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ABSTRACT: Spherical bubble oscillations are widely used to model cavitation phenomena in biomedical and naval
hydrodynamic systems. During collapse, a sudden increase in surrounding pressure initiates the collapse of a cavitation
bubble, followed by a rebound driven by the high internal gas pressure. While the ideal gas equation of state (EOS) is
commonly used to describe the internal pressure and temperature of the bubble, it is limited in its capacity to capture
molecular-level effects under highly compressed conditions. In the present study, we employ non-ideal EOS for the
gas (the van der Waals EOS and its volume-limited case) to investigate bubble oscillations with a focus on energy
redistribution. Bubble oscillation is modeled in two phases: collapse, described by the Keller−Miksis formulation,
and rebound, where peak shock pressure is estimated using similitude-based relations. To assess the role of EOS
in energy redistribution, we introduce a framework that quantifies energy components in the bubble−liquid system
while conserving total energy, tailored to each EOS. Using this framework, we evaluate energy concentration, acoustic
radiation, and shock propagation and statistically analyze their dependence on both the driving pressure and the EOS
of gas. We statistically derive scaling relations of key bubble dynamics quantities, energy concentration and radiation,
and shock pressure using the driving pressure ratio. This work provides a generalizable framework and set of scaling
relations for predicting bubble dynamics and energy transfer, with potential applications in evaluating the impacts of
cavitation phenomena in complex practical systems.
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1 Introduction
Cavitation bubbles play a key role in various industrial and biomedical applications, including naval

hydrodynamic machinery [1–3], histotripsy [4], lithotripsy [5,6], chemical processing [7], cancer ablation [8],
and coated micro-bubbles for drug delivery [9,10]. When subjected to high ambient pressure compared to the
gas pressure inside the bubble, it undergoes rapid oscillations that may emit shock waves into the surrounding
medium. These shocks can induce localized high-pressure and stress regions, which may potentially induce
damage on nearby objects or the medium [11–13]. Such effects can be harnessed for beneficial outcomes in
targeted applications such as breaking kidney stones, ablating cancer cells, or initiating chemical reactions;
but they may also be detrimental. In naval machinery, repeated bubble collapses near solid objects can cause
erosion, ultimately reducing the structural integrity [1,14].

A cavitation bubble behaves asymmetrically when located near a solid surface [15]. While the bubble
dynamics are nearly spherical in the early stages of collapse, asymmetries rapidly develop due to imbalances
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in mass and momentum transport near the boundary. This results in non-spherical bubble deformation and
the formation of a high-speed re-entrant jet directed from the side farther from the boundary toward the
side close to the boundary [16,17]. When the jet impacts the opposite side of the bubble near the boundary, a
water-hammer shock is generated, further compressing the bubble and emitting secondary shock waves [13].
These shocks induce localized high pressures and stresses on nearby surfaces, potentially causing material
damage and surface erosion—a common source of wear in engineering systems [18]. Despite its importance,
simulating these phenomena still remains challenging due to the complexity of bubble-boundary [19–22]
and bubble-bubble [23,24] interactions.

A spherical bubble setting is often used as an idealized framework that captures key features of
non-spherical bubble dynamics [25–27]. Under symmetric conditions, the bubble collapses and rebounds
spherically. During collapse, the potential energy stored in the surrounding liquid is transferred into kinetic
energy, which is ultimately concentrated into the bubble as internal energy. While this energy redistribution
process is well understood in the incompressible limit, it remains less explored when compressibility
and the associated wave generation are taken into account [28,29]. In particular, for strong oscillations,
compressibility effects become increasingly significant and must be incorporated to accurately describe
energy transfer and energy radiation via waves.

Under such oscillations, the gas behavior inside the bubble deviates significantly from ideal gas assump-
tions, making molecular effects non-negligible. As the driving pressure increases, the bubble undergoes
more violent collapse, enhancing the influence of intermolecular forces and finite molecular volume. These
non-ideal gas effects are particularly important in sonochemistry and sonoluminescence, both of which
require large compression ratios to initiate chemical reactions and light emission [7,30,31]. During the
turnaround from collapse to rebound, the bubble reaches extreme conditions: pressures on the order
of 4,000−8,000 atm and temperatures approaching 15,000 K for argon, with several molecular emission
estimates suggesting peaks near 30,000 K [32,33]. For Ar−Ne mixtures, the sonoluminescence temperature
is reduced to around 1,500 K [34]. Although these extreme conditions last only O(0.1) μs, they are sufficient
to trigger sonochemical reactions and light emission. Indeed, during such short intervals, molecular effects
strongly influence bubble dynamics, altering energy partitioning and shock generation, which are critical for
understanding the initiation of chemical reactions and light emission, as well as cavitation-induced damage.
However, quantifying individual energy components under these conditions remains challenging due to the
complexity introduced by non-ideal thermodynamic gas behavior.

To model non-ideal gas effects, various equations of state (EOS) have been employed to describe the gas
pressure inside a collapsing bubble. For low-to-moderate amplitude oscillations, the ideal gas law is typically
sufficient [35–37]. However, under strong oscillations, the van der Waals EOS is often used to account for
intermolecular attractive forces and finite molecular volume, both of which become significant during violent
collapse [31]. As an alternative, the ideal gas law with a volume cutoff has been applied to approximate
the effects of the van der Waals core volume [30,38]. These EOS formulations are commonly coupled with
Rayleigh−Plesset-type equations [15,39,40] to model the evolution of pressure and temperature inside the
bubble during oscillations. However, the energy transfer associated with different EOS models has not been
thoroughly investigated.

In the present study, we develop an energy budget framework for bubble oscillations, particularly
under strong oscillations, tailored to different EOS while ensuring conservation of total energy in the
bubble−liquid system. We specifically investigate how non-ideal EOS (van der Waals and its volume-
limited form) affect bubble compression, energy redistribution, and shock emission. By combining this
framework with statistical analysis, we establish new scaling relations linking driving pressure to bubble
dynamics, energy concentration, and shock pressure. These contributions provide new insights into the role
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of molecular effects in cavitation dynamics and offer predictive tools for assessing cavitation-induced energy
transfer in practical applications. The article is organized as follows. Section 2 introduces the EOS and bubble
dynamics models. Section 3 introduces the energy budget framework, which is applied in Section 4 to analyze
bubble dynamics and energy redistribution. Section 5 summarizes the overall findings of the present study,
discusses the limitations of the framework, and outlines potential directions for future research.

