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State-space models are widely used in applications, e.g., in economics, finance and actuarial science. In the 
domain of count data, one such example is the model proposed by Harvey and Fernandes (1989). Unlike many 
of its parameter-driven alternatives, this model is observation-driven, and it leads to a closed-form expression 
for the predictive density. This predictive density takes into account past observations by assigning a seniority 
weighting to them. This feature makes this model very appealing for general insurance ratemaking. However, the 
model of Harvey and Fernandes (1989) has the property that the variance diverges in the long-run, which might 
be an undesirable model feature. In this paper, we extend the model of Harvey and Fernandes (1989) by allowing 
for flexible variance specifications including non-explosive ones, while keeping the model fully tractable.

1. Introduction

Since the pioneering work of Bichsel (1964) and Dionne and Vanasse 
(1989), the Poisson-Gamma random effects model has established as 
a key tool for experience rating in general insurance; see Duval et al. 
(2024) for an application including telematics data. This random ef

fects model is based on the Poisson-Gamma conjugacy leading to a 
closed-form pricing formula, that is, providing a fully tractable mod

eling approach to derive a linear credibility formula, called Bühlmann 
(1967) credibility. One important shortcoming of this approach is that 
it uses a common latent random factor Θ that influences all response 
variables (𝑌𝑡)𝑡≥1 equally. As a consequence, the components of the past 
claims history 𝑌1∶𝑡 = (𝑌1,… , 𝑌𝑡) are exchangeable for forecasting the 
next response 𝑌𝑡+1, meaning that all components of 𝑌1∶𝑡 receive the 
same credibility weighting in forecasting 𝑌𝑡+1 . Allowing for a seniority 
weighting of past claims has been advocated in the credibility literature; 
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see, e.g., Gerber and Jones (1973), Sundt (1988), Pinquet et al. (2001), 
Pinquet (2020a) or Pinquet (2020b). Recently, also statistical tests con

sidering this have been proposed; see Li et al. (2023) and Fung et al. 
(2024). The issue of seniority weighting has been addressed in the ran

dom effects literature by replacing the static (Gamma) random effect 
by a stochastic process. In particular, Brouhns et al. (2003) and Purcaru 
and Denuit (2003) assume a log-normal dynamics for this stochastic pro

cess. The difficulty with this approach is that this model does not allow 
for a closed-form log-likelihood function nor an analytical premium up

dating rule. Lu (2018) suggested to replace the log-normal dynamics by 
an autoregressive Gamma process, and he derived a closed-form log

likelihood function with an analytical predictive formula. This formula, 
however, involves the derivative of a matrix function, whose dimension 
is equal to the number of observed periods 𝑡. Thus, although for small 𝑡
this approach might be more tractable than the approach of Brouhns et 
al. (2003), it may still become prohibitive for increasing dimensions.
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The computational difficulties of these dynamic random effects mod

els relate to the fact that from a time-series point of view, both the 
approaches of Brouhns et al. (2003) and Lu (2018) fall into the cat

egory of parameter-driven state-space models. These models have the 
property that the responses are conditionally independent given the 
path of the latent stochastic process, whose dynamics is exogenous. It 
is well documented in this literature that besides the Gaussian state

space model of Kalman (1960), most non-Gaussian parameter-driven 
state-space models do not have tractable log-likelihood functions and 
are, thus, computationally intensive; see, e.g., Zeger (1988), Henderson 
and Shimakura (2003), Frühwirth-Schnatter and Wagner (2006), Cui 
and Lund (2009), Davis and Wu (2009), Jung et al. (2011) and Jia et 
al. (2023). A notable special case is the class of hidden Markov models 
(HMMs), which offer closed-form expressions for estimation and pre

diction due to their discrete latent state-space structure; see Baum and 
Petrie (1966). Such models have been applied in an insurance ratemak

ing and telematics data context by Jiang and Shi (2024), Shi et al. (2025) 
and Chan et al. (2025). The latent state-space in HMMs is restricted to a 
finite number of discrete values, which can limit the modeling flexibil

ity and accuracy if the number of states is small. Increasing the number 
of latent states can enhance flexibility and accuracy, but comes at the 
cost of increased computational complexity, as HMM algorithms typi

cally scale quadratically with the number of hidden states. Moreover, 
the choice of an appropriate number of states of the HMM model is 
highly non trivial. Consequently, HMM models are not considered in 
this paper. Finally, let us also mention the copula approach, see, e.g., 
Frees and Wang (2005), Shi and Yang (2018) and Yang (2022), who 
adopt a model without any random effect, which they call the ``frequen

tist'' approach. Frees and Wang (2005) mention that ``the frequentist 
perspective avoids assumptions concerning the prior distribution of the 
latent variables. This may be seen as an advantage or disadvantage, de

pending on the situation.'' Furthermore, the use of copulas when count 
data are involved can cause potential identification issues as explained 
by Genest and Nešlehová (2007).

Is there a way to avoid the computational burden of parameter

driven state-space models, while keeping their nice interpretation as 
well as their advantage of allowing for a seniority weighting of past 
claims? The answer is affirmative. The Harvey and Fernandes (1989) 
model (HF model) is one of the rare examples of an observation-driven 
state-space model for count data, which enjoys mathematical tractabil

ity. More precisely, in contrast to its parameter-driven counterparts, the 
dynamics of the latent process is not exogenous, but endogenous, in the 
sense that the random effects process (Θ𝑡)𝑡≥1 depends not only on the 
past values of this state variable, but also on the past values of the ob

served responses 𝑌1∶𝑡, i.e., it is based on the assumption

Θ𝑡+1|(Θ1∶𝑡, 𝑌1∶𝑡)  =  Θ𝑡+1|(Θ𝑡, 𝑌1∶𝑡)  ≠  Θ𝑡+1|Θ𝑡, (1)

for Θ1∶𝑡 = (Θ1,… ,Θ𝑡). This says that the law of the next state Θ𝑡+1 de

pends on the previous state Θ𝑡 and the past responses 𝑌1∶𝑡.
The tractability of the predictive distribution in the HF model is 

achieved by adding a feedback loop from the observations 𝑌1∶𝑡 to the 
next state-space variable Θ𝑡+1. This feedback is of Poisson-Gamma con

jugate prior type, leading to tractable models and log-likelihoods. From 
an interpretation point of view, such a model makes perfect sense in in

surance pricing because a (bad) claims experience may result in actions 
that change the latent factors, e.g., a car driver may change her/his driv

ing behavior and take a skid course after an accident. In the insurance 
literature, it has been applied by Bolancé et al. (2007) and Boucher and 
Pigeon (2018) to univariate count processes, by Abdallah et al. (2016) 
to bivariate count processes and by Ahn et al. (2023) to collective risk 
modeling.

In this paper, we start by explaining that in the HF model, the state

space variable follows a (multiplicative) random walk, and it has an 
increasing and exploding variance process as the number of observed 
periods 𝑡 increases to infinity. This explosion-in-variance might not be 
suitable for many applications where 𝑡 is large. One prime example is 

telematics insurance, where insurers collect (high-frequency) data of the 
driving behavior of their policyholders, e.g., a daily or weekly driving 
behavior signal; see Yanez et al. (2025). Other examples are cyber risk, 
which has the feature of evolving very fast and, thus, needs frequent up

dating of the risk development, or health trackers in health insurance. In 
these examples, we likely result in a large 𝑡 situation, where the asymp

totic behavior of the state-space model is relevant. The HF model has a 
long-term explosive variance behavior, whereas, e.g., in the telematics 
example we rather expect a bounded or a decreasing variance behavior. 
The latter is based on the intuition that increasing experience should 
lead to decreasing risk and uncertainty. Therefore, the aim of this paper 
is to extend the HF model to a model class that accommodates various 
non-explosive variance behaviors, including time-invariant or converg

ing variance processes. As a preview of our results, we are able to classify 
this extended class of observation-driven state-space models for counts 
into several groups:

(a) The original HF model, which has an explosive (non-stationary) dy

namics with increasing variance lim inf 𝑡→∞Var
(
Θ𝑡

)
=∞.

(b) The second class corresponds to the case where, when 𝑡 goes to 
infinity, the latent process (Θ𝑡)𝑡≥1 degenerates to a constant and, 
hence, the uncertainty related to the non-observability of the latent 
factor Θ𝑡 asymptotically vanishes.

(c) In the third class, the latent process (Θ𝑡)𝑡≥1 considered in (1) has a 
variance that remains bounded away from zero and infinity. This 
includes special cases of time-invariant or converging variance pro

cesses. Importantly, variance stationarity within this class provides 
a practical compromise: general time-series models typically in

troduce excessive complexity for insurance settings characterized 
by relatively short observation periods, while static random-effects 
models fail to capture the temporal dependencies of claims histo

ries. Thus, a variance-stationary model represents a realistic and 
effective balance, that allows for the incorporation of seniority

weighting of past claims information while keeping the model com

plexity manageable.

The models in these three classes differ in terms of their (variance) 
stationarity properties, but they all enjoy the aforementioned proper

ties of providing tractable log-likelihoods and experience rating pricing 
formulas.

The rest of the paper is organized as follows. Section 2 extends the 
HF model, by allowing some of the parameters of the HF model to be 
time-varying. Section 3 discusses various specifications of this extended 
HF family, and it classifies them into different classes according to their 
stationarity (or non-stationarity) behavior, see Table 1. Section 4 il

lustrates the resulting credibility formulas. Section 5 compares these 
models using a real insurance dataset. Section 6 concludes. Proofs of 
the mathematical statements are provided in the appendix.

2. The extended HF model

Often, in insurance applications, count responses 𝑌 are available as 
longitudinal data, that is, they are doubly indexed by both the poli

cyholder 𝑖 and the time period 𝑡. In the rest of this section, we will 
temporarily remove index 𝑖 in order to focus on the properties of the 
model in the time-series dimension. The portfolio aspect in policyholder 
index 1 ≤ 𝑖 ≤ 𝑛 will become relevant once we consider empirical Bayes’ 
fitting, we refer to (30), below.

Throughout this paper, we use the following notation.

• Gamma(𝛼, 𝛽): Gamma distribution with shape parameter 𝛼 > 0 and 
rate (scale) parameter 𝛽 > 0, having mean 𝛼∕𝛽 and variance 𝛼∕𝛽2; 
by convention, Gamma(0, 𝛽) denotes a constant zero.
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Table 1
Typology of various special cases of Model 1 according to the long-run behavior of the 
variance process. In this table, all constants 𝑝 and 𝑞 lie strictly between 0 and 1. The 
condition ``(𝜆𝑡)𝑡≥1 bounded'' implies that the process is bounded both above and below by 
positive constants.

Model Condition 
Classical NB regression model 𝑝𝑡 = 0 and 𝑞𝑡 defined in (33)

Static random effects 𝑝𝑡 = 𝑞𝑡 = 1
HF model with increasing (explosive) variance 𝑝𝑡 = 1, 𝑞𝑡 = 𝑞 ∈ (0,1), (𝜆𝑡)𝑡≥1 bounded 
Decreasing variance 𝑝𝑡 = 𝑝 ∈ [0,1), 𝑞𝑡 = 1, (𝜆𝑡)𝑡≥1 bounded 
Converging variance 𝑝𝑡 = 𝑝 ∈ [0,1), 𝑞𝑡 = 𝑞 ∈ (0,1), 𝜆𝑡 = 𝜆

Bounded variance 𝑝𝑡 = 𝑝 ∈ (0,1), 𝑞𝑡 = 𝑞 ∈ (0,1), (𝜆𝑡)𝑡≥1 bounded 
Constant variance 𝑝𝑡, 𝑞𝑡 defined in (21)

• Beta(𝛼, 𝛽): beta distribution on (0,1) with mean 𝛼

𝛼+𝛽
and variance 

𝛼𝛽 
(𝛼+𝛽)2(𝛼+𝛽+1) ; by convention, Beta(𝛼,0) denotes a constant one, and 
Beta(0, 𝛽) a constant zero.

• Pois(𝜆): Poisson distribution with mean 𝜆 > 0.

• NB(𝜆, 𝛾): negative binomial (NB) distribution with mean 𝜆 and vari

ance 𝜆+ 𝜆2∕𝛾 .

We recall the Poisson-Gamma conjugacy (Bühlmann and Gisler, 2006, 
Section 2.4.1). If 𝑌 is Poisson, given Θ, with mean Θ, and Θ follows a 
Gamma prior distribution, then the posterior distribution of Θ, given 𝑌 , 
is also a Gamma distribution, and the marginal distribution of 𝑌 is a NB 
distribution.

2.1. The model

We provide an observation-driven state-space model with constant 
mean extending the HF model.

