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A B S T R A C T

Gradient-index (GRIN) phononic crystals (PnCs) enable energy harvesting (EH) by focusing elastic waves into 
electrical energy. Efficient EH requires maximizing focused wave intensity, typically achieved by tuning the 
GRIN PnCs unit-cell shape. However, existing designs often exhibit energy concentration near the GRIN lens 
boundary and incorporate narrow gaps and sharp corners, making them susceptible to manufacturing errors and 
limiting their practical applicability. Understanding the potential performance changes caused by manufacturing 
errors is important because geometrical alterations can compromise wave-focusing performance. Therefore, this 
study aims to optimize the unit-cell shape toward maximum focused intensity at the desired locations for EH 
devices. To assess manufacturability, the effects of minor geometric variations on the focal position and focused 
intensity are evaluated via a sensitivity analysis. The optimal shape is derived using a deep neural network 
(DNN) surrogate model trained to predict focal position and focused intensity. This model accelerates a genetic 
algorithm (GA) used to perform the optimization. Our optimized designs exhibit 1.5 to 2.0 times higher focused 
intensity across the target focal positions compared with the conventional design. Thus, these optimal shapes, 
along with their sensitivity analysis results, provide practical guidelines for defining manufacturing tolerances 
and achieving consistent, efficient EH performance.

1. Introduction

The growing global energy demand has accelerated efforts toward 
sustainable energy solutions. EH provides a viable approach to utilizing 
ambient energy from everyday environments [1–6]. Among EH tech
nologies, piezoelectric EH converts mechanical energy into electrical 
energy, providing the small amounts of power required to operate sen
sors in various applications, such as biomedical devices [7,8], civil en
gineering [9–11], and smart systems [12–14]. With regard to artificially 
engineered structures for EH, phononic crystals (PnCs)—metamaterials 
with periodic structures designed to exhibit unconventional proper
ties—have attracted attention [15–17]. PnCs form bandgaps for flexural 
elastic waves with wavelengths comparable to the length of the unit 
lattice constant, thereby prohibiting the propagation of elastic waves 
within a particular frequency range [18–22]. These unique properties 
have prompted the widespread use of PnCs in insulation [23–25], 
waveguiding [26–31], wave localization [32–34], and wave focusing 
[35–37].

Gradient-index (GRIN) PnCs facilitate wave focusing through spatial 

variations in their refractive index [38,39]. Recent GRIN PnC studies 
have explored various applications. Tol et al. [40] proposed a Luneburg 
GRIN lens capable of omnidirectional wave focusing, Shen et al. [41] 
superimposed defect modes onto GRIN PnCs to improve focusing per
formance, and Danawe et al. [42] integrated defect modes with GRIN 
PnCs for further enhancement. However, most GRIN PnC designs are 
based on circular or elliptical inclusions [43,44]. This preference is 
primarily because analytical modeling becomes challenging for complex 
shapes, as closed-form solutions are typically limited to simple geome
tries. This inherent difficulty has restricted the exploration of shape as a 
systematic design variable. Although numerical methods can handle 
complex inclusions, they are often computationally expensive, particu
larly in iterative design, where repeated evaluations of wave-scattering 
performance are required [45,46]. Therefore, recent research has 
employed DNNs, optimizing multi-dimensional input variables and 
achieving rapid inference [47–50]. Lee et al. [47] proposed a novel ge
ometry for GRIN PnCs, which offers improved focusing performance 
compared to conventional designs. However, the strong energy con
centration near lens boundaries limits practical harvester placement. 
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And unlike the disorder-robust band gaps of plate–rod systems [51], the 
fabrication-driven discrepancies observed between GRIN PnCs experi
ments and simulations call for tolerance-aware, shape-robust unit-cell 
designs.

This study introduces an optimal unit-cell design for GRIN PnCs that 
enhances the focused intensity through a controlled focal position in 
view of practical EH requirements. The proposed approach explores how 
varying the focal position affects the intensity of the focused energy. 
This analysis provides a Pareto front that guides design decisions. High- 
order closed Bézier curves are used to represent unit-cell geometries, 
enabling flexible shape parametrization. An initial dataset of 30,000 
random shapes is generated and evaluated using finite element analysis 
(FEA). The  active learning process iterates until the shape converges 
with a high focused intensity at the target focal position. Additionally, 
the trained DNNs are employed to identify the design variables that 
significantly impact the output predictions. The optimized shapes un
dergo a sensitivity analysis to gain a comprehensive understanding of 
the relationship between the design variables and the performance 
outcomes. This finding helps explain the discrepancies between the 
simulation and experimental data from the previous study [47]. Ulti
mately, This study demonstrates enhanced wave focusing and robust EH 
in GRIN PnCs with a tunable focal position, enabling more efficient EH.

