,1, 1,1, 1,0,0, 0, 0)}, then

1,1,1,0,1,0,1,1,1), (0,1,1,1,1, 1,1, 1, 0),
(1,0,1,1,1,1,0,1, 1), (1,1,1,0,1,1, 1,0, 1),
1,1,0,1,1,0,1,1,1), (1,1,0,1,1, 1, 1, 1, 0),
1,0,1,1,1,1,1,0, 1), (0,1,1,1,1, 1, 1,0, 1),

Fe=14(1,1,1,0,1,1,0,1,1), (0,1,1,1,1,0,1, 1, 1),
1,1,0,1,1,1,1,0, 1), (1,0,1,1,1,1, 1, 1, 0),
l,1,1,0,1,1,1,1,0), (1,1,0,1,1, 1,0, 1, 1),
1,0,1,1,1,0,1,1,1), (0,1,1,1,1, 1,0, 1, 1),
1,1,1,1,0,1,1,1, 1)
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The the corresponding code Ca4 has parameters [480, 9, 225] and weight distribution
as given in No. 8 of Table 2 in Theorem 3.2. We also obtain a nonbipartitle Ramanujan
graph Cay (F9, A}) in No. 6 of Table 5 in Theorem 4.2.

Remark 2.5 In fact, the concept of the blocker of A is closely related to Alexander dual of A
[1]. For a simplicial complex A C F7', define A* := {1+b | b € '\ A}. Then (A*)* = A
and A* is again a simplicial complex, which we call the Alexander dual of A. The maximal
elements of A* are of the form 1 4 b for each blocker b of A, while the blockers of A* are
of the form 1 4+ m for each maximal element m of A.

Another method for constructing linear codes is to use multivariable functions. Let H be
an m-variable function of the form

Hx X2, X)) = Y apx]' ¥ € Zlxy, xa, ... X,
yely

where ay € {0,1} and y = (1, y2,..., ym), and let Py be a set consisting of ay-times
y € 7. Then we get a linear code Cy associated with H defined by

Cr = Cpy, = {c(m) := (0 - y)yep,, |u € Fy} (H

For alinear code C3 associated with H, Hyun et al. [13] found their parameters by evaluating
H.

Lemma 2.6 [13, Lemma 3.2] Let H be an m-variable function and Cy a binary linear
code associated with H as in (1). Then the length of Cy¢ is equal to H(1, 1, ..., 1), and the
dimension of Cy is at most m. Moreover, the Hamming weight w(cy () of a codeword
cr () is given as follows:

1
w(cx ) = 3 (H(L 1, ... D) = H((=D", (=D, ..., (=D")),
wherew = (uy,uy, ..., Uy).

Moreover, in [5], Hyun et al. introduced a multivariable function that corresponds to a
linear code defined by a simplicial complex.

Lemma 2.7 [5, Theorem 1] Let A be a simplicial complex of I} with the family of blockers
M. Let Ha be an m-variable function defined by

Harxoxm) = Y (DT T x [T +x),

TCM jely  igly

where IT = Uyer Supp(u) and ]_[l-ew(l +x;) = 1. Then C is associated to the multivariable
Sunction Ha, i.e., CA = Cyq,.

We call the function Ha in Lemma 2.7 by a multivariable function associated with a
simplicial complex A.

Example2.8 Let A C T ‘2‘ be a simplicial complex with two blockers by = (1, 1,0, 0) and
b, = (0,0, 1, 0). Then Fg \ A is given by

(1,1,0,0), (1,1, 1,0), (1,1
(1,0,1,0), (0,1, 1,0), (0,0, 1,
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and A = {(0,0,0,0), (1,0,0,0), (0,1,0,0), (0,0,0, 1), (1,0,0, 1), (0, 1,0, 1)}. Then the
linear code Ca associated with A has a generator matrix

010010
001001 |
000000 |°
000111

so, a corresponding multivariable function is given as Ha (x1, X2, x3, x4) = 1 + x1 + x2 +
X4 4 x1x4 + x2x4. In this case, Ha (x1, x2, X3, x4) = (1 + x1)(1 4+ x2)(1 4+ x3)(1 + x4) —
x1x2(1 4+ x3)(1 4+ x4) — (1 4+ x1)(1 4+ x2)x3(1 + x4) + x1x2x3(1 4+ x4) as shown in Lemma
2.7.