Model 1. Given exogenous processes (𝜆𝑡)𝑡≥1, (𝑝𝑡)𝑡≥1 and (𝑞𝑡)𝑡≥1 satisfy

ing for 𝑡 ≥ 1

𝜆𝑡 ≥ 0, 𝑝𝑡 ∈ (0,1), 𝑞𝑡 > 0 and 𝑝𝑡𝑞𝑡 < 1, (2)

the response variables (𝑌𝑡)𝑡≥1 and the state-space variables (Θ𝑡)𝑡≥1 sat

isfy:

𝑖) The conditional distribution of 𝑌𝑡, given past observations1 𝑌1∶(𝑡−1)
and the state-space variables Θ1∶𝑡, is Poisson

𝑌𝑡|(𝑌1∶(𝑡−1),Θ1∶𝑡) ∼ Pois
(
𝜆𝑡Θ𝑡

)
, for 𝑡 ≥ 1. (3)

For 𝜆𝑡 = 0, we set 𝑌𝑡 = 0, a.s.

𝑖𝑖) At time 𝑡 = 1, Θ1 is Gamma distributed as

Θ1 ∼ Gamma
(
𝛼1|0, 𝛽1|0) , (4)

with, for identification purposes, we assume equal deterministic pa

rameters 𝛼1|0 = 𝛽1|0 > 0, so that 𝔼
[
Θ1

]
= 1.

𝑖𝑖𝑖) Assume that, given past observations 𝑌1∶𝑡, the filtering distribution 
of Θ𝑡 at time 𝑡 ≥ 1 is given by

Θ𝑡|𝑌1∶𝑡 ∼Gamma
(
𝛼𝑡, 𝛽𝑡

)
, (5)

where 𝛼𝑡 > 0 and 𝛽𝑡 > 0 are deterministic functions of 𝑌1∶𝑡 and 𝜆1∶𝑡.
Then, the predictive distribution of Θ𝑡+1 is given by

Θ𝑡+1|𝑌1∶𝑡 ∼Gamma
(
𝛼𝑡+1|𝑡, 𝛽𝑡+1|𝑡) , (6)

with for 𝑡 ≥ 1

1 By convention, for 𝑡= 1, the information set 𝜎(𝑌1∶(𝑡−1)) reduces to the trivial 
𝜎field.

𝛽𝑡+1|𝑡 = 𝑞𝑡𝛽𝑡 = 𝑞𝑡
(
𝛽𝑡|𝑡−1 + 𝜆𝑡

)
,

𝛼𝑡+1|𝑡 = 𝑝𝑡𝑞𝑡𝛼𝑡 +
(
1 − 𝑝𝑡

)
𝛽𝑡+1|𝑡 = 𝑝𝑡𝑞𝑡

(
𝛼𝑡|𝑡−1 + 𝑌𝑡

)
+
(
1 − 𝑝𝑡

)
𝛽𝑡+1|𝑡.

(7)

We give some explanations to Model 1.

• We start with (5). Using the Poisson-Gamma conjugacy applied to 
the tuple (3) and (6) as well as (4), Bayes’ rule determines the dis

tribution in (5) and its parameters 𝛼𝑡 > 0 and 𝛽𝑡 > 0 as deterministic 
functions of the past observations 𝑌1∶𝑡 and the exogenous parame

ters 𝜆1∶𝑡, given by

𝛼𝑡 = 𝛼𝑡|𝑡−1 + 𝑌𝑡, (8)

and

𝛽𝑡 = 𝛽𝑡|𝑡−1 + 𝜆𝑡. (9)

As a result, Model 1 is well defined.

• The critical step, compared to the traditional Poisson-Gamma ran

dom effects model, is the evolution step from (5) to (6). The primary 
motivation for this evolution step in (6) with the specification in (7)

is the construction of a Gamma process guided by a thinning prop

erty with the following characteristic:

𝔼[Θ𝑡+1 ∣ 𝑌1∶𝑡] = 𝑝𝑡 𝔼[Θ𝑡 ∣ 𝑌1∶𝑡] + (1 − 𝑝𝑡). (10)

This property immediately guarantees mean stationarity, ensuring 
that 𝔼[Θ𝑡] = 1 for all 𝑡 ≥ 1; this is based the identification used 
in (4). However, its variance behavior depends on the choice of 
the exogenous processes (𝑝𝑡)𝑡≥1, (𝑞𝑡)𝑡≥1 and (𝜆𝑡)𝑡≥1. These aspects 
will be explained in detail in Section 2.3, below. We note that 
the linear evolution specification chosen in (7) primarily aims at 
simplicity and mathematical tractability, particularly for deriving 
explicit mean and variance behaviors. Non-linear alternatives could 
also be explored in future research, albeit potentially at the expense 
of analytical tractability.

• The exogenous parameters (𝜆𝑡)𝑡≥1 allow one to integrate time

varying covariates. In our example, we are going to model these 
parameters using a generalized linear model (GLM) by setting 𝜆𝑡 =
𝜇(𝒙𝑡) for covariates 𝒙𝑡 and a regression function 𝜇(⋅) having a GLM 
structure.

2.2. The HF model as a special case

The HF model of Harvey and Fernandes (1989) is obtained as a spe

cial case of Model 1 under the following constraints for 𝑡 ≥ 1

𝑞𝑡 ≡ 𝑞 ∈  (0,1) and 𝑝𝑡 ≡ 1. (11)

Harvey and Fernandes (1989)’s original formulation is without covari

ates, Gamerman et al. (2013) extend their model by introducing a time

varying exogenous heterogeneous sequence (𝜆𝑡)𝑡≥1. Now, this type of 
model is widely recognized across various fields, including economics 
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(Fokianos, 2024) and climate studies (Duca et al., 2021). In this model, 
the evolution step implies 𝔼

[
Θ𝑡+1|𝑌1∶𝑡] = 𝔼

[
Θ𝑡|𝑌1∶𝑡]. In other words, 

(Θ𝑡)𝑡≥1 is a martingale with respect to the filtration generated by 𝑌1∶𝑡 , 
𝑡 ≥ 1, this is comparable to the filtering property described in (10).

Lemma 3 in Section 3, below, demonstrates that the HF model’s mar

tingale property leads to an explosive variance behavior, which may 
limit its applicability in many contexts. In contrast, our proposed model 
offers flexibility in modeling various variance behaviors depending on 
the specification of the exogenous sequences (𝑝𝑡)𝑡≥1, (𝑞𝑡)𝑡≥1, and (𝜆𝑡)𝑡≥1. 
This flexibility, achieved through the evolution step detailed in Sec

tion 2.3, allows the proposed model to address the limitations of the 
HF model while maintaining the analytical tractability.

2.3. Stochastic representation of the observation-driven property

Model 1 defines the conditional distributions of the latent variable 
Θ𝑡, given the past (or past and current) observations. However, it does 
not provide a state-space equation directly linking Θ𝑡 with Θ𝑡+1. To work 
out a state-space equation, we first recall the following lemma.

Lemma 1 (Lukacs (1955)). Consider two independent random variables

Θ∼Gamma(𝛼, 𝛽) and 𝐵 ∼ Beta
(
𝑝∗𝛼, (1 − 𝑝∗)𝛼

)
, (12)

where 𝛼 > 0, 𝛽 > 0 and 𝑝∗ ∈ (0,1] are given constants. Then, their product

Θ𝐵 ∼Gamma(𝑝∗𝛼, 𝛽).

Consequently, if 𝜂 is independent of Θ and 𝐵, and 𝜂 ∼ Gamma((𝑞 −
𝑝∗)𝛽, 𝑞𝛽) with constant 𝑞 such that 𝑞 ≥ 𝑝∗, then we have

Θ𝐵

𝑞
+ 𝜂 ∼Gamma

(
𝑝∗𝛼 +

(
𝑞 − 𝑝∗

)
𝛽, 𝑞𝛽

)
. (13)

Formula (13) implies the following stochastic representation of the la

tent process (Θ𝑡)𝑡≥1 by setting 𝑝∗𝑡 = 𝑝𝑡𝑞𝑡 ∈ (0,1], see (2),

Θ𝑡+1 =
Θ𝑡𝐵𝑡+1

𝑞𝑡
+ 𝜂𝑡+1, (14)

where Θ𝑡, given 𝑌1∶𝑡, satisfies (5), and

𝐵𝑡+1|𝑌1∶𝑡,Θ1∶𝑡 ∼ Beta(𝑝𝑡𝑞𝑡𝛼𝑡, (1 − 𝑝𝑡𝑞𝑡)𝛼𝑡),

and

𝜂𝑡+1|𝑌1∶𝑡,Θ1∶𝑡 ∼Gamma((1 − 𝑝𝑡)𝑞𝑡𝛽𝑡, 𝑞𝑡𝛽𝑡).

Moreover, 𝐵𝑡+1 and 𝜂𝑡+1 are assumed to be conditionally independent 
given 𝑌1∶𝑡 and Θ1∶𝑡. This result provides us with an explicit construc

tion of Model 1, in particular, it gives us a way to simulate under this 
Model 1.

From the above stochastic representation, the latent process (Θ𝑡)𝑡≥1
satisfies the linear Markov property

𝔼
[
Θ𝑡+1 ∣ Θ1∶𝑡, 𝑌1∶𝑡

]
= 𝑝𝑡Θ𝑡 + (1 − 𝑝𝑡). (15)

Hence, the conditional expectation of the latent process follows an 
autoregressive-type recursion of order 1 with coefficient 𝑝𝑡. Note, that 
this does not imply that the observed process (𝑌𝑡)𝑡≥1 is AR(1) type. In

deed, in Appendix C, we show that process (𝑌𝑡)𝑡≥1 is of ARMA(1,1) type.

3. A classification according to the behavior of the variance 
process

In this section, we show that Model 1 can allow for various forms of 
variance behavior, e.g., of increasing, decreasing, constant or stationary 
type. To analyze more sophisticated cases, let us first investigate some 
properties of Model 1 concerning the first and second order moments of 
the processes.

Lemma 2. In Model 1 we have the following moment behaviors for 𝑡≥ 1:

𝑖) 𝔼
[
𝛼𝑡

]
= 𝛽𝑡, 𝔼

[
Θ𝑡

]
= 1 and 𝔼

[
𝑌𝑡

]
= 𝜆𝑡.

𝑖𝑖) 𝔼
[
Var

(
Θ𝑡 | 𝑌1∶𝑡)] = 1 

𝛽𝑡
.

𝑖𝑖𝑖) 𝔼
[
Var

(
Θ𝑡+1 | 𝑌1∶𝑡)] = 1 

𝑞𝑡

1 
𝛽𝑡

.

𝑖𝑣) Var
(
𝔼
[
Θ𝑡+1 | 𝑌1∶𝑡]) = 𝑝2𝑡 Var

(
𝔼
[
Θ𝑡 | 𝑌1∶𝑡]).

Proof. See Appendix B.1. □

Property 𝑖) says that the process (Θ𝑡)𝑡≥1 is mean-stationary. Proper

ties 𝑖𝑖𝑖) and 𝑖𝑣) allow us to analyze the variance behavior of (Θ𝑡)𝑡≥1. By 
the total variance decomposition formula, we get

Var
(
Θ𝑡+1

)
= 𝔼

[
Var

(
Θ𝑡+1 | 𝑌1∶𝑡)]+Var

(
𝔼
[
Θ𝑡+1 | 𝑌1∶𝑡])

= 1 
𝑞𝑡

1 
𝛽𝑡

+ 𝑝2𝑡 Var
(
𝔼
[
Θ𝑡 | 𝑌1∶𝑡]) . (16)

On the other hand, by using the total variance decomposition formula 
again, we have

Var
(
Θ𝑡

)
= 𝔼

[
Var

(
Θ𝑡 | 𝑌1∶𝑡)]+Var

(
𝔼
[
Θ𝑡 | 𝑌1∶𝑡])

= 1 
𝛽𝑡

+Var
(
𝔼
[
Θ𝑡 | 𝑌1∶𝑡]) . (17)

Let us compare (16) and (17). Choosing 𝑞𝑡 ≤ 1, the first term in (16) is 
larger than the first one in (17). Similarly, since by assumption 𝑝2𝑡 ≤ 1, 
the second term in (16) is smaller than the second one in (17). As a re

sult, the variance process (Var
(
Θ𝑡

)
)𝑡≥1 in our model is not necessarily 

monotone, i.e., depending on the specific choices of the exogenous se

quences it may behave differently. Throughout the remainder of this sec

tion, we focus on three main types of variance behaviors (Var
(
Θ𝑡

)
)𝑡≥1: 

increasing variance (Section 3.1), decreasing variance (Section 3.2), and 
constant variance (Section 3.3). Additional cases with other variance 
behaviors are provided in Appendix A. We begin by describing the in

creasing variance case.

3.1. HF model: a model with increasing variance

As demonstrated in Section 2.2, the HF model can be derived as a 
special case of Model 1 by specifying the exogenous sequences according 
to (11). The following lemma establishes that the HF model exhibits an 
explosive variance behavior under certain conditions.