2. Methodology

2.1. Data generation

Piecewise Bézier curves are used to design flexible and closed unit- 
cell shapes. Specifically, 12 independent cubic Bézier curves are 
stitched together to form a closed curve within a unit cell measuring 5 

mm × 5 mm (Figs. 1(a) and (b)). A Bézier curve is a parametric curve 
defined by the position of its control points, which enables the creation 
of smooth and flexible curves. The general form of a Bézier curve B(t) is 
expressed as follows: 

B(t) =
∑n

i=0

(
n
i

)

Pi(1 − t)n− iti, t ∈ [0,1] (1) 

where Pi is the i-th control point, and n is the order of the Bézier curve. In 
this study, 12 cubic Bézier curves are generated every 30◦, providing 
uniform angular coverage with an appropriate number of design vari
ables. This configuration covers the practical focal position range while 
balancing geometric flexibility, manufacturability, and simulation effi
ciency. To ensure smooth connections at the boundary points where the 
curves meet, C0, C1, and C2 continuity conditions are satisfied at the start 
and end points of each curve. Each Bézier curve comprises four control 
points, the coordinates of two of which are automatically determined by 
the continuity conditions. Consequently, the closed curves are defined 
by 12 independent control points. These closed Bézier curves are 
designed to avoid self-intersection and have a minimum curvature 
radius exceeding 0.1 mm to ensure manufacturability. These curves are 
then scaled and translated such that the generated shape is positioned 
0.5 mm away from the unit-cell boundaries for structure stability.

The GRIN lens is constructed by arranging the closed Bézier curves 
periodically. The size ratio of the shapes along the perpendicular di
rection of the GRIN lens follows the values in Table 1, as suggested in the 
previous study [47]. The GRIN lens has an overall size of 65 mm × 80 
mm and comprises a 13 × 8 array of unit cells (Fig. 1(c)). To reduce the 
FEA computation time, a half-size model of the full GRIN plate is used, 
with the symmetry condition applied to the yz plane (Fig. S1). Time- 
harmonic simulations are conducted in COMSOL Multiphysics 6.1 

Fig. 1. Initial dataset preparation. (a) Definition of unit-cell shape using 12 Bézier curve segments. (b) Dimensions of unit cell and GRIN lens. (c) GRIN lens 
comprising a 13 × 8 arrangement of unit cells, with a scale factor applied to the unit-cell shape in the y direction for each layer. (d) FEA results of GRIN PnCs showing 
the focused intensity normalized to that of the circular shape, with (rmax, Imax) determined from the 1D symmetry line. (e) Scatter plots illustrating (rmax, Imax) against 
initial dataset, with smaller rmax values corresponding to higher Imax values.
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using the Solid Mechanics module with Frequency Domain Study to 
predict the focal positions and focused intensities for GRIN lenses with 
random shapes [52]. The base material of the GRIN PnC plate is 
aluminum with the following material properties: density 2631.4 kg/ 
m3, Young’s modulus 70 GPa, and Poisson’s ratio 0.33. A 1 N/m2 

traction with a 50 kHz frequency is induced in the z direction on the xz 
plane at one end of a 2-mm-thick GRIN plate, and a continuous incident 
shear wave is generated within the domain. To prevent any reflection of 
the generated flexural wave from the ends of the plate, an infinite plate 
is assumed by applying perfectly matched layers (PMLs) with a thickness 
of 15 mm to the outer domains of the GRIN plate (Fig. S1). The intensity 
(I) of the elastic wave is calculated as I =

∫
|w|

2dt, where w and t denote 
the transverse displacement and time, respectively. Based on the FEA 
results, the focused intensity lies along the symmetry line of the plate 
(Fig. 1(d)). The maximum intensity is determined along the 1D sym
metry line of the plate, extending from the point where the GRIN lens 
ended to the PML boundary. The normalized focused intensity (Imax) is 
obtained by normalizing the maximum intensity with respect to the 
focused intensity of the circular shapes. The corresponding focal posi
tion (rmax) of Imax is then identified. The FEA is performed for 30,000 
random Bézier shapes, with the results showing that the elastic wave is 
focused at various positions. Fig. 1(e) shows the (rmax, Imax) values 
predicted for the 30,000 shapes, highlighting the trade-off relationship 
between rmax and Imax, i.e., the nearer the focal position is to the lens 
boundary, the higher is the focused intensity. An optimal unit-cell design 
is created to achieve Imax at rmax values of 15 mm, 20 mm, 25 mm, and 
30 mm, ensuring a sufficient distance from the GRIN lens boundary to 
allow space for the piezoelectric EH device. Additionally, Imax is further 
optimized for focal positions at 10 mm, 40 mm, and 50 mm to derive a 
Pareto curve for the correlation between the focal position and the 
focused intensity.