2 Methods
In this section, we introduce the EOS and bubble dynamics model used to simulate spherical bubble

oscillations under varying driving pressures.

2.1 Equation of State for the Gas inside the Bubble
We employ three different EOS to investigate molecular effects on bubble dynamics, as well as the

resulting energy redistribution, acoustic radiation, and shock wave emission. First, we use the full van der
Waals EOS [31]:

(pb +
n2

b avan

V 2 )(V − nbvan) = nb Rb Tb , (1)

where pb is the bubble pressure, nb is the number of moles of gas, avan is the correction factor for
intermolecular attraction, V is the bubble volume, bvan is the correction factor for finite molecular size, Rb is
the universal gas constant, and Tb is the bubble temperature. The second model incorporates only the finite
molecular volume through the van der Waals hard-core correction, referred to as the volume-limited van
der Waals EOS [30,41]:

pb (V − Vvan) = nb Rb Tb , (2)

where Vvan is the hard core volume. As a reference case, we also consider the ideal gas law, which is recovered
by setting Vvan = 0 in Eq. (2).

We compare bubble pressures predicted by the three EOS models across a range of bubble volumes
starting from the initial volume and decreasing toward smaller values (Fig. 1). For larger bubble volumes,
corresponding to the early stages of collapse, all three models yield nearly identical pressures. However, as
the bubble compresses to around 2 % of its initial volume, the van der Waals EOS shows higher pressures
than the ideal gas law. This can be attributed to the finite molecular volume core becoming significant relative
to the total bubble volume, increasing the effective pressure compared to the ideal gas case that neglects this
volume. At volumes below 1 % of the initial value, the full van der Waals EOS begins to show lower bubble
pressures than the volume-limited version, as intermolecular attractive forces reduce the overall gas pressure.

During oscillations, the bubble pressure is assumed to follow an adiabatic law, which is appropriate for
violent collapses where the timescale of thermal diffusion is orders of magnitude longer than that of the
bubble collapse [42–44]. For each EOS, the corresponding adiabatic relation can be expressed as:

(pb +
n2

b avan

V 2 )(V − nbvan)γ = Co ,1 , (3)

for the full van der Waals EOS, and

pb (V − Vvan)γ = Co ,2 , (4)
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for the volume-limited van der Waals EOS, where γ is the specific heat ratio. Here, Co ,1 and Co ,2 are constants
determined from the reference state conditions at pb ,o and Tb ,o . For the ideal gas EOS, Vvan = 0 in Eq. (4).

Figure 1: Pressure inside a bubble as a function of bubble volume for different equations of state: (blue dash-dotted
line) van der Waals equation, (red dash-dotted line) volume-limited van der Waals equation, and (green dashed line)
ideal gas law

2.2 Spherical Bubble Dynamics
A spherical bubble with an initial radius Ro is assumed to be in equilibrium in a weakly compressible

liquid, such that the pressure across the bubble−liquid interface is balanced. The initial bubble pressure is
approximately pb ,o = 1 atm at a temperature Tb ,o = 300 K. The bubble, bounded by domain Ωb , is subjected
to an instantaneous increase in surrounding liquid pressure Δp, initiating collapse, such that the far-field
pressure becomes p∞ = pb ,o + Δp in domain Ω∞ (Fig. 2). The resulting bubble oscillations in a weakly
compressible liquid are governed by the Keller−Miksis equation [40]:

RR̈ (1 − Ṙ
cl
) + 3

2
Ṙ2 (1 − Ṙ

3cl
) = pl(R) − p∞

ρl
(1 + Ṙ

cl
) + R ṗl(R)

ρl cl
, (5)

where R is the bubble radius, the dot operator is the time derivative, cl is the speed of sound in the liquid,
pl(R) is the liquid pressure at the bubble wall, and ρl is the liquid density. The wall pressure is given
by pl(R) = pb − 4μl Ṙ/R − 2σ/R, where μl is the liquid viscosity and σ is the surface tension. The initial
bubble-wall velocity is set to Ṙo = Δp/ρl cl [15], to represent an instantaneous pressure increase, an idealized
case of shock-induced collapse with rapid shock propagation. The driving pressure ratio Δp/pb ,o ranges
from 0.6 to 104, covering conditions relevant to shock-induced collapse [45,46] and underwater explosions
[47–49]. Detailed problem parameters are listed in Table 1. For normalization, Ro and

√
Δp/ρl are used as

the characteristic length and velocity scales, respectively. The Reynolds and Weber numbers are on the order
of O(103)−O(105) and O(102)−O(106), respectively, indicating that viscous and surface tension effects are
negligible for micro-to-millimeter-size bubbles. As a result, viscosity and surface tension are not considered
in the present analysis, and the bubble and liquid pressures are assumed to be equal at the bubble wall. For
the bubble dynamics simulations, Eq. (5) is coupled with different EOS (Eqs. (3) and (4)) and solved using a
fourth-order Runge-Kutta time-integration scheme with adaptive time stepping [50].
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Figure 2: Schematic of the initial configuration for the bubble collapse problem

Table 1: List of parameters used in the bubble dynamics models and EOS

Symbol Parameter name Value
pb ,o Initial bubble pressure 1.01325 × 105 Pa
Tb ,o Initial bubble temperature 300 K
Ro Initial bubble radius 0.5 × 10−3 m
Δp Driving pressure 5.8 × 104–1.0 × 109 Pa
ρl Density (liquid) 998 kg/m3

cl Speed of sound (liquid) 1510 m/s
γ Specific heat ratio (air) 1.4

avan Van der Waals constant (air) 0.137 Pa⋅m6/mol2

bvan Van der Waals constant (air) 3.7 × 10−5 m3/mol
Vvan Volume-limited van der Waals constant (air) 8.4 × 10−13 m3

cv Molar heat capacity (air) 20.8 J/mol⋅K
Rb Universal gas constant 8.314 J/mol⋅K
nb Number of moles 2.1 × 10−8 mol