Lemma 3 (Explosive variance in the HF model). In the HF model, if the 
exogenous process (𝜆𝑡)𝑡≥1 is uniformly bounded both above and below by 
positive constants, Var

(
Θ𝑡

)
and Var

(
𝑌𝑡

)
diverge to infinity as 𝑡→∞.

An advantage of the HF model is that it provides a predictive mean, 
𝔼[𝑌𝑡+1 | 𝑌1∶𝑡], which can take the form of an exponentially weighted 
moving average (EWMA) of past observations depending on the choice 
of the exogenous sequences; see Section 4, below, for the specific for

mulation. The literature on EWMA forecasting of count variables has 
traditionally focused on non-stationary models only; see, e.g., Hyndman 
et al. (2008), Chapter 17. It is seen in the next subsection, however, that 
it is not the only possible specification leading to EWMA predictors.

3.2. A model with decreasing variance

In this subsection, we consider the special case of Model 1 with con

straints for 𝑡 ≥ 1

𝑝𝑡 = 𝑝  ∈ [0,1] and 𝑞𝑡 = 1.

Especially, when 𝑝𝑡 is strictly less than 1,

𝑝𝑡 = 𝑝  ∈ [0,1) and 𝑞𝑡 = 1, (18)
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we have updates

𝛼𝑡 = 𝑝𝛼𝑡−1 + (1 − 𝑝)𝛽𝑡−1 + 𝑌𝑡 and 𝛽𝑡 = 𝛽𝑡−1 + 𝜆𝑡,

for 𝑡 ≥ 2. If (𝜆𝑡)𝑡≥1 is uniformly bounded from below, then both processes 
(𝛽𝑡)𝑡≥1 and (𝛼𝑡)𝑡≥1 go to infinity when 𝑡 increases to infinity.

Let us study the variance of the resulting state-space process. By com

paring (16) and (17) with the condition in (18), we get

Var
(
Θ𝑡+1

)
−Var

(
Θ𝑡

)
=
(
𝑝2 − 1

)
Var

(
𝔼
[
Θ𝑡 | 𝑌1∶𝑡])

=
(
𝑝2 − 1

)
Var

(
𝛼𝑡

𝛽𝑡

)
< 0.

(19)

Thus, the latent process (Θ𝑡)𝑡≥1, and hence (𝑌𝑡)𝑡≥1, have both a de

creasing variance (for the latter it is sufficient to assume that (𝜆𝑡)𝑡≥1
is bounded). Moreover, we have the following stronger result.

Lemma 4. Under Model 1 and constraint (18), if the exogenous process 
(𝜆𝑡)𝑡≥1 is uniformly bounded both above and below by positive constants, 
then Var

(
Θ𝑡

)
converges to zero for 𝑡 → ∞, and Var

(
𝑌𝑡

)
converges to 𝜆, 

under the additional assumption of the following time-invariance property

𝜆𝑡 = 𝜆 > 0, for all 𝑡 ≥ 1.

Proof. See Appendix B.3. □

3.3. A model with constant variance

In this subsection, we discuss a special case of Model 1 for which 
the variance of Θ𝑡 is constant in 𝑡 ≥ 1. Note that we do not require the 
process to be covariance stationary, i.e., the covariances Cov(Θ𝑡,Θ𝑡+ℎ)
may still depend on 𝑡. That is, we study the case

1 = 𝔼
[
Θ𝑡

]
and

1 
𝛽1|0 = Var

(
Θ1

)
=Var

(
Θ𝑡

)
, for all 𝑡 ≥ 1,

(20)

where the mean stationarity is given by Lemma 1. By comparing (16)

and (17), an immediate consequence is the following result.

Lemma 5. In Model 1, the variance process (Var
(
Θ𝑡

)
)𝑡≥1 is constant, if and 

only if 𝑝𝑡 and 𝑞𝑡 satisfy the following equation for all 𝑡≥ 1

1 
𝑞𝑡

1 
𝛽𝑡

+ 𝑝2𝑡

(
1 

𝛽1|0 − 1 
𝛽𝑡

)
= 1 

𝛽1|0 . (21)

Consequently, there are infinitely many possible combinations of 
(𝑝𝑡)𝑡≥1 and (𝑞𝑡)𝑡≥1 in order for (Var

(
Θ𝑡

)
)𝑡≥1 to remain constant. Among 

such choices, motivated by the conditional linear auto-regressive struc

ture (CLAR(1)) of Grunwald et al. (2000), we may assume the following 
updating rule

𝔼
[
Θ𝑡+1 | 𝑌1∶𝑡] = 𝑝 𝔼

[
Θ𝑡 | 𝑌1∶𝑡]+ 1 − 𝑝, (22)

equivalently saying 𝑝𝑡 ≡ 𝑝 ∈ (0,1) is time-invariant. Then, under this 
additional assumption (22), requirement (21) becomes for 𝑡 ≥ 1

𝑞𝑡 =
𝛽1|0

𝑝2𝛽1|0 + (
1 − 𝑝2

)
𝛽𝑡

, (23)

which can be calculated recursively from

𝛽𝑡 = 𝑞𝑡−1𝛽𝑡−1 + 𝜆𝑡, 𝑡 ≥ 2,

with initialization

𝛽1 = 𝛽1|0 + 𝜆1.

When 𝑝𝑡 = 1 and 𝑞𝑡 = 1, equivalently 𝐵𝑡+1 ≡ 1 and 𝜂𝑡+1 ≡ 0, Model 1
becomes the static random effects Poisson-Gamma model. This model 

(with a static random effect) assumes that there is a given time-invariant 
latent variable Θ𝑡 ≡ Θ, a.s., for all 𝑡 ≥ 1. Given Θ ∼ Gamma(𝛼1|0, 𝛽1|0), 
the counts 𝑌𝑡 are conditionally independent with a Pois(𝜆𝑡Θ) distribu

tion. For 𝜆𝑡 ≡ 𝜆 > 0, this is a special case of the Bühlmann and Straub 
(1970) credibility model.

3.4. A typology of models according to the variance process

The previous Sections 3.1, 3.2 and 3.3 have presented the three spe

cial cases of a diverging variance behavior, an asymptotically vanishing 
variance behavior and a constant one, respectively, of the state-space 
process. Naturally, there are many other interesting cases for practical 
applications, e.g., a converging variance or bounded variance behav

ior. To not overload this outline, other interesting cases are deferred to 
Appendix A. Table 1 summarizes the variance behavior of various mod

els considered in this section as well as in Appendix A, along with the 
independent case (Classical NB regression model) for reference.

The evolution step defined in (6) is the key element governing the 
dynamics of the evolutionary credibility, see Section 4, below. Depend

ing on the value of 𝑝𝑡, the evolution step of the models in Table 1 can 
be classified into three distinct types:

i. Models with 𝑝𝑡 = 0: In this case, the predictive distribution is fully 
determined by the exogenous process, and the predictive mean is 
given by

𝔼
[
𝑌𝑡+1||𝑌1∶𝑡] = 𝜆𝑡+1.

ii. Models with 𝑝𝑡 = 1: Here, the predictive mean exhibits an invari

ance property, relying entirely on the conditional expectation of the 
latent state-space variable

𝔼
[
𝑌𝑡+1||𝑌1∶𝑡] = 𝜆𝑡 𝔼

[
Θ𝑡

||𝑌1∶𝑡] .
iii. Models with 𝑝𝑡 ∈ (0,1): In this intermediate case, the predictive dis

tribution is determined as a weighted average of two components, 
the posterior mean and the exogenous mean

𝔼
[
𝑌𝑡+1||𝑌1∶𝑡] = 𝑝𝑡𝜆𝑡+1𝔼

[
Θ𝑡

||𝑌1∶𝑡]+ (1 − 𝑝𝑡)𝜆𝑡+1.

4. Evolutionary credibility and credibility formulas

The above discussion has been focusing on characterizing model 
types with different long-term variance behaviors. In this section, we 
verify that these models lead to tractable log-likelihoods and to evo

lutionary credibility formulas for the responses 𝑌𝑡+1, given 𝑌1∶𝑡. The 
concept of evolutionary credibility plays a crucial role in the deriva

tion of experience rating pricing schemes in insurance; see Chapter 9 in 
Bühlmann and Gisler (2006).

To begin, from Model 1, we derive the explicit formulation of the 
joint probability mass function in an autoregressive form

𝑓 (𝑦1∶𝑡) =
𝑡 ∏

𝑠=1 
𝑓 (𝑦𝑠 ∣ 𝑦1∶𝑠−1),

where each term 𝑓 (𝑦𝑠 ∣ 𝑦1∶𝑠−1) for 𝑠 ≥ 2 denotes the conditional prob

ability mass function of 𝑌𝑠, given 𝑌1∶𝑠−1 = 𝑦1∶𝑠−1, and the marginal 
distribution of 𝑌1 is given by 𝑓 (𝑦1) = 𝑓 (𝑦1 ∣ 𝑦1∶0).

These conditional probability mass functions follow negative bino

mial distributions derived from

𝑌𝑡+1 | 𝑌1∶𝑡 ∼NB
(
𝜆𝑡+1

𝛼𝑡+1|𝑡
𝛽𝑡+1|𝑡 , 𝛼𝑡+1|𝑡

)
, (24)

and

𝑌1 ∼ NB
(
𝜆1

𝛼1|0
𝛽1|0 , 𝛼1|0

)
.
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As a result, the log-likelihood is fully tractable and decomposable 
across time, and the model parameters can be estimated efficiently using 
standard GLM routines and gradient descent methods. This feature offers 
a significant computational advantage over more complex alternatives 
such as hidden Markov models (HMMs).

Directly derived from (24), we have predictive mean

𝔼
[
𝑌𝑡+1||𝑌1∶𝑡] = 𝜆𝑡+1𝔼

[
Θ𝑡+1||𝑌1∶𝑡] ,

which indicates that deriving a recursive formula for the predictive 
mean of the latent variables is sufficient to construct the evolutionary 
credibility formula.

Now, we derive the recursive formula for the predictive mean of the 
latent variables. Using (6), we have

𝔼
[
Θ𝑡+1||𝑌1∶𝑡] = 𝑝𝑡𝔼

[
Θ𝑡 | 𝑌1∶𝑡]+ (

1 − 𝑝𝑡

)
⋅ 1, (25)

we add the ``1'' to indicate that this is a weighted average between the 
posterior mean 𝔼

[
Θ𝑡 | 𝑌1∶𝑡] and the prior mean 𝔼

[
Θ𝑡+1

]
= 1. Further

more, for the derivation of the posterior mean we have

𝔼
[
Θ𝑡 | 𝑌1∶𝑡] = 

𝛼𝑡

𝛽𝑡

=
𝛼𝑡|𝑡−1 + 𝑌𝑡

𝛽𝑡|𝑡−1 + 𝜆𝑡

.

To simplify notation, for 𝜆𝑡 = 0, we use the conventions

𝑌𝑡

𝜆𝑡

∶= 0 and 
𝔼
[
𝑌𝑡 | 𝑌1∶𝑡−1]

𝜆𝑡

∶= 𝔼
[
Θ𝑡 | 𝑌1∶𝑡−1] .

With these definitions, the recursion can be expressed as a weighted 
average of the following form

𝔼
[
Θ𝑡 | 𝑌1∶𝑡] = 𝑧𝑡

𝑌𝑡

𝜆𝑡

+ (1 − 𝑧𝑡) 𝔼
[
Θ𝑡 | 𝑌1∶𝑡−1] ,

with credibility weight

𝑧𝑡 =
𝜆𝑡

𝛽𝑡|𝑡−1 + 𝜆𝑡

∈  [0,1).

Combining this with (25), we obtain the following recursion of the pre

dictive mean of the latent variables

𝔼
[
Θ𝑡+1||𝑌1∶𝑡] = 𝑝𝑡𝑧𝑡

𝑌𝑡

𝜆𝑡

+ 𝑝𝑡(1 − 𝑧𝑡) 𝔼
[
Θ𝑡

||𝑌1∶𝑡−1]+ (
1 − 𝑝𝑡

)
. (26)

Especially assuming a positive (𝜆𝑡)𝑡≥1 ⊂ (0,∞), this recursion implies 
evolutionary credibility

𝔼
[
𝑌𝑡+1||𝑌1∶𝑡] = 𝜆𝑡+1 𝔼

[
𝑅𝑡+1||𝑌1∶𝑡]

= 𝜆𝑡+1

(
𝑚1,𝑡

𝑌𝑡

𝜆𝑡

+𝑚2,𝑡
𝔼
[
𝑌𝑡
||𝑌1∶𝑡−1]
𝜆𝑡

+𝑚3,𝑡 ⋅ 1

)
,

where the weights 𝑚1,𝑡,𝑚2,𝑡,𝑚3,𝑡 ≥ 0 satisfy 𝑚1,𝑡 +𝑚2,𝑡 +𝑚3,𝑡 = 1 and are 
given by

𝑚1,𝑡 = 𝑝𝑡𝑧𝑡, 𝑚2,𝑡 = 𝑝𝑡(1 − 𝑧𝑡), and 𝑚3,𝑡 = 1 − 𝑝𝑡. (27)

By recursively expanding the result in (26), we arrive at the following 
corollary.