2.2. Mesh convergence test

The focal position and focused intensity are evaluated for various 
element sizes to balance the computational efficiency and accuracy of 
the FEA. Fig. S2(a) shows that for the half-plate model, the mesh size 
decreases as the number of elements increases, with finer meshes 
concentrated along the boundaries of the inhomogeneous regions. 
Fig. S2(b) and (c) illustrate the dependence of the FEA results on the 
mesh size. Based on the mesh convergence results, the plate is generated 
with approximately 220,000 linear tetrahedral elements. To prevent 
stress concentration near the hole, the maximum mesh size is set to 2 
mm, equivalent to 1/10 of the wavelength (λ) of the incident wave. 
Additionally, a finer mesh size of approximately λ/20 is applied along 
the centerline to predict the focused intensity accurately (Fig. S3). 
Compared with the smallest element size that can be computed with the 
maximum power of our hardware (Intel® Core™ i9-13900 K CPU@3.00 
GHz), the aforementioned setting yields a 163 times faster computation, 
with sufficiently low relative errors of 9.3 % in focal position and 2.2 % 
in focused intensity.

Fig. S4 shows the FEA-derived focal positions and focused intensities 
for the initial 30,000 shapes. Due to the domain being discretized by a 

mesh, the smoothness of the intensity plot is insufficient for accurately 
predicting the focused intensity. Hence, the FEA results are interpolated 
to obtain a smooth and continuous intensity plot. Spline data are ob
tained at 0.1 mm intervals along the symmetry line, and the maximum 
intensity is re-estimated. This approach enables the prediction of Imax 
over a more continuous range of focal positions compared with the 
initial FEA data, providing a finer resolution at intermediate points that 
are previously unavailable in the discretized data. The interpolated re
sults are compared with the reference value computed using the smallest 
element size to verify the interpolation accuracy. The raw data–based 
predictions with 200,000 elements exhibit a 4.9 % error in focal position 
and a 2.6 % error in focused intensity relative to the values predicted 
based on the reference results. In contrast, the spline data exhibit a 3.7 % 
error in focal position and a 2.6 % error in focused intensity, which 
underscores the improved accuracy achieved through the spline 
interpolation.

2.3. Optimization process

In this study, a unit-cell shape is designed using a DNN and a GA to 
maximize wave focusing at the target focal position (rtarget). Conven
tional GRIN lens design typically involves tailoring a single unit cell to 
achieve a target local wave velocity and arranging these cells according 
to an analytical profile such as a hyperbolic sine distribution [43]. While 
computationally efficient, this approach assumes isotropic behavior and 
weak inter-cell coupling, which may not hold for complex or anisotropic 
geometries. In this study, the unit-cell shape is defined by high-order 
closed Bézier curves, producing anisotropic scattering and boundary 
effects that require full-structure optimization to accurately capture 
global wave propagation. This strategy enables simultaneous control of 
focal position and intensity while incorporating manufacturing con
straints and sensitivity analysis to ensure robust performance. Moreover, 
the proposed data-driven optimization framework complements phys
ical understanding by efficiently exploring design–performance re
lations that are analytically intractable, making it especially effective for 
complex metamaterial systems. Fig. 2 illustrates the overall workflow. 
The DNN is trained to understand the complicated relationship between 
the unit-cell shape, focal position (rmax), and normalized focused in
tensity (Imax). Two fully connected DNNs, the architectures of which are 
shown in Fig. S5, are trained to predict rmax and Imax using the 12 control 
points of the closed Bézier curve as input, which are represented by 24 
design variables comprising (x,y) coordinates. Each DNN comprises an 
input layer, an output layer, and 11 hidden layers, with each hidden 
layer containing 24 neurons. Batch normalization and a ResNet struc
ture are employed, with skip connections used to prevent gradient 
vanishing [53]. A leaky ReLU function with a slope of 0.1 is used as the 
activation function. To verify the prediction accuracy, the 30,000 initial 
datasets are divided into training and test data in a 9:1 ratio. The min
ibatch size is set to 500, and the DNN is trained for 150 epochs using the 
ADAM optimizer to minimize the root-mean-square error (RMSE) loss 
function. The learning rate is initially set to 0.01 and is multiplied by 
0.01 every 50 epochs to ensure convergence during training. The loss 
and RMSE of the test data are assessed every 60 iterations to validate the 
network structure and hyperparameters. The hyperparameters used in 
this study are based on those from a previous study that optimized the 
focused intensity [47]. Since the focal position is also governed by linear 
elastic wave behavior, the same hyperparameters are adopted here. This 
configuration enables accurate predictions with a short training time 
(~126s) and fast inference speed (~3×10− 5s per shape) on our 
hardware.

The objective function (F) for the optimization is expressed as 
follows: 

F(rmax, Imax) = k
⃒
⃒rmax − rtarget

⃒
⃒+ Imax (2) 

where rmax represents the predicted focal position, rtarget denotes the 

Table 1 
Size ratio of shapes for each layer of GRIN lens.