Bubble dynamics exhibit distinct behaviors at high driving pressure ratios depending on the EOS
considered. Fig. 3 presents the time evolution of the normalized bubble radius R/Ro and normalized bubble-
wall velocity Ṙ∗ for different EOS cases. Each quantity is normalized by the characteristic length and velocity
scales. At a low driving pressure ratio of Δp/pb ,o = 9, all three EOS produce nearly identical results for both
the bubble radius and bubble-wall velocity. However, At a high driving pressure ratio of Δp/pb ,o = 103, the
presence of a molecular volume core limits bubble compression in the final stages of collapse, resulting
in a reduced bubble-wall velocity. The two van der Waals EOS cases exhibit similar trends, indicating
the dominant role of molecular volume effects compared to intermolecular attractive forces under highly
compressed conditions.
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Figure 3: Time evolution of (a) normalized bubble radius and (b) normalized bubble-wall velocity for the full van
der Waals EOS, the volume-limited van der Waals EOS, and the ideal gas EOS at different driving pressure ratios of
Δp/pb ,o = 9 and 103

3 Energy Component Quantification in the Bubble−Liquid System
We quantify the energy components of the bubble−liquid system for different EOS. We specifically

focus on ensuring conservation of total energy for different EOS cases by accurately computing the bubble
internal energy and the radiated energy during bubble collapse and rebound. In the current bubble dynamics
model, four energy components are considered: internal energy of the bubble (EBIE), acoustic radiation
energy (EARE), potential energy of the liquid (ELPE), and kinetic energy of the liquid (ELKE). The total
energy is thus given by: ETE = EBIE + EARE + ELPE + ELKE (Fig. 4a). We improve the formulation of the bubble
internal energy to make it consistent with each EOS and revise the acoustic radiated energy form to remain
compatible with the modified internal energy formulation.

Figure 4: Schematics of the energy budget framework: (a) energy components in the bubble−liquid system and (b)
inner and outer regions of the weakly compressible liquid

The internal energy of the bubble is defined as EBIE = ∫ ρbCv TbdV , where ρb is the bubble gas density
and Cv is the specific heat at constant volume. For the van der Waals EOS, the internal energy is expressed
as:

EBIE,van = (pb +
n2

b avan

V 2 )(
V − nbvan

γ − 1
) −

n2
b avan

V
, (6)
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and for the volume-limited van der Waals EOS:

EBIE,van,vol = pb (
V − Vvan

γ − 1
) , (7)

for the ideal gas EOS, the volume correction vanishes, i.e., Vvan = 0 in Eq. (7).
We quantify the energy radiated acoustically during bubble oscillations in a weakly compressible liquid

based on the first-order theory by [51], extended to the energy budget framework in [28,29]. In a weakly
compressible liquid, the liquid domain can be divided into two sub-regions based on characteristic length
scales. The inner region, enclosed by Ωb and ΩIO (Fig. 4b), is nearly incompressible due to the rapid
response of the liquid to bubble motion. In contrast, the outer region, extending from ΩIO to Ω∞, is weakly
compressible because the propagation of pressure disturbances requires finite time. The characteristic length
scale of the inner region is approximately Ro , while that of the outer region is Rocl/

√
(Δp/ρl), leading to

the dimensionless parameter ε =
√
(Δp/ρl)/cl . Based on this separation of scales, the liquid pressure in the

inner region can be expressed to first order in ε [28,29,51]:

pl(r) = p∞ + ρl
V̈

4πr
− ρl

V̇ 2

32π2r4 −
ρl

cl

...
V
4π
+ O(ε2), (8)

where r is the radial coordinate from the bubble center. The first three terms represent hydrodynamic
contributions, which can be derived in the incompressible limit using the Rayleigh-Plesset equation [39,52],
while the last term implies the acoustic perturbation pac. The third-order derivative in Eq. (8) can lead
to divergent solutions, a known issue in linear acoustic theory [53,54]. To avoid this, it is common to
approximate

...
V using lower-order derivatives as follows [40,51]:

...
V ≈ 4π [ Ṙ3

2
+ RṘR̈ + Ṙ ( pl(R) − p∞

ρl
) + R ṗl(R)

ρl
] . (9)

The radiated energy via acoustic waves is then calculated at the outer boundary of the inner region,
which is assumed to be sufficiently far from the bubble:

EARE = ∫
t

0
lim

ΩIO→∞
∫

ΩIO
pacul(r)dt, (10)

where ul(r) is the liquid velocity at radial position r. Substituting Eqs. (3), (4), (8), and (9) into Eq. (10) yields
the acoustic radiation energy. Note that the liquid pressure at the bubble-wall, pl(R), depends on the EOS,
resulting in different approximations of

...
V in Eq. (8).

The potential energy of the liquid, associated with the far-field pressure, is given by [55]:

ELPE = p∞V , (11)

which reflects energy stored in the system due to a conservative force field, independent of the bubble
oscillation history. The kinetic energy of the liquid in the inner region can be expressed as [56]:

ELKE =
ρl

2 ∫Ωb∪ΩIO
ϕl

∂ϕl

∂n
dS = 2πρl R3Ṙ2, (12)

where ϕl is the velocity potential in the liquid.
We analyze the time evolution of energy components at Δp/pb ,o = 9 and 103 to investigate energy

transfer under weak and strong bubble oscillations (Fig. 5). We only show the volume-limited van der Waals



352 Comput Model Eng Sci. 2025;145(1)

EOS (Eq. (2)), which yields results similar to those from the full van der Waals EOS (Eq. (1)). Note that each
energy component is normalized by the initial total energy. In general, as the bubble collapses, the potential
energy of the liquid (Eq. (11)) is transferred to liquid kinetic energy (Eq. (12)), which is finally concentrated
into the bubble as internal energy (Eq. (6) or (7)). During this process, interfacial motion perturbs the
surrounding liquid, generating outward-propagating acoustic perturbations that carry radiated energy. At a
low driving pressure ratio Δp/pb ,o = 9, most of the initial energy stored in the liquid is concentrated to the
bubble, with negligible loss through acoustic radiation (Fig. 5a). In contrast, at a high driving pressure ratio
Δp/pb ,o = 103, a large portion of the initial energy, primarily stored as potential energy, is radiated away via
acoustic perturbations. As a result, less energy is concentrated in the bubble, and a smaller amount of energy
remains in the system during the rebound phase (Fig. 5b).