Corollary 1. Under Model 1, we have

𝔼
[
𝑌𝑡+1||𝑌1∶𝑡] = 𝜆𝑡+1

(
𝑡 ∑

𝑠=1 
𝑚[𝑡]

𝑠

𝑌𝑠

𝜆𝑠

+𝑚[𝑡]
0 ⋅ 1

)
, (28)

for 𝑡 ≥ 0, where an empty product is set equal to 1 and an empty sum equal 
to zero, and

𝑚[𝑡]
𝑠 = 𝜔1,𝑠

𝑡 ∏
𝑘=𝑠+1

𝜔2,𝑘 and 𝑚[𝑡]
0 =

𝑡 ∏
𝑠=1 

𝜔2,𝑠 +
𝑡 ∑

𝑠=1 

(
𝑡 ∏

𝑘=𝑠+1
𝜔2,𝑘

)
𝜔3,𝑠.

Here, 𝑚[𝑡]
0 ,… ,𝑚[𝑡]

𝑡 ≥ 0 are proper weights satisfying the normalization ∑𝑡
𝑠=0 𝑚

[𝑡]
𝑠 = 1.

Corollary 1 provides a credibility weighted average that combines 
the observations 𝑌1∶𝑡 with the prior mean 𝔼

[
Θ𝑡+1

]
= 1. In particular, 

we would like to highlight that the weights (𝑚[𝑡]
𝑠 )𝑡

𝑠=0 are deterministic 
and they solely depend on the exogenous sequences (𝜆𝑡)𝑡≥1, (𝑝𝑡)𝑡≥1 and 
(𝑞𝑡)𝑡≥1, and the initial parameter 𝛼1|0 = 𝛽1|0 > 0. Thus, from Corollary 1
we observe that past observations 𝑌1∶𝑡 enter the predictive mean of 𝑌𝑡+1
only linearly, i.e., (28) provides us with a linear credibility formula for 
pricing the next claim 𝑌𝑡+1, given past claims experience 𝑌1∶𝑡.

The specific choices of the exogenous sequences can give rise to a 
seniority weighting. For example, assuming constant parameters 𝜆𝑡 ≡

𝜆 > 0, 𝑝𝑡 ≡ 𝑝 ∈ (0,1), and 𝑞𝑡 ≡ 𝑞 ∈ (0,1), the following relationship holds

𝑚[𝑡]
𝑠

𝑚[𝑡]
𝑠−1

= 1
𝑝 

> 1, (29)

which demonstrates the presence of a seniority weighting. Furthermore, 
(29) indicates an exponential decay of the credibility weights, showing 
the relevance of Model 1 with the classical credibility model with geo

metric credibility factors; see Gerber and Jones (1973, 1975) and Sundt 
(1988).

Note that for all the models discussed in Table 1, the predictive 
formula share the same form outlined in Corollary 1. However, since 
models with different variance patterns have different specifications of 
(𝑝𝑡)𝑡≥1 and (𝑞𝑡)𝑡≥1, and the coefficients (𝑚[𝑡]

𝑠 )𝑡
𝑠=0 in Corollary 1 depend on 

(𝑝𝑡)𝑡≥1 and (𝑞𝑡)𝑡≥1, these models will have different predictive formulas.

5. Real data analysis

Obviously, it would be exciting to present a high-frequency data 
example at this stage, see, e.g., Yanez et al. (2025) on weekly telem

atics data. Unfortunately, there is no such publicly available data in the 
insurance domain, therefore, we can only present a small scale exam

ple that has 6 observation periods. The different variance behaviors are 
still relevant, though we do not consider a long-term example, as they 
directly impact the credibility weights, see Corollary 1. From a model

ing and interpretability perspective, an actuary would probably select a 
model with a non-increasing variance behavior for the individual insur

ance policies, otherwise the heterogeneity within the insurance portfolio 
would increase over time which, intuitively, would be difficult to jus

tify, see discussion in Bühlmann and Gisler (2006), Section 9.5, page 
235.

5.1. Description of data

We use the Local Government Property Insurance Fund (LGPIF) data 
from the US state of Wisconsin, which is a useful resource with insur

ance claim and individual policy information over time; see Frees et al. 
(2016). The portfolio used considers Building & Contents (BC) insur

ance contracts. After some data cleaning, our dataset consists of 1,229 
insurance policies suffering 3,636 claims, observed longitudinally for 
the period of the calendar years 2006-2011.

We use the observations of calendar years 2006-2010 for model fit

ting, while the observations from calendar year 2011 are set aside for 
out-of-sample forecasting and model validation; there are 3,006 claims 
from 2006 to 2010. We illustrate an excerpt of the data in Table 2. 
PolicyNum is a unique identifier of each insurance policyholder which 
allows us to follow an insurance contract over the calendar years 2006 
to 2011, and Year gives the corresponding calendar year. The insurance 
policies concern 6 different types of entities, indicated by the categorical 
variable Type, these are of institutional type and read as City, County, 
Misc, School, Town, Village. Coverage gives the logarithm of the 
covered amount (censored at 300 due to scarcity of data above), and De
ductible is an insurance deductible which takes values between 500 
and 100,000 (due to scarcity of large deductibles, we censor this vari

able at 25,000). Finally, ClaimNb gives the observed numbers of claims 
in each calendar year. Table 3 provides a brief summary statistics of the 
observed policy characteristics.
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Table 2
Excerpt of the LGPIF building and contents (BC) data used.

PolicyNum Year Type Coverage Deductible ClaimNb 
integer integer categorical (6) real real integer 
120002 2006 County 22.7 1000 0 
120002 2007 County 25.0 1000 0 
120002 2008 County 20.9 1000 0 
120002 2009 County 21.9 1000 0 
120002 2010 County 23.5 1000 1 

Table 3
Policy characteristics used as covariates over all years 2006-2011.

Categorical levels Description Proportions 
City Level for city entity: 13.72% 
County Level for county entity: 5.65% 
Misc Level for miscellaneous entity: 11.01% 
School Level for school entity: 28.24% 
Town Level for town entity: 17.36% 
Village Level for village entity: 24.01% 
Continuous variables Minimum Mean Maximum 
Coverage Scaled covered log-amount 0.0035 30.97 300 
Deductible Deductible amount 500 2,893 25,000 

Fig. 1. (lhs) Observed numbers of annual insurance policies, and (rhs) observed annual claim frequencies. (For interpretation of the colors in the figure(s), the reader 
is referred to the web version of this article.)

Fig. 1 (lhs) shows the observed numbers of annual insurance policies. 
The volume is slightly decreasing from 1,149 to 1,084 (over the years 
2006-2011), i.e., we have a slight decrease of volume in this insurance 
portfolio. Fig. 1 (rhs) shows the observed (empirical) frequencies over 
the calendar years 2006-2011. We observe a fluctuating time-series; the 
shaded area shows (annual) confidence bounds of two standard devi

ations estimated under a Poisson model assumption. The observations 
underlying the blue dots (2006-2010) in Fig. 1 (rhs) are going to be 
used for model fitting, and the red dot (2011) collects the claims that 
we would like to forecast and price using experience rating.

Fig. 2 provides the empirical statistics for the different covariate lev

els of the variables Type, Coverage (discretized) and Deductible; 
the top row shows the exposure plots and the bottom row the corre

sponding observed frequencies. We see significant differences in these 
frequency plots. For the covariate Type, the levels County and City 
stand out with much bigger empirical frequencies. Empirical frequencies 
are increasing in Coverage, and we are going to model this covariate 
log-linearly. The picture of Deductible is more difficult to interpret. 
Naturally we would expect that the frequency is decreasing in an in

creasing deductible, however, to understand the empirical frequency 
plot of Deductibles one needs to understand its interaction with other 
variables, especially with the variable Type, which typically has higher 
deductibles for the level County.

5.2. Log-likelihood function under a GLM assumption

We are going to fit Model 1 to this data using different specifications 
for the parameters 𝑝𝑡 and 𝑞𝑡. We choose these parameters time-invariant 
𝑝𝑡 ≡ 𝑝 and 𝑞𝑡 ≡ 𝑞 to study some of the models summarized in Table 1. We 
denote by 1 ≤ 𝑖 ≤ 𝑛 = 1,229 the different insurance policyholders, and 
we assume that their claims experiences are independent. Let 𝜗 collect 
all parameters that need to be estimated. From (24), it follows that the 
joint log-likelihood function is given by

𝜗↦ 𝓁(𝜗) ∶=
𝑛 ∑

𝑖=1 

𝑇𝑖∑
𝑡=1 

log

(
Γ
(
𝑌𝑖,𝑡 + 𝛼𝑖,𝑡|𝑡−1)

𝑌𝑖,𝑡! Γ
(
𝛼𝑖,𝑡|𝑡−1)

(
𝜆𝑖,𝑡

𝜆𝑖,𝑡 + 𝛽𝑖,𝑡|𝑡−1
)𝑌𝑖,𝑡

×
(

𝛽𝑖,𝑡|𝑡−1
𝜆𝑖,𝑡 + 𝛽𝑖,𝑡|𝑡−1

)𝛼𝑖,𝑡|𝑡−1)
,

(30)
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Fig. 2. The top shows the observed total exposures in the covariate levels of Type (lhs), Coverage (middle) and Deductible (rhs), and the bottom shows the 
observed frequencies in these covariate levels.

where we have to be careful with the time index 𝑡 = 1,… , 𝑇𝑖. First, 
𝑡 = 1 is initialized individually to the inception dates 𝑆𝑖 of the insur

ance contracts of the policyholders 𝑖, which can be any of the calendar 
years 2006-2011, and 𝑇𝑖 ∈ {0,… ,5} is the total number of observations 
within the calendar years 2006-2010; note that we exclude the latest 
year 2011, as this is going to be forecast by the fitted model.

Let 𝒙𝑖,𝑡 ∈ ℝ𝑑 denote the covariates in calendar 𝚈𝚎𝚊𝚛 = 𝑆𝑖 + 𝑡 − 1
where, again, 𝑆𝑖 ∈ {2006,… ,2011} denotes the inception year of con

tract 𝑖. For our analysis, we choose the covariates Type (categorical with 
6 levels and implemented by dummy coding), Coverage (continuous on 
log-scale), Deductible (continuous but implemented categorically). 
This results in a covariate of dimension 𝑑 = 12. We then choose a model 
with log-link and GLM regression function

𝒙𝑖,𝑡 ∈ℝ𝑑 ↦  log𝜆𝑖,𝑡 = log𝜆(𝒙𝑖,𝑡) = 𝑏0 +
𝑑∑

𝑗=1 
𝑏𝑗𝑥𝑖,𝑗,𝑡, (31)

with regression parameter 𝒃 = (𝑏0,… , 𝑏𝑑 )⊤ ∈ ℝ𝑑+1. In summary, there 
are 𝑑 + 1 = 13 regression parameters 𝒃 ∈ ℝ13, an initial value 𝛼1|0 =
𝛽1|0 and two parameters 𝑝 and 𝑞 to be estimated in Model 1 with time

invariant 𝑝 and 𝑞 choices. That is, we have a 𝑑 + 4 = 16 dimensional 
parameter

𝜗 =
(
𝒃, 𝛽1|0, 𝑝, 𝑞) = (

𝑏0,… , 𝑏𝑑 , 𝛽1|0, 𝑝, 𝑞) , (32)

to be estimated in Model 1 with time-invariant parameters. These pa

rameters are estimated with maximum likelihood estimation (MLE) 
which is doable because we have a fully tractable log-likelihood func

tion (31).

Remark 1. In the above model, we have assumed that the sequences 
𝑝𝑡 ≡ 𝑝 and 𝑞𝑡 ≡ 𝑞 are time-invariant. This allows us to directly esti

mated 𝑝 and 𝑞 with MLE, and extrapolation beyond the latest observed 
time point is not an issue. One may question this approach, and one 
may want to let these sequences be time-dependent. This allows us to 
still estimate 𝑝𝑡 and 𝑞𝑡 non-parametrically, but the issue with this non

parametric approach is that the extrapolation is not straightforward, but 
it requires further assumptions (or a parametric model). However, such 
a non-parametric approach can still be exploited to see whether a time

invariance assumption is justified, we come back to this in Section 5.6, 
below.