Layer number Scale factor

Layer 1 0.4
Layer 2 0.6
Layer 3 0.7
Layer 4 0.85
Layer 5 0.9
Layer 6 0.95
Layer 7 1
Layer 8 1
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designated position for energy focusing, and k is the penalty coefficient. 
The penalty term acts as a constraint on rmax to ensure energy focusing at 
the target focal position by maximizing the objective function with a 
negative penalty coefficient. This approach ensures that rmax converges 
to rtarget and that Imax reaches its maximum value. The optimization in 
this study is based on maximizing the Imax at the rmax. This choice is 
supported by previous GRIN PnC energy harvesting studies, where de
signs optimized for maximum focusing intensity achieved significant 
increases in harvested power without relying on a precise hyperbolic 
sine refractive index profile [47]. Since the electrical output of piezo
electric energy harvester scales with the square of the strain or velocity 
amplitude, maximizing Imax provides a reliable surrogate metric for 
improving EH performance. To achieve maximum intensity within the 
focal position range, k is set to − 1 by trial and error, following a method 
proposed in a previous study [54].

An accelerated GA is then implemented with the aid of the NNs, 
which enable rapid inference. For the GA, each chromosome represents 
either the x-coordinate or y-coordinate of the control point, resulting in 
24 design variables that define the hole shape. The initial dataset con
tains 30,000 random samples, providing a sufficiently broad design 
space for effective optimization. To promote diversity and prevent 
premature convergence, mutation is implemented by introducing 3,000 
random samples in each generation. These samples are generated 
independently of existing chromosomes and enable exploration of pre
viously unvisited regions of the design space. For crossover, a pair of 
parent chromosomes is selected from all possible combinations ac
cording to a probability distribution proportional to their objective 
function values. A single-point crossover is applied by randomly 
choosing a division point within the 24-dimensional design input. The 
offspring inherits the first segment from Parent 1, and the remaining 
segment from Parent 2. The resulting parameter set serves as a new 
design candidate for the Bézier curve design. The new Bézier curves are 
predicted by two trained DNNs for rmax and Imax, and a candidate is 
adopted as new data if its objective function ranks within the top 0.3 % 
of all data. Leveraging DNNs for rapid inference significantly enhances 
computational efficiency [47,54]. Specifically, while the FEA-based 
predictions require 1–2 min per data sample, the DNNs provide pre
dictions within a few seconds. The DNNs are updated by adding the 
newly acquired datasets to the existing dataset, which improves the 

prediction accuracy of the DNNs. Through active learning, the DNNs are 
trained on new data, and their weights are updated to enhance their 
prediction accuracy. The GA iterates over the entire dataset, which in
cludes the data from the previous generation, until Imax converges while 
satisfying rtarget through optimization.

3. Results and discussions

3.1. Leveraging DNN

As the training of the two DNNs progresses, the RMSEs for the 
training and test datasets both converge to below 10 % of the corre
sponding initial RMSEs. Figs. 3(a) and (b) show the results of DNN 
training in terms of the rmax and Imax values of the GRIN PnCs for the 
initial 30,000 datasets. To validate the performance of the DNNs in 
predicting the output variables from the input control points, the FEA 
results are used as the ground truth. The accuracy of the DNN pre
dictions with respect to the FEA results is determined by fitting the 
dataset results to a y = x curve (Figs. 3(c) and (d)). The NN models are 
observed to be successfully trained, showing a high R2 exceeding 97 %. 
The R2 of the models is also evaluated on the test dataset, and it exceeds 
96 % for both rmax and Imax, which confirms the high prediction accuracy 
of the DNNs.

Fig. 3(e) compares the objective function rankings predicted by the 
DNNs and the corresponding FEA results. Since the parent sets are 
selected based on their ranking of the objective function, the optimiza
tion performance depends on the accuracy of the ranking. Our trained 
DNNs accurately predict the rankings of rmax and Imax with respect to the 
ground-truth rankings. Fig. 3(f) illustrates the data distribution of the 
initial datasets and the datasets of the final generation for the target 
focal position. As the number of generations increases, the objective 
function output progressively increases, and new data are generated 
near the optimal point. Finally, rmax converges to rtarget , and Imax reaches 
its maximum value. Fig. 3(g) highlights the improvement achieved in 
the focused intensity at the target position as the optimization pro
gresses. The maximum value for the final generation indicates an 
improvement in performance compared with the maximum value for the 
initial dataset.