Figure 5: Time evolution of energy components, normalized by the initial total energy ETE,o , during bubble collapse
and rebound for the volume-limited van der Waals EOS at different driving pressure ratios of Δp/pb ,o = (a) 9 and
(b) 103: (blue solid lines) ETE, (red dashed lines) ELPE (Eq. (11)), (green dash-dotted lines) ELKE (Eq. (12)), (orange
dash-double-dotted lines) EBIE (Eq. (7)), and (purple dotted lines) EARE (Eq. (10))

4 Results
In this section, we model bubble oscillation as comprising two phases: (i) the collapse phase, during

which the bubble compresses from its initial state to its minimum radius, and (ii) the rebound phase, during
which shock waves are emitted and propagated outward. The Keller−Miksis formulation is employed during
the collapse phase to evaluate energy concentration and redistribution as a function of the driving pressure
ratio. During the rebound phase, we estimate shock propagation using a theoretical relation based on the
Kirkwood−Bethe hypothesis [57], which relates the bubble pressure and radius at the instant of collapse to
the shock properties. Based on this relation, we analyze the relationship between the peak shock pressure
and the driving pressure ratio.

We compare the collapse and rebound phases for different EOS over a wide range of driving pressure
ratios. Based on this comparison, we statistically classify low and high driving pressure regimes that lead
to different behaviors in bubble dynamics, energy transfer, and shock propagation. We fit linear regression
models relating key bubble and shock quantities to the driving pressure ratio and assess how these trends
differ statistically across EOS cases.

4.1 Bubble Dynamics during the Collapse Phase
We analyze the bubble volume at collapse, collapse time, and maximum bubble-wall velocity for different

EOS cases (Fig. 6). In all cases, these bubble quantities exhibit similar trends at low driving pressure ratios
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up to Δp/pb ,o ≈ 40. As the driving pressure increases, the results for the van der Waals EOS begin to deviate
largely from those of the ideal gas EOS, due to the increasing importance of molecular effects. Specifically,
the bubbles are less compressed in the van der Waals EOS cases compared to the ideal gas EOS (Fig. 6a).
For Δp/pb ,o ≥ 100, the normalized bubble volumes at collapse remain on the order of O(10−3) for both van
der Waals EOS models, whereas they decrease below O(10−4) in the ideal gas EOS case at Δp/pb ,o ≥ 104.
Although the bubble volume diverges considerably in the final stages of collapse (Fig. 3), the collapse times
remain similar across EOS models (Fig. 6b). The van der Waals EOS cases exhibit shorter collapse times than
the ideal gas EOS, as the presence of a molecular hard-core volume causes the bubble to rebound earlier.
The absolute value of the maximum bubble-wall velocity increases with the driving pressure ratio for all
EOS models (Fig. 6c). However, for Δp/pb ,o ≥ 100, the van der Waals EOS cases show smaller peak velocities
compared to the ideal gas EOS. This reduction is attributed to weaker bubble compression, which limits
the wall acceleration and thus the wall velocity. Additionally, max ∣Ṙ∣/cl represents the bubble-wall Mach
number [25,45,51,58], which characterizes the degree of liquid compressibility during collapse. Therefore,
reduced compressibility effects are expected for the van der Waals EOS. Overall, both the full and volume-
limited van der Waals EOS models show similar trends (see also Fig. 1), indicating the dominant role of
finite molecular volume at high driving pressures, in contrast to the minor contribution from intermolecular
attractive forces.

Figure 6: Bubble dynamics at collapse under different driving pressure ratios for the van der Waals and ideal gas
EOS. (a) Minimum bubble volume at collapse, normalized by the initial volume, (b) collapse time, normalized by the
estimated collapse time, and (c) absolute value of the maximum bubble-wall velocity, normalized by the speed of sound
in the liquid. (Blue circles) full van der Waals EOS, (red triangles) volume-limited van der Waals EOS, and (green
squares) ideal gas EOS. Fitted linear regression lines for the volume-limited van der Waals EOS case are shown as dashed
(low driving pressure regime) and dash-dotted (high driving pressure regime) lines, respectively
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We conduct a statistical analysis to identify the regimes where finite molecular volume effects become
important. A cutoff at Δp/pb ,o = 40 is defined based on the peak of the absolute second derivative of the
response variable, indicating a transition in bubble collapse behavior. We fit separate multivariate linear
regression models for each response variable and pressure regime to evaluate how the relationship between
driving pressure ratio and two key bubble dynamics (the minimum bubble volume and the maximum
bubble-wall velocity) varies for different EOS models. Each model includes the driving pressure ratio, EOS (as
an indicator variable), their interaction as predictors, and bubble dynamics quantities as a response variable.
Both the driving pressure ratio and response variables are evaluated on a log scale.