A graph T consists of an ordered set V and a family of sets E, where E consists of sets
containing one or two vertices of V. The elements of V are called vertices and of E are
edges. For two vertices u and v, u is adjacent to v if {u, v} € E and such two vertices are
called neighbors. Two graphs I'1 = (V1, E1), ['2 = (Va, E3) are isomorphic if there exists a
one-to-one mapping from V; onto V, which preserves adjacency and nonadjacency. A graph
I' = (V, E) is said to be bipartite if V can be partitioned into two sets V1 and V> such that
EN(Vy x Vi) = EN(V, x Vo) = @; otherwise it is called nonbipartite. In particular, an edge
{u, u} is called loop when u = v, and the degree of a vertex v in I" is the number of edges
incident on v plus twice the number of self-loop. If every vertex is of the same degree K, the
graph I is called K -regular. A walk in graph I" is a sequence of vertices up, uy, up ..., ug
such that {u;_y,u;} € E forevery 1 < j < ¢, and the length of the walk is £. If between
every pair of vertices there is a walk, a graph I" is called connected. For a given graph I',
a matrix Ar can be determined and called adjacency matrix of G. The matrix is defined as
follows:

I if{u;,u;} € E;

the (i, j)-th entry of Ar := Ar[i, j] =
(%)) y r rli, jl 0 if (uiu;) ¢ E,

where u; denote the i-th vertices of I'. The eigenvalues and the eigenvectors of a graph I' is
the eigenvalues and the eigenvectors of the adjacency matrix of I'. When a graph is connected
and regular, whether the graph is bipartite can be determined by its eigenvalues as shown in
the following criterion.

Lemma 2.9 [7, Proposition 1.1.4] Let I" be a connected K -regular graph. The graph T is a
bipartite graph if and only if —K is an eigenvalue of T'.

For a subset S € V with § = —S, the corresponding Cayley graph Cay(V, S) has V as
its vertex set and two vertices u and v are adjacent if and only if u — v € S. It is known that
the Cay(V, §) is connected if and only if S generates V, also if 0 ¢ S then the Cayley graph
is loopless, and if 0 € S then each of vertices of the Cayley graph has a loop.

Let C be an [n, k] binary linear code and let D be a defining set of C, i.e. C = Cp.
Then we have a Cayley graph Cay(Fg, D) associated with D. There has been a study on the
relationship between the eigenvalues and their multiplicities of the Cayley graph Cay (Fé, D)
and the weight distributions of the linear code Cp in [26, Theorem 1] (in [26], the Cayley
graph associated with a linear code C appears to be defined slightly in a different way, but
essentially it is the same as ours).

Lemma 2.10 [26, Theorem 1] Let C be an [n, k,d] binary linear code with the weight
enumerator A(X) = Y ;| A;X' and D be a defining set of C. Then for 0 < i < n,
eigenvalues of Cay(F5', D) are n — 2i and their corresponding multiplicities are A;.
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There is an important graph, called a Ramanujan graph, which is a finite connected K -
regular graph with optimal spectral gap, that is, for every nontrivial eigenvalue 1 of ", one has
n| <24/ K — 1. We have the following explicit criterion for the Cayley graph Cay(]Fk , D*)
to be a Ramanujan graph in terms of the bounds on the weights of Cp.

Lemma 2.11 [15, Theorem 1.1] Let D be a subset of F3' \ {0}. Then the Cayley graph
Cay(F%', D) is a Ramanujan graph with t 4 1 distinct eigenvalues if and only if the associated
code Cp is a binary linear code of length n = |D| with exactly t distinct nonzero weights,
and satisfies

g —Vn—1<wi(cpw) < g +n =1
forallu e F7' \ {0}.

3 All the linear codes obtained from simplicial complexes with few
blockers

In this section, we completely find all the linear codes obtained from simplicial complexes
with one or two blockers; they produce 23 families of few-weight codes and 4 families of self-
orthogonal codes. We also compute their weight distributions explicitly; the computations
are confirmed by Magma software.

Theorem 3.1 Let m be a positive integer with m > 2. Let Ay C F3' be a simplicial complex
with exactly one blocker b and A} := Ay \ {0}. Then the code CAT is a [2" — 2m—Ibl

1, m,2m=1 — 2m=bl projective 3-weight binary linear code, and its weight enumerator is
given as follows:

1 i Z‘blxszl_szlbl + (2m . 2‘b‘)X2mfl_2m*\h\*l + (Z‘bl _ 1)X2mfl.
In particular; the code CAT is self-orthogonal when |b| < m — 3.