The impact of each design variable on the predictions by the trained 

Fig. 2. Workflow diagram of DNN-based GA approach. The process begins with the generation of 30,000 random Bézier shapes, which are evaluated via FEA to 
predict rmax and Imax for DNN training. Two DNNs are employed to model the relationships between rmax and Imax for each shape. The GA utilizes random sampling to 
introduce mutation effects and crossover operations and thus generate offspring data. The trained DNNs serve as a surrogate model in the GA to rapidly generate 
offspring data with high objective function values. The offspring datasets are added to the existing datasets, and the process iterates until the optimization criterion 
is satisfied.
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DNNs is examined based on permutation importance scores [55]. The 
importance score is defined as follows: Importance score =

Permuted MSE − Original MSE. The importance score is calculated using 
the test datasets, with one of the 24 design variables fixed while the 
indices of the remaining variables are randomly shuffled. The trained 
DNNs predict the focal position and focused intensity, allowing for the 
calculation of the permuted mean-square error (MSE). An increase in the 
permuted MSE relative to the original MSE indicates that the corre
sponding design variable significantly influences the NN model’s output 
prediction. The difference between the permuted MSE and the original 
MSE constitutes the importance score, which identifies key design var
iables influencing prediction accuracy. Figs. 4(a) and (b) show the 
importance scores for all the design variables of the trained model used 
to predict the focal position and focused intensity. The difference in the 
scores between the variables increases with the target focal position, and 
for r15mm, a specific variable exhibits a significantly higher score than 
the other variables. Specifically, shuffling the values of X7 yields the 
highest MSE for both focused intensity and focal position, which implies 
that X7 is the most influential variable for the DNN’s performance.

3.2. Optimization of unit-cell shape

The target focal positions are set as 15 mm, 20 mm, 25 mm, and 30 
mm from the GRIN lens boundary along the symmetry line, with the 
objective of maximizing Imax to achieve optimal wave energy focusing. 
The iteration stops when no further improvement in Imax is observed. 
The number of generations required for convergence varies with the 
target focal position: 26 generations for 15 mm, 32 generations for 20 
mm, 15 generations for 25 mm, and 10 generations for 30 mm. Starting 
from diverse initializations of the twelve Bézier control points, the GA 

repeatedly converged on a four-branch unit-cell shape across all target 
focal positions considered (Fig. S6). The optimized shape is considered 
the one with the best Imax among all the shapes that satisfy each target 
focal position (rtarget). The optimized shapes for r15mm, r20mm, r25mm, and 
r30mm achieve their highest focused intensity within the rtarget range in 
the 23rd, 29th, 14th, and 9th generations, respectively. Table S1 lists the 
coordinates of the control points of the Bézier curves defining the 
optimized unit-cell shape. Additionally, Fig. S6 demonstrates that in the 
generation containing the optimized shape, the top five shapes exhibit 
similar configurations, with a variation of less than 1 % in focal position 
and focused intensity. This result indicates convergence in the optimi
zation of both shape and focused intensity.

Fig. 5(a) presents the optimized shape and FEA results for the four 
target focal positions. The optimized shapes demonstrate higher per
formance with improved Imax values at the target focal position 
compared with the circular shape. For these optimized shapes, rmax is 
14.87, 19.86, 24.97, and 30.10 mm, aligning well with the target focal 
positions of 15 mm, 20 mm, 25 mm, and 30 mm, respectively; the cor
responding Imax values are 2.00, 1.84, 1.66, and 1.52, respectively. In all 
cases, the optimized shape outperformed the circular shape, achieving 
remarkable focused intensity enhancements of 100 % at r15mm, 84 % at 
r20mm, 66 % at r25mm, and 52 % at r30mm. Furthermore, in the previous 
study, a normalized focused intensity of 1.34 was obtained at a 16.1 mm 
focal position [47]. However, based on the optimized results from the 
present study, a normalized focused intensity of 2.00 is achieved at the 
target focal position of 15 mm, which represents an improvement of 
approximately 50 % in focused intensity at a similar position.

The optimized shapes typically exhibit four branches, which are also 
observed in the previous work [47]. Notably, as the target position ap
proaches the origin, the branches become thinner, leading to higher Imax 

Fig. 3. DNN-based GA results. (a) Variation in RMSE with epochs number for rmax. (b) Variation in RMSE with epoch number for Imax. DNN predictions and FEA 
results plotted against the line where the predicted values equal the actual values (y = x) for (c) rmax and (d) Imax. (e) Predictions obtained from FEA and DNNs using 
the objective function ranking applied in the GA. (f) Initial dataset and objective function output in the final generation based on target focal position. (g) Variation in 
Imax with GA generation.
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values and a noticeable reduction in the hole area. The area of each 
closed shape, defined by 120,000 data points forming a closed Bézier 
curve, is calculated using the Shoelace formula [56]: 

Area =
1
2

⃒
⃒
⃒
⃒
⃒

∑n− 1

k=1
(xkyk+1 − xk+1yk)− (xny1 − x1yn)