5.3. The classical NB-regression model

We start by considering the classical NB-regression model, this cor

responds to the first case in Table 1 with 𝑝𝑖,𝑡 ≡ 0. Moreover, we choose

𝑞𝑖,𝑡 = 𝛽1|0∕(𝛽1|0 + 𝜆𝑖,𝑡) > 0, (33)

implying 𝛽𝑖,𝑡+1|𝑡 = 𝛽1|0 for all 𝑡 ≥ 1 and 1 ≤ 𝑖 ≤ 𝑛, i.e., the random effects 
are assumed to be i.i.d. Gamma distributed with mean 1 and variance 
1∕𝛽1|0. This implies for the variances of the responses

Var
(
𝑌𝑖,𝑡

)
= 𝜆𝑖,𝑡 + 𝜆2𝑖,𝑡∕𝛽1|0.

This classical NB-regression model involves the parameters 𝜗 = (𝒃, 𝛽1|0), 
see (32), and we estimate these with MLE. We therefore use the R func

tion glm.nb from the R package MASS; Venables and Ripley (2002).

The results are presented on the first line of Table 4. The first 
three columns show the estimated parameters: 𝑝 is set to zero, and 
𝑞𝑖,𝑡 = 𝛽1|0∕(𝛽1|0 + 𝜆𝑖,𝑡) is adjusted so that we have i.i.d. Gamma random 
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Table 4
Regression results.

Parameters In-sample 2006-2010 Out-of-sample 2011 
𝑝 𝑞 𝛽1|0 AIC 𝓁2006∶2010 𝓁2011 RMSE PDL 

(1) Classical NB-regression 0 𝑞𝑖,𝑡 1.543 9,159.2 -4,565.6 -918.1 1.0359 1.0782 
(2) Static random effects 1 1 2.216 8,976.0 -4,474.0 -874.1 0.9113 0.9255 
(3) Harvey and Fernandes 1 0.84 2.624 8,969.1 -4,469.5 -868.5 0.9049 0.9203 
(4) Bounded variance 0.79 0.84 1.470 8,938.3 -4,453.1 -869.7 0.9068 0.9264 
(5) Variable (𝑝𝑡)𝑡 and (𝑞𝑡)𝑡 0.77 0.82 1.512 8,948.0 -4,450.0 na na na 

effects Θ𝑖,𝑡. The in-sample figures show Akaike (1974)’s information cri

terion (AIC) and the in-sample log-likelihood 𝓁2006∶2010(𝜗) of the years 
2006-2010, evaluated in the MLE 𝜗, see (30).

The out-of-sample figures give the (out-of-sample) log-likelihood 
𝓁2011(𝜗) (the MLE 𝜗 has only been estimated on data prior to 2011), the 
out-of-sample rooted mean squared error (RMSE) and the out-of-sample 
Poisson deviance loss (PDL) given by, respectively,

𝓁2011 =
∑
𝑖∈

log
⎛⎜⎜⎜⎝
Γ
(
𝑌𝑖,𝑇𝑖+1 + 𝛼𝑖,𝑇𝑖+1|𝑇𝑖

)
𝑌𝑖,𝑇𝑖+1!Γ

(
𝛼𝑖,𝑇𝑖+1|𝑇𝑖

) (
𝜆𝑖,𝑇𝑖+1

𝜆𝑖,𝑇𝑖+1 + 𝛽𝑖,𝑇𝑖+1|𝑇𝑖

)𝑌𝑖,𝑇𝑖+1

×

(
𝛽𝑖,𝑇𝑖+1|𝑇𝑖

𝜆𝑖,𝑇𝑖+1 + 𝛽𝑖,𝑇𝑖+1|𝑇𝑖

)𝛼𝑖,𝑇𝑖+1|𝑇𝑖 ⎞⎟⎟⎠ ,
RMSE =

√
1 | | ∑

𝑖∈

(
𝑌𝑖,𝑇𝑖+1 − 𝑌𝑖,𝑇𝑖+1

)2
,

PDL = 1 | | ∑
𝑖∈

2

(
𝑌𝑖,𝑇𝑖+1 − 𝑌𝑖,𝑇𝑖+1 − 𝑌𝑖,𝑇𝑖+1 log

(
𝑌𝑖,𝑇𝑖+1

𝑌𝑖,𝑇𝑖+1

))
,

where  collects all insurance policies that have an exposure in 2011, 
the quantities with hats ̂ use the MLE 𝜗 (estimated on the years 2006

2010) for the unknown parameters, and 𝑌𝑖,𝑇𝑖+1 is the estimated predictor 
of 𝑌𝑖,𝑇𝑖+1. We use these results as a benchmark for the random effects 
models that induce dependence along the time axis.

5.4. Static random effects model

Next, we study the static random effects case with 𝑝𝑖,𝑡 = 𝑞𝑖,𝑡 = 1 and 
𝛽𝑖,1|0 = 𝛽1|0 for all 𝑡 ≥ 1 and 1 ≤ 𝑖 ≤ 𝑛; this model has been studied, e.g., 
in Dionne and Vanasse (1989). We have log-likelihood function in the 
static random effects case

𝓁(𝜗) =
𝑛 ∑

𝑖=1 
log

⎛⎜⎜⎜⎝
Γ
(∑𝑇𝑖

𝑡=1 𝑌𝑖,𝑡 + 𝛽1|0)
Γ
(
𝛽1|0)∏𝑇𝑖

𝑡=1 𝑌𝑖,𝑡! 

⎛⎜⎜⎝
𝛽1|0∑𝑇𝑖

𝑡=1 𝜆𝑖,𝑡 + 𝛽1|0
⎞⎟⎟⎠
𝛽1|0

×
𝑇𝑖∏
𝑡=1 

⎛⎜⎜⎝
𝜆𝑖,𝑡∑𝑇𝑖

𝑠=1 𝜆𝑖,𝑠 + 𝛽1|0
⎞⎟⎟⎠
𝑌𝑖,𝑡⎞⎟⎟⎟⎠ .

(34)

The parameters can again be estimated with MLE, which is equivalent 
here to an empirical Bayes’ estimation in a common random effects 
model with covariates.

We have implemented the log-likelihood (34) using the R pack

age Keras, see Chollet et al. (2017). In particular, we bring the data 
into a tensor structure, and then apply a time-distributed GLM layer to 
this data tensor, see Chapter 8 of Wüthrich and Merz (2023) for time

distributed layers. The code is provided in Listing 1 in the appendix. The 
empirical Bayes’ estimators of (34) are then obtained using gradient de

scent fitting; for more explanation we also refer to Remark 2, below.

The results are presented on the second line of Table 4. From these 
results we conclude that the static random effects model outperforms 
the NB-regression model in all considered loss statistics. This tells us 

that there is dependence between the claim counts in different calendar 
years, and we can learn from past experience to receive better forecasts, 
thus, experience rating provides more accurate prices than prior infor

mation pricing which only takes into account the covariates 𝒙𝑖,𝑡.

5.5. Harvey-Fernandes model and bounded variance model

We now consider Model 1 with time-invariant parameters 𝑝𝑡 ≡ 𝑝 and 
𝑞𝑡 ≡ 𝑞. For the Harvey and Fernandes (1989) increasing variance model, 
we select 𝑝 = 1 and 𝑞 ∈ (0,1). For the observation-driven bounded vari

ance model, we need to choose 𝑝, 𝑞 ∈ (0,1), see Table 1. These pa

rameters 𝑝 and 𝑞 are part of the model parameter 𝜗, given in (32). 
This model parameter 𝜗 can be estimated with MLE by maximizing the 
log-likelihood function (30). The implementation of this log-likelihood 
function (30) of Model 1 is a bit sophisticated because the observa

tions 𝑌𝑖,1∶𝑡 and the covariates 𝒙𝑖,1∶𝑡 enter the parameters 𝛼𝑖,𝑡|𝑡−1 and 
𝛽𝑖,𝑡|𝑡−1 recursively, see Model 1. We have implemented this in the R 
package Keras [Chollet et al. (2017)] using a tailor-made recurrent 
layer, the code is given in Listing 2 in the appendix. This recurrent 
layer takes as inputs (𝑞1∶𝑡, 𝜆1∶𝑡, 𝑝1∶𝑡, 𝑌1∶𝑡), and it outputs the sequence 
(𝛼𝑠|𝑠−1, 𝛽𝑠|𝑠−1)𝑡𝑠=1. Based on this recurrent layer, the log-likelihood (30)

can be implemented using again a time-distributed GLM layer for the 
regression function (31), see Listing 3 in the appendix. The MLE 𝜗 of 
model parameter (32) is then found numerically by applying the gradi

ent descent algorithm to the negative log-likelihood −𝓁(𝜗).
The estimation results are presented on lines (3) and (4) of Table 4

for the Harvey and Fernandes (1989) model and the observation-driven 
bounded variance model 𝑝, 𝑞 ∈ (0,1), respectively. We observe that both 
of these models outperform the classical NB model and the static random 
effects model. Comparing the two observation-driven models on lines 
(3) and (4), the situation becomes more difficult. First, based on the in

sample figures we give preference to the bounded variance model, this 
preference is w.r.t. the lower AIC value (in bold face), which adjusts for 
the number of parameters involved. Out-of-sample (2011), the Harvey 
and Fernandes (1989) model with an increasing variance has a better 
performance in the corresponding loss figures (in bold face). Of course, 
from a practical point of view, this is an unpleasant situation that we 
would like to discuss and understand a better:

• In-sample, we give preference to the observation-driven bounded 
variance model with estimated parameters 𝑝 = 0.78 and 𝑞 = 0.84. 
These parameters are clearly bounded away from zero and one, 
which supports the bounded variance case. Theoretically, one could 
verify this null hypothesis with a likelihood ratio or a Wald test. 
Unfortunately, practically, this is not feasible as the corresponding 
Hessian is intractable. Therefore, we perform model selection using 
AIC, which is also a valid in-sample model selection criterion here 
(as we work with MLE estimated models). In a typically insurance 
pricing situation, this is the available information for pricing the 
next calendar year, and this determines the selection of the pricing 
model.

• Out-of-sample, we observe that the Harvey and Fernandes (1989) 
model with parameters 𝑝 = 1 and 𝑞 = 0.84 has a superior perfor

mance. Unfortunately, this information is not available for pricing 
the next calendar year 2011, i.e., we do not select the best possi
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Fig. 3. (lhs) Weights on past observations 𝑌𝑖,1,… , 𝑌𝑖,𝑇𝑖
to predict 𝑌𝑖,𝑇𝑖+1, and (rhs) evolution of experience premium 𝔼

[
𝑌𝑖,𝑡+1|𝑌𝑖,1 =…= 𝑌𝑖,𝑡 = 0

]
for 𝑡 ≥ 0. 

ble model in this case if only the information at the end of calendar 
year 2010 is available. In fact, this out-of-sample validation is some

times called an out-of-time validation which may also be impacted 
by non-stationarity of the process. By trying to understand this re

sult, we should also question the mean stationarity 𝔼
[
Θ𝑡

]
= 1, 𝑡≥ 1. 

In view of the empirical average frequencies, see Fig. 1, it is not 
clear whether mean stationarity holds in this example, furthermore, 
there may also exist global (annual) risk factors that simultaneously 
affect multiple insurance policyholders, violating the independence 
assumption between policyholders. The latter would require a non

trivial change of the model that will drop out of the presented 
modeling framework.

This fitted Harvey and Fernandes (1989) and bounded variance mod

els allow us to study how past claims 𝑌𝑖,1,… , 𝑌𝑖,𝑇𝑖
are weighted (con

tribute) to predict 𝑌𝑖,𝑇𝑖+1; see Corollary 1. The resulting predictive mean 

𝔼
[
𝑌𝑖,𝑇𝑖+1|𝑌𝑖,1∶𝑇𝑖

]
corresponds to the experience rating premium that is 

charged to the corresponding insurance policyholder 𝑖. Fig. 3 (lhs) shows 
the contributions of past claims 𝑌𝑖,𝑠 , 1 ≤ 𝑠 ≤ 𝑇𝑖, as a function of time lag 
to the next claim 𝑌𝑖,𝑇𝑖+1 to be predicted; the plot is an average over the 
available portfolio. The cyan graph shows the results of the fitted Har

vey and Fernandes (1989) model and the orange graph of the bounded 
variance model, given in Table 4 on lines (3) and (4). We observe that 
past claims have a seniority (fading memory property) that is fading 
faster in the bounded variance case in the parametrization of Table 4, 
the most recent claim 𝑌𝑖,𝑇𝑖

receiving a weight of roughly 13.1% in both 
cases. Fig. 3 (rhs) shows the evolution of the experience rating prices 
𝔼
[
𝑌𝑖,𝑡+1|𝑌𝑖,1 =…= 𝑌𝑖,𝑡 = 0

]
for 𝑡 ≥ 0, i.e., this plot shows how the pre

mium decays for an increasing claims history being free of accidents. 
If there is no history available the price is 0.53, and after the first year 
of not having an accident, 𝑌𝑖,1 = 0, it decays to 0.37 (decay of 30%). 
This behavior coincides in both models, however, the further develop

ment differs between the two models. The bounded variance case stays 
roughly constant at an experience rating price of 0.32, whereas in the 
Harvey and Fernandes (1989) model it further decreases for an accident

free claims history. It is now up to the pricing actuary which pricing 
mechanism she/he prefers, this will depend on many factors, e.g., the 
line of business involved, further testing, hopefully richer data, etc. The 
cyan pricing scheme in Fig. 3 (rhs) is more frequently used for car in

surance pricing, whereas private property and liability insurance leads 
to no-claims-discounts that rather have the shape of the orange curve in 
Fig. 3 (rhs). This closes the example.