Proof We mainly use Lemmas 2.6 and 2.7 for the proof. By Lemma 2.7, a multivariable
function H A+ corresponding to Ca+ is given as

Har G xa,x) = [ [ +x) =[] [0 +x0) - 1.
i=1

jeb  igb

Then by Lemma 2.6, the length of CAT is equal to HAT(I’ 1,...,1) =2" — om=lbl _ 1,
and the weight of a codeword ¢y, . (0) of CAT foru = (uy, uz, ..., u,) € I} is given as
1
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follows:

1
wiery, W) = 5 (Hag(L Lo D) = Hag (CD" (=D, (1))

2 — 2T+ (= 1)) + (=i [T + (=)

i=1 i¢b
0 ifu=0;

= {2m=1 _pm=lbl-1 ifu#0,u#b;
pm—1 _pm=pbl=1 4 (_pyw@pm=lbl=1 jfy £ 0 u=<b
0 ifu=0;

ot —omm Pl ifu £ 0,u A b

T ot ifuz£0,u=<b,|uliseven;

am=l _gm=bl ify£0,u=<b,ulisodd.

Then Cp, isa [2" — om=Ibl _ 1y pm—1 _ pm=Ibl] projective 3-weight binary linear code,
and its parameters and weight enumerator are obtained as desired. Moreover we find that their
codewords are divisible by four when |b| < m — 3, and in this case, Cy, is self-orthogonal
by Lemma 2.1. O

Theorem 3.2 Let m be a positive integer with m > 4. Let Ay C F7' be a simplicial complex
with exactly two blockers by and by and A% := A \ {0}. Then the code CA; is a projective
binary linear code, and the parameters and the weight distributions of C A are given in
Tables 1 and 2. In particular, the code CAE is self-orthogonal for the following cases:

6) CA; in No. 5 with |by| <m —4;

(i) Cax in No. 6 with [by| < 53,

2 k]
(iii) Cay in No. 7 with [by| + [by| < m — 3.

Proof We prove the results for the families No. 2 and No. 18, and the results for all the
other families are proved in a similar manner. By Lemma 2.7, the multivariable function

Hax(x1, X2, ..., Xp) corresponding to the family No. 2 is given as follows:
m
[Ta+xp=T]x [Ja+xo—]]x [Ta+x+ [ «~ [] a+x-1. @
i=1 j€by i¢by jeba i¢bo jebiUby i¢biUby

Since b; U by = [m], Eq. (2) is equal to

H(H‘XJ)_ [T [Ta+x—T]x l_[(1+xt>+l_[xj—1

Jjebyr  igh) Jj€by  ighy

By Lemma 2.6, the length of Cy; is equal to Has(1, 1,..., 1) = 2" — 2"/>*! and the
weights of codewords ¢y, (u) of C Ay are obtained as
2
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w(er,, W)

l u u u
= 5 (Mas (L1 D) = Hag (D" (=D (= D)')
1 - ,
=3 (2,,, — 2P T+ (=1 + (=DZi % [T+ (1))

i=1 igby
+ (_I)Z,ebz uj l_[(l +(=1)%) — (_1)2,51;] Ui+ pen, U +1
i¢by
0 ifu=0;
=l 2% (X5 L—DE N 1) ifu#0,u < by;

21— 2% 4 (X2 L)X - 1) ifu £ 0,u < by;

2% L—nXia ) ifu£bi,ufb
0 ifu=0;
om=l _ %1 ifuz0,u=<bjoru=<hy, 3 u; =0

m

={2m"1 3.2 41 ifu0,u=<b oruﬁbz,z_';‘zl uj=1;

am=l—2% ifu A b, u A by, Y0 uj =0;

am=l_2% 41 ifu A br,uAby, Y0 uj=1,

where u = (u1,u2,...,u,) € F'. Then CAZ isa[2" — Z%H,m, om=1 _3.2%5-1 4 1]
4-weight binary linear code and their weight distribution is given as in Table 1.