⃒
⃒
⃒
⃒
⃒
, (n = 120,000) (3) 

where xk and yk denote the coordinates of the k-th point among the 
120,000 points representing the closed Bézier shape. The accuracy of the 
Shoelace formula is verified by calculating the area of a circular shape 
using the 120,000 data points, which indicates a negligible error of 4.6 
× 10− 8. The areas of the four optimized shapes are calculated and 
compared with that of the shape that maximizes the focused intensity in 
the previous study [47]. The area of the circular shape is 12.5664 mm2, 
while those of the shapes corresponding to r30mm, r25mm, r20mm, and 
r15mm are 7.9615 mm2, 8.4129 mm2, 7.7588 mm2, and 6.8520 mm2, 
respectively. The circular shape exhibits a focal position 56 mm away 
from the lens boundary. The optimal shape that maximized the focused 
intensity without any constraint on the target focal position displays an 
area of 6.6083 mm2. These results indicate that the area of the optimized 

shape decreases as the focal position approaches the lens boundary, 
which corresponds to the branches becoming thinner (Fig. 5(b)).

Fig. 5(c) illustrates the normalized intensity of the optimized shape 
along the symmetry line. The correlation between the focal position and 
the focused intensity reveals that as the target focal position approaches 
the boundary of the GRIN lens, the focused intensity of the optimized 
shape increases. As the focal position moves closer to the lens, the 
maximum intensity increases, but the peak becomes sharper, reflecting a 
trade-off between energy concentration and potential distortion. Despite 
the absence of explicit distortion-control terms in the optimization, post- 
processing confirmed smooth wavefront convergence without signifi
cant side lobes. Fig. 5(d) compares the initial and optimized datasets, 
which include Supplementary Data at the focal positions of 10 mm, 35 
mm, 40 mm, and 50 mm, as well as data optimized for the focused in
tensity without any constraint on the focal position. The optimal data 
point is used to derive a Pareto curve for Imax − rmax, which demonstrates 
that the focused intensity decreases with increasing target focal position. 
Compared with the maximum values observed in the initial dataset of 
30,000 configurations, the optimized design increases the focused in
tensity by 14 % at r15mm, 10 % at r20mm, 9 % at r25mm, and 7 % at r30mm.

Fig. 4. Importance scores of design variables. Importance scores predicted by DNNs for (a) rmax and (b) Imax.
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3.3. Sensitivity analysis

A sensitivity analysis is performed to evaluate the influence of the 
control points on the focal position and focused intensity of the opti
mized shape, based on the FEA results and DNN predictions. The anal
ysis includes all 24 design variables (X1− X12 and Y1–Y12) of the 
optimized shape (Table S1). To generate the corresponding Bézier curve, 
each design variable is independently perturbed by Δε =±0.1 mm while 
all the other variables remain fixed. This process is repeated sequentially 
for all design variables, resulting in 24 shapes with small variations from 
the original optimized shape. The focal position and focused intensity 
for these variations are then predicted via FEA and using the trained NN 
models. The central-difference method, represented by Eq. (4), is 
applied to calculate the sensitivity of the focal position and focused in
tensity for the optimized unit-cell shapes across all target positions for 
both the FEA and the DNN models: 

S ≈

⃒
⃒
⃒
⃒
G(X1,X2,⋯,Xn + Δε,⋯Y12) − G(X1,X2,⋯,Xn − Δε,⋯Y12)

2Δε

⃒
⃒
⃒
⃒ (4) 

where S represents the sensitivity, which quantifies the impact of a small 
perturbation in the design variable on the model response, G. The 
response function G refers to the predicted values, such as those of the 
focal position and focused intensity at the focal position obtained 
through the FEA and using the DNNs. After introducing perturbations 
into the design variables, the resulting sensitivity values are examined, 
with high sensitivity indicating that the variable strongly impacts per
formance. Therefore, these variables should be considered critical dur
ing the design and manufacturing processes as they can significantly 
affect the performance of the final product.

Among the design variables of the optimized shapes, the ones to 
which the output is most sensitive are identified by normalizing the 
sensitivity values to a range of 0 to 1 via min–max normalization based 