Separate regressions for the volume-limited van der Waals EOS above and below the cutoff are shown
in Fig. 6a and Fig. 6c. The cutoff data point, located near the transition, is excluded to improve the accuracy
of the regression models. Both the normalized bubble volume and bubble-wall velocity scale with the driving
pressure ratio as ∼(Δp/pb ,o)α , where α is the fitted slope corresponding to each pressure regime and EOS.
For example, the volume-limited EOS case exhibits the following behavior:

Vcol

V0
∼

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

( Δp
pb ,o
)
−1.192

, for low Δp/pb ,o

( Δp
pb ,o
)
−0.121

, for high Δp/pb ,o

, max ∣Ṙ∣
cl

∼

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

( Δp
pb ,o
)

1.120

, for low Δp/pb ,o

( Δp
pb ,o
)

0.445

, for high Δp/pb ,o

. (13)

We observe that the slopes across EOS cases remain similar at low driving pressures but diverge at
high pressures, particularly for the minimum bubble volume. Specifically, we observe statistically significant
differences in slope between the van der Waals EOS cases and the ideal gas EOS at the high pressure
regime, but only minor differences at low driving pressures, as summarized in Table 2. For Δp/pb ,o ≤ 40,
the slopes estimated for the van der Waals EOS cases do not differ significantly from those of the ideal
gas EOS for either the minimum bubble volume (αideal gas = −1.256, αvan der Waals-volume = −1.192, p = 0.490)
or the maximum bubble-wall velocity (αideal gas = 1.133, αvan der Waals-volume = 1.120, p = 0.387). In contrast,
for Δp/pb ,o ≥ 40, there is a substantial deviation in the slopes for the minimum bubble volume (αideal gas =
−0.592, αvan der Waals-volume = −0.121, p < 10−3), and smaller but still notable differences for the maximum
bubble-wall velocity (αideal gas = 0.496, αvan der Waals-volume = 0.445, p = 0.036). The slope and p-value for the
full van der Waals EOS are similar to those of the volume-limited van der Waals EOS (Table 2). It is worth
noting that the identified cutoff near Δp/pb ,o ≈ 40 was determined as a statistical marker and validated
through comparison of p-values. However, this threshold also has physical significance. The finite molecular
volume effects become important when the bubble volume decreases below V/Vo ≈ 10−2 (Fig. 1), which
occurs around Δp/pb ,o ≈ 40 (Fig. 6a). Thus, the cutoff not only represents a statistically identified transition
but also corresponds to the onset of finite molecular volume effects, where the non-ideal EOS cases deviate
from the ideal EOS case.

Table 2: Regression results for bubble dynamics quantities for low and high driving pressure regimes. Linear regression
parameters (slope and p-value) for normalized minimum bubble volume and maximum bubble-wall velocity are
shown for two regimes divided at the cutoff, Δp/pb ,o = 40. p-values indicate statistical significance of slope differences
compared to the ideal gas EOS (significance level = 0.05)

Quantities Δp/pb ,o EOS Slope (α) p-value for slope
Vcol/Vo

Low
Ideal gas −1.256 –

Van der Waals −1.188 0.469
Van der Waals-volume −1.192 0.490

(Continued)
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Table 2 (continued)

Quantities Δp/pb ,o EOS Slope (α) p-value for slope

High
Ideal gas −0.592 –

Van der Waals −0.130 <10−3

Van der Waals-volume −0.121 <10−3

max ∣Ṙ/cl ∣

Low
Ideal gas 1.133 –

Van der Waals 1.118 0.323
Van der Waals-volume 1.120 0.387

High
Ideal gas 0.496 –

Van der Waals 0.448 0.046
Van der Waals-volume 0.445 0.036

4.2 Energy Concentration and Radiation during the Collapse Phase
Following the analysis of bubble dynamics, we examine the energy partition at collapse to understand

trends in energy concentration and radiation for different driving pressure ratios (Fig. 7). We focus on the
volume-limited van der Waals EOS case, which is very similar to the full model. At Δp/pb ,o ≤ 15, the majority
of the energy, approximately 80% of the total energy, is concentrated as bubble internal energy (Eq. (6) or (7)).
As the driving pressure increases, both the liquid potential energy (Eq. (11)) and the bubble internal energy
decrease, while the acoustic radiation energy (Eq. (10)) increases significantly. This trend corresponds with
an increase in the bubble-wall Mach number, indicating stronger compressibility effects. At Δp/pb ,o ≥ 100,
more than 60% of the total energy is radiated acoustically. For very high pressure ratios, Δp/pb ,o ≥ 103, the
acoustic radiation energy exceeds 90% of the total energy.

Figure 7: Energy partition at collapse for different driving pressure ratios using the volume-limited van der Waals EOS:
(red bars) liquid potential energy (Eq. (11)), (orange bars) bubble internal energy (Eq. (7)), and (purple bars) acoustic
radiation energy (Eq. (10))

We compare each energy component at collapse for different EOS models (Fig. 8). Overall, these models
show similar trends across different driving pressure ratios: as the driving pressure increases, both the
liquid potential energy (Eq. (11)) and the bubble internal energy (Eq. (6) or (7)) decrease, while the acoustic
radiation energy (Eq. (10)) increases. This trend can be attributed to stronger compressibility effects at higher
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driving pressures (or more intense bubble oscillations), as discussed with Fig. 7. At low driving pressure
ratios, all EOS models behave similarly. However, at high driving pressure ratios, notable differences emerge
between the van der Waals EOS cases and the ideal gas EOS. These differences are especially pronounced
in the liquid potential energy, which becomes larger in the van der Waals cases due to the bubble being
less compressed as a result of finite molecular volume. Thus, less potential energy is transferred to other
components (Fig. 8a), and correspondingly, less energy is concentrated in the bubble (Fig. 8c). All EOS
models exhibit similar maximum liquid kinetic energy (Eq. (12)) during collapse (Fig. 8b), since this peak
occurs before the bubble is strongly compressed and finite molecular volume effects become important.
Additionally, the acoustic radiation energy at collapse is comparable among the three EOS models (Fig. 8d),
as the radiated energy exceeds 95% at this high driving pressure regime, despite differences in the bubble-wall
Mach numbers (Fig. 6c).