Similarly, multivariable functions H A} (x1, x2, ..., xp) associated with the binary linear
codes in the family No. 18 (in Table 2) are given as follows:

[Ta+xo-J]xJla+x - [« [[a+x0+ J] x [] a+x-1

i=1 j€by i¢by j€by i¢by j€biUby i¢bUby

Then we will obtain the parameters and the weight distributions by using Lemma 2.6. The
length of Csx is equal to 2" — gm=bil _ gm=lb2| 4 om=Ibi[=Ib2l+1 _ ] ‘and the weights of
codewords ¢y, (0) foru = (uy, uz, ..., uy) can be calculated by

w(er,, (W)

1
= 3 (Mg L D = Hag (D" (=D (<))

m
— % (2"1 _gm=Ibil _pm=Ib2| | pm—Ibi|=|b2[+1 _ l_[(l +(=D)%) + (71)2]6171 uj l_[(] +(=1)")
i=1 i¢b

+ (=D TT + (1)) = (=DZsom s T <1+<—1>“">)

i¢hy i¢b;Uby
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Table 3 The eigenvalues and the
multiplicities of nonbipartite
Ramanujan graphs Cay(F5', A7) om _ am—|b| _ | 1
in Theorem 4.1

Eigenvalues Multiplicities

om—Ib| _ 2lbl—1
-1 om _ 7lb|
_om—lb] _ olbl=1 _
0 ifu=0;
gm=1 _ gm=[b1| _ pm—Iba| 4 pm—[bi|~bz+1 ifu#0,u=b;Nby;
gm=1 _ gm=lal=1 _ (] — (—1)Zf=14iypm=lbi|-1 ifus£0,uzb Nbyu=<by:
+(1— (_1)2?'=| “i)sz\bllf\bz\
= {om=t _gm=lbi=1 _ () _ (=)=t ypm—bzl-1 ifu0,u%b Nby,u< by
+(1— (,1)2;”:1 1jypm=Iby| bz
o=l _gm=lbil=1 _pm=lbal=1 (| _ (—1)Zj=i4iypm=Ibil=I2l ify £ 0, u # by N by,
uAbj,uZAbyu=<b Uby;
gm=1 _ gm=[bi|=1 _ pm=|ba|=1 4 pm—bi|—[b2] ifu by Uby
0 ifu=0;
om=l —pm=lbil _ pm—=ib2l 4 pm—lbil=Ib+1 ifu0,u=b;Nby,;
om=l — pm=ih|-1 ifuz0,usb Nby,u=<by, Y u; =0;
2=t — gmibil —gm=lbal=t g gm=ibil=bal it £ 0,u £ by Ny, u <by, Y u =1
om=1 _ gm=lb1|-1 ifuz0,uzb Nby,u=<by, 3 u; =0;
= {om=1 _pm=Ibil=1 _ pm—lba| 4 pm—Ibi|—|ba|+1 ifu#0,ub;Nby,u=<by, Z;ﬁ;l uj=1;
om=l _gm=lbil=1 _ pm—|bz|—1 ifu#0,uzbiNby, 30 u; =0,
u :/ﬁ bi,u ﬁbz,uﬁbl Uby;
o=t —gm=lbrl=t_ gm=ibal=t ggm=brl=DaltLif g o2 0w £ by Nby, YT uy =1,
u :/f bi,u ﬁbz,uﬁbl Uba;
gm=1 _ pm=[bi|=1 _ pm=[ba|=1 1 pm—[bi|=|by]| ifu ﬁ b; Ubs.

To complete the proof, we verify the self-orthogonality of the code C o5 in No. 5 through No.
7; the binary linear codes C A only have the codewords whose weights are divisible by four
under the conditions (i) through (iii), respectively, so they are self-orthogonal by Lemma 2.1.
Thus, the results follow as desired. O

4 Families of Ramanujan graphs from simplicial complexes with few
blockers

In this section, we find fourteen families of nonbipartite Ramanujan graphs. These families
are constructed from the simplicial complexes with one or two blockers given in Sect. 3.
Furthermore, we explicitly compute the eigenvalues and the multiplicities of the Ramanujan
graphs, using the weight distributions of the corresponding codes obtained in Sect. 3.

Theorem 4.1 Let m be a positive integer with m > 4. Let Ay C ' be a simplicial com-
m

plex with exactly one blocker b with |b| > 7. Then the Cayley graph Cay(Fy', AY) is a
nonbipartite Ramanujan graph with the eigenvalues and the multiplicities given in Table 3.