Fig. 5. Optimized shapes for target positions. (a) Optimized shape for rtarget and corresponding FEA results. (b) Comparison between areas of optimized shapes that 
satisfy rtarget . (c) Normalized intensity plot for GRIN PnCs with optimized shape. (d) Comparison between optimized and initial data highlighting the improvement in 
Imax at rtarget for the optimized shape.
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on the maximum and minimum output values for each shape. Fig. S7
illustrates the min–max-normalized sensitivity results mapped onto the 
optimized shape, providing critical insights into the influence of the 
design variables on the optimization outcomes. The figure includes the 
sensitivity analysis results obtained through the FEA and using the 
DNNs, showing the sensitivity of the focal position and focused intensity 
to changes in the design variables. The sensitivity results for the FEA and 
DNNs align closely, revealing consistent trends between the two 
methods. Table S2 presents the min–max-normalized sensitivity results 
for the x-coordinates and y-coordinates based on the ground-truth FEA 
values. Regarding the sensitivity of Imax to the x-coordinate across the 
optimized shapes for all four focal positions, the values for X1 and X7 are 
range from 0.4997 to 1.0 and 0.7232 to 1.0, respectively; thus, Imax 
demonstrates consistently high sensitivity to both these variables. In 
contrast, the values for X10 range from 0 to 0.1541, indicating low 
sensitivity. Based on the sensitivity analysis results for rmax, X7 consis
tently demonstrates a strong influence on the output across the four 
optimized shapes, with sensitivity values ranging from 0.6429 to 1.0 
(Fig. S7(a)). Regarding the y-coordinates, the sensitivity values for Y1 

range from 0 to 0.00789 while that for Y7 remains 0, indicating low 
sensitivity. Fig. S7(a) further illustrates that high sensitivity is concen
trated in the bottom branches and that the output exhibits low sensi
tivity to Y1 and Y7 across all optimized shapes. Similarly, Fig. S7(b) 
shows that the focused intensity consistently exhibits high sensitivity to 
X1 and X7 across the four optimized shapes. In contrast, among the y- 
coordinates, high sensitivity values ranging from 0.6635 to 1.0 are 
observed for Y9, whereas Y1 and Y7 exhibit low sensitivity values 
ranging from 0 to 0.0661 and 0 to 0.0074, respectively.

Building on these findings, the physical mechanisms through which 
these key design variables influence the rmax and Imax are described as 
follows. Each control point governs a local segment of the inclusion 
boundary, and its perturbation directly modifies the local curvature, 
ligament thickness, or branch orientation, thereby altering the elastic 
wave propagation characteristics. In particular, Y7 is one of the most 
influential variables for both rmax and Imax (Fig. S7(a) and (b)). 
Increasing Y7 makes the lower branch thinner, enlarging the local solid 
fraction in that region, which increases the local phase velocity and 
steepens the refractive index gradient, thus moving the rmax closer to the 

Fig. 6. Sensitivity analysis for optimized shapes. Sensitivity plots of FEA-predicted parameters for (a) rmax and (b) Imax. Sensitivity plots of DNN-predicted parameters 
for (c) rmax and (d) Imax.
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lens and enhancing Imax. Similarly, Y9, positioned along the inner side
wall of the lower branch, shows high sensitivity to the Imax (Fig. S7(b)). 
Variations in Y9 alter the branch’s vertical alignment, influencing wave 
scattering toward the focal region. Unlike the key variables, coordinates 
such as Y1 and Y7 lie in regions weakly engaged by the main energy 
pathways and thus have negligible effect. This analysis explicitly links 
geometric parameters to their underlying wave-propagation mecha
nisms, providing a clearer physical interpretation of how local shape 
modifications govern the overall focusing behavior of GRIN PnCs.

Overall, X7 consistently exhibits a strong impact on both focal posi
tion and focused intensity; hence, it is the most critical design variable 
for the performance of GRIN PnCs. This inference is corroborated by the 
high importance score of X7 (Figs. 4(a) and (b)). Conversely, Y1 and Y7, 
which have low sensitivity values, also display low importance scores; 
this indicates a strong correlation between the sensitivity results and the 
importance scores. Therefore, X7 represents a key design variable, 
whereas Y1 and Y7 are deemed less important.

The average sensitivity of the output to each control 
point—combining the sensitivities to both the x-coordinate and y- 
coordinate—is calculated using the following equation: 

Savg =
SXn + SYn

2
(n : control point index) (5) 

where SXn and SYn represent the sensitivities to the x-coordinate and y- 
coordinate of the control point, respectively. Fig. 6 depicts the optimized 
shape corresponding to the min–max-normalized average sensitivity 

(Savg). Figs. 6(a) and (c) present the sensitivity analysis results for the 
focal position, while Figs. 6(b) and (d) present the results for the focused 
intensity. The agreement between the FEA and DNN results highlights 
the remarkable prediction accuracy of the DNNs for gradient 
calculation.

A sensitivity analysis is also conducted based on the control points 
used in the experiments from the previous study to explain the dis
crepancies between the experimental and simulation results [47]. Fig. 7 
(a) shows that regions with high sensitivity are concentrated in the 
branches of the shape, with particularly high Imax values observed at P3 

Fig. 7. Validation of sensitivity analysis conducted on experimental shape. (a) Normalized Savg results. Sensitivity of focused intensity to perturbations in (b) x- 
coordinates and (c) y-coordinates. (d) Perturbed shape obtained by shifting control points P1, P3, and P9. (e) Perturbed GRIN lens with the perturbed shapes in the top 
three layers. (f) Comparison of normalized intensity plots and FEA results among GRIN PnCs with the original shape, the perturbed shape, and experimental data 
from the previous study [47].