Figure 8: Energy components at collapse under different driving pressure ratios for the van der Waals and ideal gas
EOS. (a) Liquid potential energy (Eq. (11)) at collapse, (b) maximum liquid kinetic energy (Eq. (12)) during collapse, (c)
bubble internal energy (Eq. (6) or (7)) at collapse, and (d) acoustic radiation energy (Eq. (10)) at collapse for the (blue
circles) full van der Waals EOS, (red triangles) volume-limited van der Waals EOS, and (green squares) ideal gas EOS.
Fitted linear regression lines for the volume-limited van der Waals EOS case are shown as dashed (low driving pressure
regime) and dash-dotted (high driving pressure regime) lines, respectively. All energy components are normalized by
the total energy

Following the regression analysis used for bubble dynamics, we apply the same approach to the
energy components at collapse (Table 3). Consistent with the bubble dynamics results, we find statistically
significant differences in slope between the van der Waals EOS cases and the ideal gas EOS in the high
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driving pressure regime, particularly for the liquid potential energy. For Δp/pb ,o ≤ 40, the differences in
slope between the van der Waals EOS cases and the ideal gas EOS are minor for the liquid potential
energy (αideal gas = −1.021, αvan der Waals-volume = −0.956, p = 0.560). In contrast, for Δp/pb ,o ≥ 40, signifi-
cant differences are observed (αideal gas = −0.670, αvan der Waals-volume = −0.199, p < 10−3). For the bubble
internal energy, no statistically significant differences are found in either regime: Δp/pb ,o ≤ 40 (αideal gas =
−0.017, αvan der Waals-volume = −0.020, p = 0.950) and Δp/pb ,o ≥ 40 (αideal gas = −0.839, αvan der Waals-volume =
−0.890, p = 0.118). The full and volume-limited van der Waals EOS models yield similar slope estimates and
p-values, as shown in Table 3.

Table 3: Regression results for energy components and energy concentration efficiency for low and high driving
pressure regimes. Linear regression parameters (slope and p-value) for normalized liquid potential energy, normalized
bubble internal energy, and energy concentration efficiency are shown for two regimes divided at the cutoff, Δp/pb ,o =
40. p-values indicate statistical significance of slope differences compared to the ideal gas EOS (significance level = 0.05)

Quantities Δp/pb ,o EOS Slope (α) p-value for slope

ELPE,col/ETE,o

Low
Ideal gas –1.021 –

Van der Waals –0.953 0.538
Van der Waals-volume –0.956 0.560

High
Ideal gas –0.670 –

Van der Waals –0.208 <10−3

Van der Waals-volume –0.199 <10−3

EBIE,col/ETE,o

Low
Ideal gas –0.017 –

Van der Waals –0.014 0.936
Van der Waals-volume –0.020 0.950

High
Ideal gas –0.839 –

Van der Waals –0.892 0.105
Van der Waals-volume –0.890 0.118

Eeff

Low
Ideal gas –0.084 –

Van der Waals –0.087 0.926
Van der Waals-volume –0.087 0.931

High
Ideal gas –0.750 –

Van der Waals –0.805 <10−3

Van der Waals-volume –0.803 <10−3

Both the liquid potential energy and bubble internal energy at collapse scale with the driving pressure
ratio according to a power-law relation of the form: ∼ (Δp/pb ,o)α . For example, the volume-limited EOS
case exhibits the following behavior:

ELPE,col

ETE,o
∼

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

( Δp
pb ,o
)
−0.956

, for low Δp/pb ,o

( Δp
pb ,o
)
−0.199

, for high Δp/pb ,o

, EBIE,col

ETE,o
∼

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

( Δp
pb ,o
)
−0.020

, for low Δp/pb ,o

( Δp
pb ,o
)
−0.890

, for high Δp/pb ,o

. (14)
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We quantify the energy concentration efficiency, shown in Fig. 9, defined as Eeff = ΔEBIE,col/ΔELPE,col,
where ΔEBIE,col = EBIE,col − EBIE,o , ΔELPE,col = ELPE,col − ELPE,o . This efficiency measures the fraction of
potential energy in the liquid that is concentrated into the bubble as internal energy during collapse. Overall,
all EOS cases exhibit similar trends. At low driving pressure ratios, the energy concentration efficiency is
close to 1, indicating that most of the initial potential energy is concentrated into bubble internal energy.
In this regime, the efficiency values are nearly the same across all EOS cases. As the driving pressure ratio
increases beyond the cutoff value of Δp/pb ,o = 40, the efficiency drops significantly, falling to about 60% just
above the cutoff. With further increases in driving pressure, the efficiency decreases sharply and falls below
1% at Δp/pb ,o = 104. The van der Waals EOS models show lower energy concentration efficiencies compared
to the ideal gas EOS. This can be attributed to the fact that the finite molecular volume resists compression
strongly at high driving pressure, resulting in earlier bubble rebound and reduced energy concentration into
the bubble.

Figure 9: Energy concentration efficiency at collapse as a function of driving pressure ratio for different EOS models:
(Blue circles) full van der Waals EOS, (red triangles) volume-limited van der Waals EOS, and (green squares) ideal gas
EOS. Fitted linear regression lines for the volume-limited van der Waals EOS are shown as dashed (low driving pressure
regime) and dash-dotted (high driving pressure regime) lines, respectively

We scale the energy concentration efficiency in the high driving pressure regime for different EOS cases
to examine its dependence on the initial problem parameters. For the volume-limited van der Waals, the
efficiency can be expressed as: Eeff ≈ (p∞/pb ,o)−1((Vcol − Vvan)/Vo)1−γ(γ − 1)−1. For the ideal gas EOS, the
same relation applied with Vvan = 0. This scaling indicates that the efficiency is primarily determined by the
driving pressure ratio and the bubble compression ratio, rather than by the initial bubble radius. However,
it does depend on gas properties, which determine γ and EOS parameters (avan, bvan, Vvan). While bubble
size does not directly affect the efficiency, larger bubbles collapse more slowly, making neglected effects such
as viscous and thermal conduction more important, which may indirectly reduce efficiency. At low driving
pressure ratios, the initial bubble radius can also play a role, since the initial bubble internal energy and liquid
potential energy are not negligible.