Remark 2. The log-likelihood optimizations in the static random effects 
case (34) and in the bounded variance case (30) have both been imple

mented in Keras, based on TensorFlow, though we do not use a neural 
network regression model, but only a GLM for 𝜆𝑖,𝑡, see (31). The for

mer model could be fitted with the iterated reweighted least squares 
(IRLS) algorithm, see Nelder and Wedderburn (1972); McCullagh and 
Nelder (1989), but computing the score equations and the correspond

ing Hessian is a bit cumbersome. The latter bounded variance case is 
more complicated because of the recursive structure of the parameters 
(𝛼𝑠|𝑠−1, 𝛽𝑠|𝑠−1)𝑡𝑠=1. A recurrent neural network layer is a straightforward 
and convenient solution to this optimization problem, see Listing 2. The 
fact, that 𝜆𝑖,𝑡 uses a time-invariant GLM (31) is then implemented by 
a time-distributed GLM layer. Using the code of Listings 1 and 3, it is 
straightforward to lift these models to neural network regressions. This 
only requires that the time-distributed GLM layers on line 13 of Listing 1
and line 36 of Listing 3, respectively, are replaced by time-distributed 
neural network layers. We did not study such a neural network exten

sion because our dataset is too small to fit a neural network model (we 
have only 1,229 insurance policyholders).

5.6. Time-dependent observation-driven bounded variance model

A straightforward extension of the observation-driven bounded vari

ance model in the previous section is to let the parameters (𝑝𝑡)𝑡≥1 and 
(𝑞𝑡)𝑡≥1 be time-dependent. The implementation only needs a small adap

tion of the code in Listing 3, see Listing 4; the main change is that we 
equip the sequences with a position index, 𝚃𝚒𝚖𝚎 = 𝑡 − 1, to include 
a time-varying modeling of (𝑝𝑡)𝑡≥1 and (𝑞𝑡)𝑡≥1. The remaining parts 
of the model architecture and fitting are identical to the models dis

cussed above. Line (5) of Table 4 presents the results of the time-varying 
bounded variance model. The italic 𝑝- and 𝑞-values are the averages of 
the estimated values (𝑝𝑡)5𝑡=1 and (𝑞𝑡)5𝑡=1.

The estimates (𝑝𝑡)5𝑡=1 and (𝑞𝑡)5𝑡=1 are plotted in Fig. 4. The graphs in 
Fig. 4 show that these estimates fluctuate, i.e., they do not look like con

stants. However, the resulting AIC value in this time-varying bounded 
variance model case does not support this additional model flexibility, 
see Table 4, i.e., AIC suggests to select constant parameters 𝑝𝑡 ≡ 𝑝 and 
𝑞𝑡 ≡ 𝑞.

Another deficiency of this non-parametric modeling approach of the 
sequences (𝑝𝑡)𝑡≥1 and (𝑞𝑡)𝑡≥1 is that we cannot easily extrapolate the es

timates (𝑝𝑡)5𝑡=1 and (𝑞𝑡)5𝑡=1 to the next calendar year 𝑝6 and 𝑞6. This is 
the reason for not giving an out-of-sample (out-of-time) analysis in this 
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Fig. 4. Estimates (𝑝𝑡)5𝑡=1 and (𝑞𝑡)5𝑡=1 in the time-varying bounded variance model; 
the horizontal dotted lines give the averages of the two sequences.

time-varying case, see Table 4. An extrapolation would need further as

sumptions, e.g., in the form of a parametric model, if longer time-series 
would be available, Fig. 4 may for instance indicate business cycles. This 
closes our example.

6. Conclusion

In this paper, we expanded the observation-driven state-space model 
of Harvey and Fernandes (1989) to a broader spectrum of specifica

tions characterized by various variance process behaviors. They are suit

able for count processes with a constant mean, but with an increasing, 
decreasing, constant, converging, or bounded variance process. These 
models inherit most of the major advantages of state-space models, but 
they are more tractable for regression modeling than their parameter

driven counterparts. In particular, these models have closed-form log

likelihoods that allow for empirical Bayes’ estimation, they allow for 
closed-form experience rating prices, and our real data example has 
provided a seniority weighting to past claims in these experience rat

ing prices.

Our example has been based on a GLM assumption for the regression 
function and fitting was done by MLE using a gradient descent algo

rithm. This GLM regression function can easily be replaced by other 
regression functions such as neural networks. Such an extension is not 
complicated, only model fitting will be more time consuming.

For two reasons, we did not study the long-term behavior of our 
model, such as ergodicity. First, usually (on an annual scale) we often 
do not have a longer history than 20 past observations. Second, to study 
long-term behavior such as ergodicity, one needs to restrict to stationary 
covariates; see, e.g., Debaly and Truquet (2021). Though mathemati

cally interesting, we did not study this because it seems less relevant in 
insurance applications. In insurance applications, policyholder informa

tion is naturally aging, e.g., the age of policyholder increases every year 
by 1, making stationarity in covariates not a realistic assumption.
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Appendix A. Additional variance behavior types

A.1. A model with converging variance

In this subsection, we discuss a special case of Model 1 which is 
asymptotically strongly stationary. By strongly stationarity, we mean 
that the conditional distribution of 𝑌𝑡+ℎ , given 𝑌𝑡, converges to a non

degenerate distribution. In other words, in the long-run, the process 
(𝑌𝑡)𝑡≥1 evolves in a ``steady state'', i.e., in an ``equilibrium''. This im

plies, in particular, that the variance and the mean of the process con

verge to positive constants.2 Note also that stationarity does not mean 
“time-invariant''. Indeed, for large time horizons ℎ, the variance of 𝑌𝑡+ℎ

converges to a positive constant.

Specifically, we assume, in Model 1, that 𝑝𝑡, 𝑞𝑡 and 𝜆𝑡 are all time

invariant for 𝑡 ≥ 1 with

𝑝𝑡 = 𝑝 ∈ (0,1), 𝑞𝑡 = 𝑞 ∈ (0,1), (A.1)

and

𝜆𝑡 = 𝜆 > 0. (A.2)

Then, we have for 𝑡 ≥ 1

𝛼𝑡 = 𝛼𝑡|𝑡−1 + 𝑌𝑡 = 𝑝𝑞𝛼𝑡−1 + (1 − 𝑝) 𝑞𝛽𝑡−1 + 𝑌𝑡,

𝛽𝑡 = 𝛽𝑡|𝑡−1 + 𝜆𝑡 = 𝑞𝛽𝑡−1 + 𝜆,
(A.3)

where the second identities require 𝑡 ≥ 2.

Because our model has a NB distribution as predictive distribution, 
with the number of trial parameter satisfying a linear recursion, it is use

ful to compare this model with the literature on NB-INGARCH models. 
Most of these papers assume that the conditional distribution of 𝑌𝑡 given 
𝑌1∶𝑡−1 is NB, and there are two different approaches for this conditional 
distribution3:

• The first approach [Zhu (2011); Christou and Fokianos (2014); 
Davis and Liu (2016); Ahmad and Francq (2016)] assumes that the 
conditional NB distribution at time 𝑡 has a time-invariant size pa

rameter 𝑟, and a time-varying probability parameter 𝜙𝑡 . Moreover, 
the transformed parameter 1−𝜙𝑡

𝜙𝑡
(or equivalently the conditional 

expectation) is assumed to satisfy a linear recursion.

• The second approach assumes that the conditional NB distribu

tion has a time-varying size parameter 𝑟𝑡, and a time-invariant 
probability parameter 𝜙. Moreover, the sequence of size parame

ter (or equivalently the sequence of conditional mean parameter) 
is updated by a linear recursion. Such a model is, for instance, 
considered in Aknouche and Francq (2021), Section 2.4, who as

sume a NB-INGARCH(𝑝, 𝑞) specification, and also in Xu et al. (2012) 
and Gouriéroux and Lu (2019), who assume a finite order NB

INARCH(𝑝) specification.

2 However, the strong stationarity is stronger than the second order conver

gence of the variance and mean of the process. Indeed, the stationarity implies 
the convergence of any moments, whenever they exist.

3 For the following discussion we use the parametrization of the NB distribu

tion with probability parameter 𝜙 and size parameter 𝑟 so that if 𝑁 ∼ NB(𝜙, 𝑟)
then 𝔼[𝑁] = 𝑟(1−𝜙)

𝜙 and V𝑎𝑟[𝑁] = 𝑟(1−𝜙)
𝜙2 .
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Both of these approaches enter into the general framework of Gonçalves 
et al. (2015); see their Observation 2, page 505, for the discussion of the 
above two different approaches.

In our model under conditions (A.1) and (A.2), the predictive mean, 
denoted by

𝑚𝑡 ∶= 𝔼
[
𝑌𝑡 | 𝑌1∶𝑡−1]

= 𝜆
𝛼𝑡|𝑡−1
𝛽𝑡|𝑡−1 ,

satisfies the recursion

𝛽𝑡|𝑡−1
𝜆 

𝑚𝑡 = 𝛼𝑡|𝑡−1 = 𝑝𝑞 
𝛽𝑡−1|𝑡−2

𝜆 
𝑚𝑡−1 + 𝑝𝑞𝑌𝑡−1 + (1 − 𝑝)𝑞,

or equivalently

𝑚𝑡 = 𝑝𝑞 
𝛽𝑡−1|𝑡−2
𝛽𝑡|𝑡−1 𝑚𝑡−1 +

𝜆𝑝𝑞 
𝛽𝑡|𝑡−1 𝑌𝑡−1 + 𝜆(1 − 𝑝)𝑞∕𝛽𝑡|𝑡−1. (A.4)

This is also a linear type recursion for the sequence (𝑚𝑡)𝑡≥1, similar as 
(1.1) of Aknouche and Francq (2021). When 𝑡 goes to infinity, 𝛽𝑡|𝑡−1 =
𝑞𝛽𝑡 goes to 𝜆𝑞∕(1− 𝑞), and the ratio 𝛽𝑡−1|𝑡−2∕𝛽𝑡|𝑡−1 converges to 1. Thus, 
the two coefficients in the above linear recursion (A.4) converge to 𝑝𝑞
and 𝑝(1 − 𝑞), respectively. Then, we can apply Aknouche and Francq 
(2021), Corollary 3.1 or Gonçalves et al. (2015), Theorem 3,4 which 
state that the sum of these two coefficients needs to be smaller than 1 
for achieving strong stationarity. As a consequence we get the following 
statement.

Lemma 6. If in Model 1 the parameters satisfy (A.1) and (A.2), then 
the process (𝑌𝑡)𝑡≥1 is asymptotically strongly stationary. In particular, (
Var

(
Θ𝑡

))
𝑡≥1 and 

(
Var

(
𝑌𝑡

))
𝑡≥1 converge.

Under assumptions (A.1) and (A.2), the predictive mean 𝑚𝑡+1 is once 
again an EWMA of the past observations 𝑌1∶𝑡 . In other words, it is an 
extension of the standard EWMA forecasting literature; see Hyndman et 
al. (2008).

Remark 3. There are also other stationary count process models allow

ing for EWMA predictive mean formulas, such as the INGARCH(1,1), 
see Ferland et al. (2006), or the NB-INGARCH, see Zhu (2011). These 
other models, however, do not admit a state-space representation and, 
therefore, do not possess the three properties mentioned in the intro

duction. In other words, among all the stationary count models with 
an EWMA predictive mean, the model of Aknouche and Francq (2021) 
and Gonçalves et al. (2015) has the advantage of having a state-space 
representation.

A.2. A model with bounded variance

For many applications, the assumption of a time-invariant (𝜆𝑡)𝑡≥1
imposed in the previous subsections is too restrictive because insurance 
policies are aging which naturally leads to an evolution in regression 
function (if they consider time). In this subsection, we relax this as

sumption, and consider a model satisfying (A.1) only, but not (A.2). We 
get the following result.