Table 2 
Min–max-normalized sensitivity of focused intensity to 
experimental control points from the previous study [47].

Control point Normalized Savg

P1 0.6294
P2 0.5071
P3 0.9974
P4 0.4088
P5 0.0301
P6 0.1008
P7 0
P8 0.3338
P9 1
P10 0.0760
P11 0.7259
P12 0.6968
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(0.99) and P9 (1.0), (Table 2). To investigate these findings further, the 
sensitivity to the x-coordinates and y-coordinates is analyzed in detail. 
Figs. 7(b) and (c) indicate that the focused intensity is highly sensitive to 
X1, Y3, and Y9. Minor perturbations are applied to the control points 
with high sensitivity values, and Fig. 7(d) shows the resulting perturbed 
shape. Based on the experimental findings from the previous study, a 
GRIN lens with 12 layers was fabricated, considering the constrained 
imposed by the manufacturing resolution limit [47]. The top three 
layers, with scaling factors of 0.7–0.9, are particularly challenging to 
fabricate due to their smaller size. A perturbed GRIN lens with the 
perturbed shape is also designed and is applied to the top three layers of 
the original GRIN lens (Fig. 7(e)). Fig. 7(f) compares the FEA results with 
the experimental findings from the previous study. GRIN PnCs fabri
cated based on the original shape exhibited a focal position at 13.4 mm 
along with a normalized focused intensity of 1.56, whereas GRIN PnCs 
prepared with the perturbed design displayed a shift in the focal position 
to 16.9 mm and a normalized focused intensity of 1.35. The experi
mentally measured focal position and normalized focused intensity were 
16.1 mm and 1.34, respectively. Thus, the properties of the perturbed 
GRIN PnCs closely align with the experimental results, showing only a 
4.9 % deviation in the focal position and a 0.7 % error in the normalized 
focused intensity. The agreement between the experimental findings and 
the sensitivity analysis results, which identify the sensitive control 
points, provides reliable insights. The performance parameters of the 
optimized shapes exhibit heightened sensitivity to control points in the 
branches, which emphasizes the importance of precise branch fabrica
tion for setting the focal position accurately and maximizing the focused 
intensity.

The proposed DNN-based GA efficiently explores a high-dimensional 
design space, achieving enhanced focusing intensity and tunable focal 
positions within realistic manufacturing constraints. Although this study 
primarily addresses theoretical optimization and simulation, physical 
verification is essential to confirm performance under practical condi
tions. In our previous work [47], a GRIN PnC lens fabricated within CNC 
machining tolerances showed good agreement between measured and 
simulated results, demonstrating practical feasibility. Building on this 
foundation, the present designs incorporate tunable focal positions and a 
sensitivity analysis to identify geometry parameters—particularly con
trol points in the lower branch region—most critical to robust perfor
mance. For practical CNC implementation, one feasible experimental 
scheme is to configure all layers so they can be machined with a 1 mm 
radius end mill, ensuring compatibility with standard CNC machining 
processes. Sensitivity validation could then be conducted by deliberately 
introducing manufacturing tolerances into the high-sensitivity regions 
identified in this study and measuring the resulting variations in focal 
position and intensity. This strategy would enable a realistic and direct 
assessment of the robustness and applicability of the proposed GRIN PnC 
designs under real-world fabrication constraints.

4. Conclusion

In this study, a DNN-accelerated GA is used to optimize the unit-cell 
shape of GRIN PnCs for enhanced energy focusing. DNNs are employed 
to model the complex relationship between the control points of the 
shape, the focal position, and the focused intensity. The trained model 
predicts significant control points. The unit cells are optimized for 
various target focal positions, with the results revealing a trade-off be
tween the focal position and the focused intensity as well as highlighting 
a limit to the maximum focused intensity achievable for distant focal 
positions. Compared with the conventional circular model, the opti
mized designs exhibit a 1.5 to 2.0 times higher focused intensity across 
the target focal positions. The optimized shapes, characterized by four 
branches, exhibit high sensitivity to some of the design parameters, 
which underscores the importance of precise fabrication. The sensitivity 
analysis further facilitates the identification of critical design variables, 
enabling a more efficient and robust fabrication process. These findings 

contribute to the advancement of EH by providing a systematic 
approach to designing high-performance GRIN PnCs. However, this 
study primarily focused on energy concentration along the centerline of 
GRIN PnCs. To develop efficient EH systems that can adapt to varying 
operating conditions, future studies should consider regions beyond the 
centerline as well. Efforts to this end will be essential for enhancing the 
adaptability and overall effectiveness of EH systems.
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