We apply the same regression analysis used for the energy components to determine the rela-
tionship between energy concentration efficiency and the driving pressure ratio. The estimated slopes
and corresponding p-values for each driving pressure regime are summarized in Table 3. As with the
energy components, no statistically significant differences are observed between van der Waals EOS
cases and the ideal gas EOS in the low driving pressure regime (αideal gas = −0.084, αvan der Waals-volume =
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−0.087, p = 0.931). However, significant differences emerge in the high driving pressure regime (αideal gas =
−0.750, αvan der Waals-volume = −0.803, p < 10−3), indicating that EOS-dependence effects become prominent
at higher driving pressures. The derived scaling relationships for energy concentration efficiency using the
volume-limited van der Waals EOS are:

Eeff ∼

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

( Δp
pb ,o
)
−0.087

, for low Δp/pb ,o

( Δp
pb ,o
)
−0.803

, for high Δp/pb ,o

. (15)

4.3 Shock Propagation during the Rebound Phase
We model the propagation of the shock during the rebound phase to investigate the relationship between

the peak shock pressure and the initial driving pressure (Fig. 10). The shock pressure is estimated based
on its decay rate as a function of radial distance. During strong oscillations, the rapid deceleration of the
bubble wall in the final stages of collapse produces a region of very high pressure in the surrounding liquid.
Such pressure leads to an outward-propagating compression wave that can steepen into a shock, followed
by another compression wave during rebound due to the outward acceleration of the bubble wall [27,58].
As these waves travel outward, more recently emitted waves overtake earlier ones and eventually merge
into a single shock wave, which has been observed experimentally [26,59,60]. The shock decays faster than
r−1, which is the decay rate expected in the acoustic limit, consistent with observations from underwater
explosions [47,48,61] and cavitation bubble simulations [62]. To estimate the peak shock pressure, we
employ a similitude-based scaling relation: psh ≈ pb ,col(Rcol/rsh)1+k , where rsh is the radial location of the
shock peak and k is a material-dependent exponent. We adopt k = 0.13 [28,29,47,61], a value that has been
validated against experimental observations and direct simulations by [28,29]. This empirical relation is
a simplified form of the more complete Kirkwood−Bethe hypothesis-based relation for spherical shock
propagation: pm ∼ (Rcol/rsh)/[log(rsh/R)]1/2 for r ≫ R. It is worth noting that experimental studies in both
biomedical [63] and hydrodynamic contexts [11,41,64] have measured shock waves from cavitation bubble
collapse, confirming the production of sharp, high-amplitude shock fronts, consistent with our formulation
for peak shock pressure estimation. As a reference case, the peak pressure under the acoustic approximation,
which decays as r−1, is also provided, representing conditions at low driving pressure ratios where the bubble
collapse is non-violent.

The shock pressure normalized by the initial bubble pressure shows very similar trends across all
EOS models (Fig. 10a), whereas noticeable deviations arise when the shock pressure is normalized by the
driving pressure (Fig. 10b). This difference is due to the choice of reference for normalization: the initial
bubble pressure is much smaller than the shock pressure, which masks differences between the van der
Waals EOS cases and ideal gas EOS in Fig. 10a. However, when normalized by the driving pressure, these
differences become more pronounced (Fig. 10b). psh/pb ,o increases monotonically with the driving pressure
ratio, although its growth rate decreases in the high driving pressure regime where compressibility effects
become significant and acoustic radiation energy accounts for a substantial portion of the total energy
(Fig. 10a). However, psh/Δp peaks near the cutoff at Δp/pb ,o ≈ 40 and decreases at higher driving pressure
ratios. In this regime, increased compression and elevated bubble-wall velocities enhance compressibility
effects and lead to greater acoustic radiation energy. As a result, less energy is concentrated in the bubble,
resulting in lower shock pressures relative to the imposed driving pressure. Additionally, the value of psh/Δp
is higher in the van der Waals EOS cases than in the ideal gas EOS, as the actual bubble pressure at collapse is
higher in the van der Waals EOS cases due to the finite molecular volume. The peak pressure in the acoustic
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approximation case is relatively higher than the estimated peak shock pressure (Fig. 10) because the shock
decays more rapidly than acoustic waves as it propagates.

Figure 10: Estimated shock pressures at r = 2Ro as a function of the driving pressure ratio for different EOS models.
Shock pressure is normalized by (a) the initial bubble pressure pb ,o and (b) the driving pressure Δp: (Blue circles)
full van der Waals EOS, (red triangles) volume-limited van der Waals EOS, and (green squares) ideal gas EOS. Fitted
linear regression lines for the volume-limited van der Waals EOS are shown as dashed (low driving pressure regime)
and dash-dotted (high driving pressure regime) lines. For reference, the acoustic approximation case is also provided
(orange hollow triangles)

We perform a statistical analysis for psh/pb ,o , which shows a linear relationship with the driving pressure
ratio in log-log scale, as summarized in Table 4. Overall, the estimated slopes for psh/pb ,o are similar between
the van der Waals EOS cases and the ideal gas EOS for both low and high driving pressure regimes (α ≈
1.30 and α = 0.60, respectively), with p-values around 0.9, indicating no statistically significant differences.
This reflects their comparable behavior at each regime (Fig. 10a). The derived scaling relationships for shock
pressure using the volume-limited van der Waals EOS are:

psh

pb ,o
∼

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

( Δp
pb ,o
)

1.302

, for low Δp/pb ,o

( Δp
pb ,o
)

0.602

, for high Δp/pb ,o

. (16)

Table 4: Regression results for shock pressure at r = 2Ro , normalized by the initial bubble pressure, for low and high
driving pressure regimes. Linear regression parameters (slope and p-value) are shown for each regime, divided at the
cutoff, Δp/pb ,o = 40. p-values indicate the statistical significance of slope differences compared to the ideal gas EOS
(significance level = 0.05)