4 This theorem requires the process to satisfy assumption H2 in Section 3.2 
of Gonçalves et al. (2015), which states that the ratio between the conditional 
variance and the conditional expectation should be a linear function of the con

ditional expectation. In our model, this ratio is equal to 1 + 𝜆 
𝛽𝑡|𝑡−1 , where 𝜆 is 

constant and 𝛽𝑡|𝑡−1 satisfies the recursion 𝛽𝑡+1∣𝑡 = 𝑞(𝛽𝑡|𝑡−1 + 𝜆), and thus con

verges to the constant 𝜆 
1−𝑞

. As a consequence, the ratio between the conditional 
variance and conditional mean converges to a constant as 𝑡 increases to infinity. 
In other words, Condition H2 is asymptotically satisfied.

Lemma 7. If in Model 1, (A.1) is satisfied, and if the process (𝜆𝑡)𝑡≥1 is 
uniformly bounded from both above and below by positive constants, then 
the variance process (Var

(
𝑌𝑡

)
)𝑡≥1 is bounded from above.

Proof. See Appendix B.4. □

Appendix B. Proofs

B.1. Proof of Lemma 2

Part 𝑖) We proceed by induction. From (4), we get 𝔼
[
Θ1

]
= 1 and 

𝔼
[
𝑌1
]
= 𝜆1. Hence, 𝔼

[
𝛼1
]
= 𝛽1. Assume that 𝔼

[
Θ𝑡

]
= 1 and 𝔼

[
𝛼𝑡

]
= 𝛽𝑡

for some 𝑡 ≥ 1. First, we have 𝔼
[
Θ𝑡+1

]
= 1 from the following consider

ation, in view of (6),

𝔼
[
Θ𝑡+1

]
= 𝔼

[
𝔼
[
Θ𝑡+1 | 𝑌1∶𝑡]] = 𝔼

[
𝔼

[
𝛼𝑡+1|𝑡
𝛽𝑡+1|𝑡

|||||𝑌1∶𝑡
]]

= 𝔼

[
𝑝𝑡𝑞𝑡𝛼𝑡 +

(
1 − 𝑝𝑡

)
𝑞𝑡𝛽𝑡

𝑞𝑡𝛽𝑡

]
= 𝑝𝑡𝔼

[
𝛼𝑡

𝛽𝑡

]
+ (1 − 𝑝𝑡) = 1.

This also implies 𝔼
[
𝑌𝑡

]
= 𝜆𝑡 for all 𝑡 ≥ 1. Then, from the updates in (8)

and (9) along with the induction assumption, we have for 𝑡 ≥ 1

𝔼
[
𝛼𝑡+1

]
= 𝔼

[
𝑝𝑡𝑞𝑡𝛼𝑡 +

(
1 − 𝑝𝑡

)
𝑞𝑡𝛽𝑡 + 𝑌𝑡+1

]
= 𝑝𝑡𝑞𝑡𝔼

[
𝛼𝑡

]
+
(
1 − 𝑝𝑡

)
𝑞𝑡𝛽𝑡 + 𝔼

[
𝑌𝑡+1

]
= 𝑞𝑡𝛽𝑡 + 𝜆𝑡+1 = 𝛽𝑡+1.

Part 𝑖𝑖) This is a direct consequence of Part 𝑖).

Part 𝑖𝑖𝑖) We have

𝔼
[
Var

(
Θ𝑡+1 | 𝑌1∶𝑡)] = 1 

𝛽𝑡+1|𝑡 𝔼
[
𝔼
[
Θ𝑡+1 | 𝑌1∶𝑡]] = 1 

𝑞𝑡𝛽𝑡

,

where the first equation follows from (6).

Part 𝑖𝑣) (6) implies

𝔼
[
Θ𝑡+1 | 𝑌1∶𝑡] = 𝛼𝑡+1|𝑡

𝛽𝑡+1|𝑡 = 𝑝𝑡

𝛼𝑡

𝛽𝑡

+ (1 − 𝑝𝑡),

which implies

Var
(
𝔼
[
Θ𝑡+1 | 𝑌1∶𝑡]) = 𝑝2𝑡 Var

(
𝛼𝑡

𝛽𝑡

)
= 𝑝2𝑡 Var

(
𝔼
[
Θ𝑡 | 𝑌1∶𝑡]) .

This proves Lemma 2.

B.2. Proof of Lemma 3

By comparing equations (16) and (17), and using 𝑝𝑡 ≡ 1 and 𝑞𝑡 ≡ 𝑞 ∈
(0,1), we have

Var
(
Θ𝑡+1

)
−Var

(
Θ𝑡

)
=
(
1
𝑞
− 1

)
1 
𝛽𝑡

> 0. (B.1)

If the exogenous process (𝜆𝑡)𝑡≥1 is bounded from above by 𝑀 > 0, then 
𝛽𝑡, which satisfies the recursion 𝛽𝑡 = 𝑞𝛽𝑡−1 + 𝜆𝑡, is bounded from above 
by 𝑀∕(1 − 𝑞). Hence, 1∕𝛽𝑡 ≥ (1 − 𝑞)∕𝑀 > 0 is bounded from below. 
Therefore, the sequence of variances (Var

(
Θ𝑡

)
)𝑡≥1 increases to infinity 

when 𝑡 goes to infinity, because we add uniformly lower bounded con

stants to the variances by increasing 𝑡, see (B.1).

Furthermore, if 𝜆𝑡 is bounded from below by 𝑚 > 0, then by the total 
variance decomposition formula, Var

(
𝑌𝑡

)
increases to infinity as well 

as 𝑡→∞.
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B.3. Proof of Lemma 4

Because the sequence of variances (Var
(
Θ𝑡

)
)𝑡≥1 is decreasing but 

positive, it converges to a non-negative constant. In other words, the left

hand side of equation (19) goes to zero as 𝑡→∞. As a consequence, the 
right-hand side of (19) also goes to zero. Thus, Var

(
𝛼𝑡

𝛽𝑡

)
= 1 

𝛽2𝑡
Var

(
𝛼𝑡

)
converges to zero. Hence, the second term in (17) goes to zero when 

𝑡 goes to infinity. As for the first term in (17), we have that 𝔼
[

𝛼𝑡

𝛽2𝑡

]
=

1 
𝛽2𝑡
𝔼
[
𝛼𝑡

]
= 1 

𝛽2𝑡
𝛽𝑡 goes to zero as well since 𝛽𝑡 goes to infinity as 𝑡 goes to 

infinity. As a consequence, we deduce that (Var
(
Θ𝑡

)
)𝑡≥1 converges to 

zero when 𝑡 goes to infinity.

Finally, by the total variance decomposition we have

Var
(
𝑌𝑡

)
= 𝔼

[
Var

(
𝑌𝑡|Θ𝑡

) ]
+Var

(
𝔼[𝑌𝑡|Θ𝑡]

)
= 𝜆𝑡𝔼[Θ𝑡] + 𝜆2𝑡 Var

(
Θ𝑡

)
.

(B.2)

Under the additional assumption (A.2), the latter converges to 𝜆𝔼[Θ𝑡] =
𝜆𝔼[Θ1] = 𝜆 as 𝑡 goes to infinity.

B.4. Proof of Lemma 7

First, since (𝜆𝑡)𝑡≥1 is bounded, (𝛽𝑡)𝑡≥1 is also bounded from above 
and below by positive constants. Then, by (B.2) and applying the total 
variance decomposition formula once more

Var
(
𝑌𝑡

)
= 𝜆𝑡𝔼[Θ𝑡] + 𝜆2𝑡

(
Var

(
𝛼𝑡∕𝛽𝑡

)
+ 𝔼[𝛼𝑡∕𝛽2𝑡 ]

)
.

Thus it suffices to show that Var
(
𝛼𝑡

)
is bounded. We have

Var
(
𝛼𝑡

)
=Var

(
𝑝𝑞𝛼𝑡−1 + 𝛽𝑡−1𝑞(1 − 𝑝) + 𝑌𝑡

)
=Var

(
𝑝𝑞𝛼𝑡−1 + 𝑌𝑡

)
= 𝔼

[
Var

(
𝑝𝑞𝛼𝑡−1 + 𝑌𝑡|𝑌1∶(𝑡−1)) ]+ Var

(
𝔼[𝑝𝑞𝛼𝑡−1 + 𝑌𝑡|𝑌1∶(𝑡−1)])

= 𝔼
[
Var

(
𝑌𝑡|𝑌1∶(𝑡−1)) ]+ Var

(
𝑝𝑞𝛼𝑡−1 + 𝔼[𝑌𝑡|𝑌1∶(𝑡−1)]) (B.3)

= 𝔼

[
𝜆𝑡

𝛼𝑡|𝑡−1
𝛽𝑡|𝑡−1 + 𝜆2𝑡

𝛼𝑡|𝑡−1
𝛽2
𝑡|𝑡−1

]
+ Var

(
𝑝𝑞𝛼𝑡−1 + 𝜆𝑡

𝛼𝑡|𝑡−1
𝛽𝑡|𝑡−1

)
, (B.4)

=

(
𝜆𝑡

𝑞𝛽𝑡−1
+

𝜆2𝑡

𝑞2𝛽2
𝑡−1

)
𝔼
[
𝑝𝑞𝛼𝑡−1 + (1 − 𝑝)𝑞𝛽𝑡−1

]
+ Var

(
𝑝𝑞𝛼𝑡−1 + 𝜆𝑡

𝑝𝑞𝛼𝑡−1 + (1 − 𝑝)𝑞𝛽𝑡−1
𝑞𝛽𝑡−1

)
,

where from (B.3) to (B.4) we have used the mean and variance formula 
of the conditional distribution of 𝑌𝑡, given 𝑌1∶(𝑡−1), which is NB.

The first term on the right-hand side is uniformly upper bounded, 
since 𝔼[𝛼𝑡−1] = 𝛽𝑡−1 is uniformly bounded. The last term can be written 
as, note 𝛽𝑡−1 is deterministic,

Var
(
𝛼𝑡−1(𝑝𝑞 + 𝜆𝑡𝑝∕𝛽𝑡−1)

)
= Var

(
𝑝
𝑞𝛽𝑡−1 + 𝜆𝑡

𝛽𝑡−1
𝛼𝑡−1

)
=Var

(
𝑝

𝛽𝑡

𝛽𝑡−1
𝛼𝑡−1

)
.

Thus, by dividing both sides of (B.4) by 𝛽2𝑡 , which is both upper and 
lower bounded by positive constants, we get

Var
(

𝛼𝑡

𝛽𝑡

)
= 𝑝2Var

(
𝛼𝑡−1
𝛽𝑡−1

)
+ uniformly bounded term.

By recurrence, we deduce that Var
(

𝛼𝑡

𝛽𝑡

)
is uniformly upper bounded. 

Therefore, Var
(
𝛼𝑡

)
is also upper bounded. Hence, Var

(
𝑌𝑡

)
is also uni

formly upper bounded.

Appendix C. Weak ARMA(1,1) representation of (𝒀𝒕) in the time 
homogeneous case

In this section, we show that the autocorrelation function of the 
process (𝑌𝑡)𝑡≥1, when it is well defined (i.e., time-invariant), is of 
ARMA(1,1) type. To derive the autocorrelation, one has to ensure that 
the process (𝑌𝑡)𝑡≥1 is (asymptotically) stationary, that is, 𝑝𝑡, 𝑞𝑡, 𝜆𝑡 are all 
constant. In the following, we focus on this case.

Let us first recall that in a linear Kalman filter

𝑊𝑡 = 𝜌𝑊𝑡−1 + 𝜖𝑡, (C.1)

𝑍𝑡 = 𝛽𝑊𝑡 + 𝜂𝑡, (C.2)

where the bivariate process (𝜖𝑡, 𝜂𝑡)𝑡≥1 is uncorrelated with its past, 
(𝑊𝑡)𝑡≥1 is the latent process (also called the state variable), (𝑍𝑡)𝑡≥1 is 
the observable process (also called the measurement variable), 𝜌, 𝛽 are 
parameters such that 𝜌 ∈ (−1,1). Then we can show that (𝑍𝑡)𝑡≥1 is a 
(weak) ARMA(1,1) process since

𝑍𝑡 − 𝜌𝑍𝑡−1 = 𝛽𝜖𝑡 + 𝜂𝑡 − 𝜌𝜂𝑡−1,

and the right hand side 𝛽𝜖𝑡 + 𝜂𝑡 − 𝜌𝜂𝑡−1 is an MA(1) process since its 
autocorrelation terms are zero beyond lag 1.