Proof We mainly use Lemmas 2.10 and 2.11. Combining Lemma 2.11 and Theorem 3.1, we
have that Cay(I5', A}) is Ramanujan if and only if
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om=bl=1 _ % < /2m —2m=Ibl _ 2 gpd 2"~ PI=1 4 % < /2m —om=Ibl _3

ey pmlbl] +% < Jom bl 2

22m—2\b|—2 + 2m—|b|—1 + % < om zm—lb\ )

7
= 2mIbI=lgm=bi=l _ b+l 4 3y < -7 (©)

Under the assumption that m > 4 and |b| > 2, we have that om=Ibl=1 _ pbl+1 < 251 —
25+l < _6; thus, Eq. (3) follows. Therefore, Cay (', A}) is a Ramanujan graph. Their
eigenvalues and multiplicities are computed by Lemma 2.10 as given in Table 3. Moreover,
we find that the Cayley graph Cay (I, AY) is nonbipartite by Lemma 2.9. Therefore, we get
the result. O

Theorem 4.2 Let m be a positive integer with m > 4. Let Ay C F3' be a simplicial complex
having exactly two blockers by and by corresponding to the code families No. 1, 2, 4, 5,
6,89 11,12, 13, 19, 21, and 22 in Tables 1 and 2. Then Cay(F7', A;) is a nonbipartite
Ramanujan graph under the conditions with the eigenvalues and the multiplicities; these
Ramanujan graphs are listed in Tables 4 and 5.

Proof We only prove the result for No. 5 in Table 4 since the other results can be obtained
in a similar way. Combining Theorem 3.2 with Lemma 2.11, we have that Cay (', A%) is a
Ramanujan graph if and only if

ym=lbil=1 _ om=2lbi|=1 | % < Jam _ gmibi+1 4 gm—2bil 3

@2%—%5 Zm—2%<:>2m*1—2m771+%§2’”—2’”2”
ot 1 3\> _ 10
om=l_ 3.9 21>, om—=1_ ~ > .
— z 7 — 5 >
the first equivalence is obtained by the assumption |by| = 5 L Then the last inequality holds

since m > 5; thus, Cay(F5', A}) is a Ramanujan graph. The eigenvalues and the multiplicity
of Cay (I}, A}) are computed by combining Lemma 2.10 with Theorem 3.2. In addition, by
Lemma 2.9, we find that Cay (I}, A%) is nonbipartite as desired. O

5 Comparison with other Ramanujan graphs

In this section, we compare our results (Tables 4 and 5) to the previous results (Table 6) on
Ramanujan graphs which are constructed from codes. We obtain many families of nonbi-
partite Ramanujan graphs in Sect. 4. Now, we verify that our families are different from the
previous families in Table 6 in terms of eigenvalues and regularity as follows.

(i) Compared with [15], our Ramanujan graphs (No. 2, No. 5, and No. 6-No. 13 in Tables 4
and 5) have more than 4 distinct eigenvalues. However, Ramanujan graphs (No. 4 through
No. 10 in Table 6) obtained in [15] have exactly 3 or 4 distinct eigenvalues.

(i) Compared with [3, 16, 22], our Ramanujan graphs (No. 5 and No. 11-No. 13 in Tables
4 and 5) have odd regularity while the Ramanujan graphs (No. 1 with odd prime p, No.
2 and No. 3 in Table 6) given in [3, 16, 22] have even regularity.
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(iii) Compared with [16] (No. 1 with p = 2 in Table 6), we find that our Ramanujan graphs
(No. 5 and No. 11-No. 13 in Tables 4 and 5) have different regularity for large m.
For example, our Ramanujan graph Cay(IF}', A3) (No. 5 in Table 4) have regularity

2"y : + 1, while their Ramanujan graph (No. 1 with p = 2 in Table 6) has regularity
2k 4+ 1 for some k (form > 6, 2™ — 21";3 + 1 cannot be of the form 2% + 1 since

=l < — 2" < 2"). The other cases can be verified in a similar argument as
well.

Therefore, we confirm that some of our Ramanujan graphs (No. 5 and No. 11-No. 13 in
Tables 4 and 5) are different from those in the previous works [3, 15, 16, 22].

6 Conclusion

We constructed 14 families of nonbipartite Ramanujan graphs by using the binary linear codes
obtained from simplicial complexes with few blockers, furthermore, we explicitly computed
the eigenvalues and the multiplicities of the Ramanujan graphs. We emphasize thatit s the first
time that the simplicial complexes with a few blockers are used for construction of few-weight
linear codes and the corresponding Ramanujan graphs. Moreover, we confirm that some of the
families of Ramanujan graphs produced are different from the previous Ramanujan graphs
in terms of their regularity and eigenvalues. In this paper, we focused exclusively on binary
linear codes; so, this framework can be extended to arbitrary finite fields. Hence, it would
be desirable to use simplicial complexes with many blockers for constructing optimal linear
codes over arbitrary finite fields and the corresponding Ramanujan graphs.
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