Quantities Δp/pb ,o EOS Slope (α) p-value for slope

psh/pb ,o

Low
Ideal gas 1.285 –

Van der Waals 1.295 0.927
Van der Waals-volume 1.302 0.883

High
Ideal gas 0.606 –

Van der Waals 0.605 0.983
Van der Waals-volume 0.602 0.899
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5 Conclusion
We propose a novel energy budget framework to evaluate the energy components of the bubble−liquid

system during strong oscillations of a spherical bubble, where molecular effects become important. We derive
expressions for the internal energy of the bubble and the corresponding acoustic radiation energy, both of
which strongly depend on the choice of EOS, while ensuring strict conservation of total energy in the system.
This framework enables, for the first time, a systematic comparison of how non-ideal EOS (the van der Waals
and its volume-limited form) alter bubble compression, energy redistribution, and shock emission relative
to the ideal gas EOS. By modeling an oscillation in two stages, the collapse phase (from the initial state to
the minimum radius) and the rebound phase (including shock generation), we link EOS-dependent energy
transfer directly to peak shock pressures. Through statistical analysis across a wide range of driving pressures,
we further identify distinct low- and high-pressure regimes and characterize the differences in behavior
between the van der Waals EOS and the ideal gas EOS in these regimes. We also establish new scaling relations
that connect the driving pressure ratio to bubble dynamics, energy concentration, and peak shock pressure.
These contributions provide new insights into the role of molecular effects in cavitation dynamics and deliver
predictive tools for anticipating cavitation-induced energy transfer in practical applications.

We observe significant differences between the van der Waals and ideal gas EOS cases at high driving
pressure ratios, where intense compression leads to strong finite molecular volume effects. Compared to the
ideal gas EOS, the van der Waals EOS cases exhibit much less compression, by orders of magnitude, along
with lower bubble-wall velocity (and bubble-wall Mach number), indicating reduced compressibility effects.
To quantify these differences, we conduct statistical analyses for both low and high driving pressure regimes,
separated by a cutoff pressure ratio of 40. The resulting p-values reveal substantial differences between EOS
models in the high driving pressure regime, particularly in the bubble volume at collapse.

We quantify the energy components of the bubble−liquid system using our energy budget framework,
tailored to each EOS model. At low driving pressure ratios, most of the initial energy is concentrated
to the bubble, whereas at high driving pressures, the majority of the energy is radiated away as acoustic
waves. In the van der Waals EOS cases, a smaller portion of the potential energy is transferred to other
energy components, resulting in reduced energy concentration to the bubble. We also compute the energy
concentration efficiency, which is consistently lower for the van der Waals EOS cases, especially at higher
driving pressures. Both the full and volume-limited van der Waals EOS models yield similar results,
suggesting that intermolecular attractive forces play a minor role in bubble dynamics and energy transfer
within the given driving pressure range. In addition, we estimate the shock peak pressure at a fixed radial
distance from the bubble center. This pressure increases when normalized by the initial bubble pressure
but decreases when normalized by the driving pressure at high driving pressure ratios, due to reduced
energy concentration in the bubble. Finally, we derive scaling relations using linear regression for key
quantities, including minimum bubble volume, bubble-wall velocity, liquid potential energy, bubble internal
energy, energy concentration efficiency, and shock pressure, as functions of the driving pressure ratio. These
relations provide practical insights for predicting cavitation bubble dynamics, energy concentration, and
shock pressure in simulations and applications.

Future Direction
In the present study, the liquid is modeled as weakly compressible using the Keller−Miksis formulation,

which captures first-order compressibility effects with the small dimensionless parameter ε, enabling
the modeling of acoustic wave propagation. This weakly compressible formulation captures most of the
collapse dynamics; however, highly nonlinear bubble behavior and shock formation can be more accurately
resolved using high-order compressible flow models, such as the Gilmore equation [65] or direct numerical
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simulations [28,29]. To account for shock propagation, we employ a similitude-based scaling relation that
shows good agreement with direct simulation results for driving pressure ratios between 280 and 2,800 [28],
which fall within the high-pressure regime analyzed in this study. At lower driving pressure ratios, the
collapse is relatively gentle, producing weak pressure waves that decay as 1/r, consistent with linear acoustic
propagation. Fig. 10 includes an acoustic approximation to represent this regime. To rigorously capture the
transition between acoustic to shock-emitted regimes, more advanced approaches, such as the method of
characteristics, Kirkwood−Bethe hypothesis-based analyses [66,67], or fully compressible direct numerical
simulations [62], would be needed. While such modeling is beyond the scope of the present study, it
represents an important direction for future research.

The developed energy budget framework has potential to be applied to a variety of complex
bubble−liquid systems, including bubbles near boundaries with geometric constraints [19,68–70], thermo-
dynamic effects [71], bubble clouds [23,24,72], and viscoelastic media [73,74]. In particular, under strong
oscillations, the non-ideal gas formulation could be extended to incorporate thermal effects and phase
change, enabling a more comprehensive quantification of energy transfer. These effects may interact non-
trivially with non-ideal EOS behavior, especially at high pressures; while violent (or inertial) collapse occurs
too rapidly for significant vapor diffusion or condensation [43], the extreme temperatures reached [7,32]
suggest that thermal conduction and phase change could still influence energy redistribution. The framework
can also be extended to account for viscous dissipation at the bubble wall, which becomes significant for
larger bubbles with slower growth and collapse. In such regimes, the work done by the pressure difference
across the interface is dissipated through normal viscous stresses, contributing to energy loss. In addition,
the developed framework can be applicable to the weakly non-spherical bubble oscillations [52]. In this
case, the bubble internal energy still follows Eqs. (6) and (7), since it depends on the total bubble volume,
whereas both the liquid kinetic energy and the acoustic radiation energy would need modification due to
perturbation in the velocity potential [75]. The framework may further be applied to spherical bubble-bubble
interactions, which are especially relevant in bubble cloud dynamics. In addition, the spherical formulation
can be adapted to non-spherical bubble oscillations, where asymmetry becomes pronounced, affecting the
energy transfer. By incorporating the elastic energy stored in the surrounding medium, the framework can
also be extended to quantify energy modes in viscoelastic environments. In this context, this work lays a
foundation for elucidating energy transfer, concentration, and radiation in bubble dynamics problems under
more realistic settings.
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