In our paper, the count process (𝑌𝑡)𝑡≥1 with constant 𝑝𝑡, 𝑞𝑡, 𝜆𝑡 has also 
a (weak) ARMA(1,1), since:

• first, by equation (15) of the paper, we have

𝔼[Θ𝑡+1 ∣ Θ𝑡, 𝑌1∶𝑡] = 𝑝𝑞Θ𝑡 + (1 − 𝑞),

thus, the latent variable (Θ𝑡)𝑡≥1 has the same AR(1) form as in equa

tion (C.1) above, with 𝜖𝑡 having a mean of (1 − 𝑞);
• second, since 𝑌𝑡+1 ∣ 𝑌1∶𝑡,Θ1∶(𝑡+1) follows Poisson distribution, we 

have

𝔼[𝑌𝑡+1 ∣ 𝑌1∶𝑡,Θ1∶(𝑡+1)] = 𝜆Θ𝑡+1.

Thus, (𝑌𝑡)𝑡≥1 satisfies equation (C.2) above with 𝜂𝑡 having a zero 
mean.

Appendix D. Code

Listing 1: Implementation of the static random effects model.

1 l i b r a r y ( k e r a s ) 
2 l i b r a r y ( t e n s o r f l o w ) 
3 # # # # # # # # 
4 G L M < - f u n c t i o n ( s e e d , l o o k b a c k , q 0 , o u t p u t . a c t i ) { 
5 k _ c l e a r _ s e s s i o n ( ) 
6 s e t . s e e d ( s e e d ) 
7 s e t _ r a n d o m _ s e e d ( s e e d ) 
8 D e s i g n < - l a y e r _ i n p u t ( s h a p e = c ( l o o k b a c k , q 0 [ 1 ] ) , d t y p e = ’ f l o a t 3 2 ’ ) 
9 E x p o s u r e < - l a y e r _ i n p u t ( s h a p e = c ( l o o k b a c k ) , d t y p e = ’ f l o a t 3 2 ’ ) 

10 O n e s < - k _ o n e s _ l i k e ( x = E x p o s u r e [ , 1 ] ) % > % l a y e r _ f l a t t e n ( ) 
11 # 
12 N e t w o r k = D e s i g n % > % 
13 t i m e _ d i s t r i b u t e d ( l a y e r _ d e n s e ( u n i t s = 1 , a c t i v a t i o n = o u t p u t . a c t i ) ) % > % 
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14 l a y e r _ f l a t t e n ( ) 
15 # e s t i m a t e s t h e s h a p e p a r a m e t e r 
16 B e t a = O n e s % > % l a y e r _ d e n s e ( u n i t s = 1 , a c t i v a t i o n = " e x p o n e n t i a l " , 
17 u s e _ b i a s = F A L S E , w e i g h t s = l i s t ( a r r a y ( 0 , d i m = c ( 1 , 1 ) ) ) ) 
18 # e s t i m a t e s t h e m e a n 
19 G L M = l i s t ( N e t w o r k , E x p o s u r e ) % > % l a y e r _ m u l t i p l y ( ) 
20 # 
21 R e s p o n s e = l i s t ( G L M , B e t a ) % > % l a y e r _ c o n c a t e n a t e ( ) 
22 # 
23 k e r a s _ m o d e l ( i n p u t s = c ( D e s i g n , E x p o s u r e ) , o u t p u t s = c ( R e s p o n s e ) ) 
24 } 

Listing 2: Recurrent layer for Model 1 fitting.

1 l i b r a r y ( k e r a s ) 
2 l i b r a r y ( t e n s o r f l o w ) 
3 # # # # # # # # 
4 # T h i s c o d e i s b a s e d o n " W o r k i n g w i t h R N N s " , 2 0 2 2 -1 2 -1 6 
5 # A u t h o r s S c o t t Z h u , F r a n c o i s C h o l l e t , T o m a s z K a l i n o w s k i 
6 # h t t p s : / / t e n s o r f l o w . r s t u d i o . c o m / g u i d e s / k e r a s / w o r k i n g _ w i t h _ r n n s 
7 # # # # # # # # 
8 B e t a A l p h a C e l l ( k e r a s $ l a y e r s $ L a y e r ) % p y _ c l a s s % { 
9 i n i t i a l i z e < - f u n c t i o n ( u n i t _ 1 , u n i t _ 2 , . . . ) { 

10 s e l f $ u n i t _ 1 < - u n i t _ 1 
11 s e l f $ u n i t _ 2 < - u n i t _ 2 
12 s e l f $ s t a t e _ s i z e < - l i s t ( s h a p e ( u n i t _ 1 ) , s h a p e ( u n i t _ 2 ) ) 
13 s e l f $ o u t p u t _ s i z e < - l i s t ( s h a p e ( u n i t _ 1 ) , s h a p e ( u n i t _ 2 ) ) 
14 s u p e r $ i n i t i a l i z e ( . . . ) 
15 } 
16 c a l l < - f u n c t i o n ( i n p u t s , s t a t e s ) { 
17 c ( i n p u t _ 1 , i n p u t _ 2 , i n p u t _ 3 , i n p u t _ 4 ) % < -% t f $ n e s t $ f l a t t e n ( i n p u t s ) 
18 c ( s 1 , s 2 ) % < -% s t a t e s 
19 # b e t a s e q u e n c e 
20 o u t p u t _ 1 < - i n p u t _ 1 * ( s 1 + i n p u t _ 2 ) 
21 s t a t e _ 1 < - o u t p u t _ 1 
22 # a l p h a s e q u e n c e 
23 o u t p u t _ 2 < - i n p u t _ 3 * i n p u t _ 1 * ( s 2 + i n p u t _ 4 ) + ( 1 -i n p u t _ 3 ) * o u t p u t _ 1 
24 s t a t e _ 2 < - o u t p u t _ 2 
25 # 
26 o u t p u t < - t u p l e ( o u t p u t _ 1 , o u t p u t _ 2 ) 
27 n e w _ s t a t e s < - t u p l e ( s t a t e _ 1 , s t a t e _ 2 ) 
28 t u p l e ( o u t p u t , n e w _ s t a t e s ) 
29 } 
30 g e t _ c o n f i g < - f u n c t i o n ( ) { l i s t ( " u n i t _ 1 " = s e l f $ u n i t _ 1 , " u n i t _ 2 " = s e l f $ u n i t _ 2 ) } 
31 } 
32 # # # # # # # # 
33 c e l l < - B e t a A l p h a C e l l ( 1 , 1 ) 
34 R N N < - l a y e r _ r n n ( c e l l = c e l l , r e t u r n _ s e q u e n c e = T R U E ) 
35 B e t a A l p h a < - R N N ( t u p l e ( q , m u , p , N ) ) 

Listing 3: Implementation of Model 1 with the regression setting.

1 l i b r a r y ( k e r a s ) 
2 l i b r a r y ( t e n s o r f l o w ) 
3 # # # # # # # # 
4 G L M . d y n a m i c < - f u n c t i o n ( s e e d , q 0 , i n i t 0 ) { 
5 k _ c l e a r _ s e s s i o n ( ) 
6 s e t . s e e d ( s e e d ) 
7 s e t _ r a n d o m _ s e e d ( s e e d ) 
8 Y Y < - l a y e r _ i n p u t ( s h a p e = c ( q 0 [ 1 ] ) , d t y p e = ’ f l o a t 3 2 ’ ) 
9 X X < - l a y e r _ i n p u t ( s h a p e = c ( q 0 [ 1 ] , q 0 [ 2 ] ) , d t y p e = ’ f l o a t 3 2 ’ ) 

10 O b s < - l a y e r _ i n p u t ( s h a p e = c ( q 0 [ 1 ] ) , d t y p e = ’ f l o a t 3 2 ’ ) 
11 O n e s < - k _ o n e s _ l i k e ( x = O b s [ , 1 ] ) % > % l a y e r _ f l a t t e n ( ) 
12 Z e r o s < - k _ z e r o s _ l i k e ( x = O b s [ , 1 ] ) % > % l a y e r _ f l a t t e n ( ) 
13 
14 # a l p h a 1 0 = beta10 i n i t i a l i z a t i o n 
15 a l p h a 1 = O n e s % > % l a y e r _ d e n s e ( u n i t s = 1 , u s e _ b i a s = F A L S E , a c t i v a t i o n = " e x p o n e n t i a l " , 
16 w e i g h t s = l i s t ( a r r a y ( i n i t 0 [ 2 ] , d i m = c ( 1 , 1 ) ) ) ) 
17 Y Y 1 = l i s t ( a l p h a 1 , Y Y ) % > % l a y e r _ c o n c a t e n a t e ( ) % > % 
18 l a y e r _ r e s h a p e ( t a r g e t _ s h a p e = c ( q 0 [ 1 ] + 1 , 1 ) ) 
19 # 
20 p p = Z e r o s % > % l a y e r _ e m b e d d i n g ( i n p u t _ d i m = 1 , o u t p u t _ d i m = 1 , i n p u t _ l e n g t h = 1 , 
21 w e i g h t s = l i s t ( a r r a y ( i n i t 0 [ 3 ] , d i m = c ( 1 , 1 ) ) ) ) % > % l a y e r _ f l a t t e n ( ) % > % 
22 l a y e r _ l a m b d a ( f u n c t i o n ( x ) k _ s i g m o i d ( x ) ) % > % 
23 l a y e r _ r e p e a t _ v e c t o r ( c ( q 0 [ 1 ] ) ) % > % 
24 l a y e r _ r e s h a p e ( t a r g e t _ s h a p e = c ( q 0 [ 1 ] ) ) 
25 p 1 = l i s t ( O n e s , p p ) % > % l a y e r _ c o n c a t e n a t e ( ) % > % 
26 l a y e r _ r e s h a p e ( t a r g e t _ s h a p e = c ( q 0 [ 1 ] + 1 , 1 ) ) 
27 # 
28 q q = Z e r o s % > % l a y e r _ e m b e d d i n g ( i n p u t _ d i m = 1 , o u t p u t _ d i m = 1 , i n p u t _ l e n g t h = 1 , 
29 w e i g h t s = l i s t ( a r r a y ( i n i t 0 [ 4 ] , d i m = c ( 1 , 1 ) ) ) ) % > % l a y e r _ f l a t t e n ( ) % > % 
30 l a y e r _ l a m b d a ( f u n c t i o n ( x ) k _ s i g m o i d ( x ) ) % > % 
31 l a y e r _ r e p e a t _ v e c t o r ( c ( q 0 [ 1 ] ) ) % > % 
32 l a y e r _ r e s h a p e ( t a r g e t _ s h a p e = c ( q 0 [ 1 ] ) ) 
33 q 1 = l i s t ( O n e s , q q ) % > % l a y e r _ c o n c a t e n a t e ( ) % > % 
34 l a y e r _ r e s h a p e ( t a r g e t _ s h a p e = c ( q 0 [ 1 ] + 1 , 1 ) ) 
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35 # 
36 l a m b d a = X X % > % t i m e _ d i s t r i b u t e d ( l a y e r _ d e n s e ( u n i t s = 1 , a c t i v a t i o n = ’ e x p o n e n t i a l ’ , 
37 w e i g h t s = l i s t ( a r r a y ( 0 , d i m = c ( q 0 [ 2 ] , 1 ) ) , a r r a y ( i n i t 0 [ 1 ] , d i m = c ( 1 ) ) ) ) ) % > % 
38 l a y e r _ r e s h a p e ( t a r g e t _ s h a p e = c ( q 0 [ 1 ] ) ) 
39 # o n l y c o n s i d e r l a m b d a ’ s w h e r e h a v e e x p o s u r e 
40 l a m b d a 0 < - l i s t ( l a m b d a , O b s ) % > % l a y e r _ m u l t i p l y ( ) 
41 # 
42 l a m b d a 1 = l i s t ( a l p h a 1 , l a m b d a 0 ) % > % l a y e r _ c o n c a t e n a t e ( ) % > % 
43 l a y e r _ r e s h a p e ( t a r g e t _ s h a p e = c ( q 0 [ 1 ] + 1 , 1 ) ) 
44 # 
45 c e l l < - B e t a A l p h a C e l l ( 1 , 1 ) 
46 r n n < - l a y e r _ r n n ( c e l l = c e l l , r e t u r n _ s e q u e n c e = T R U E ) 
47 N e t w o r k < - r n n ( t u p l e ( q 1 , l a m b d a 1 , p 1 , Y Y 1 ) ) % > % l a y e r _ c o n c a t e n a t e ( ) 
48 o u t p u t s < - l i s t ( l a m b d a 1 , p 1 , q 1 , N e t w o r k ) % > % l a y e r _ c o n c a t e n a t e ( ) 
49 # 
50 k e r a s _ m o d e l ( i n p u t s = c ( Y Y , X X , O b s ) , o u t p u t s = l i s t ( o u t p u t s ) ) 
51 } 

Listing 4: Implementation of Model 1 with the regression setting and time-varying 𝑝𝑡 and 𝑞𝑡.
1 l i b r a r y ( k e r a s ) 
2 l i b r a r y ( t e n s o r f l o w ) 
3 # # # # # # # # 
4 G L M . d y n a m i c < - f u n c t i o n ( s e e d , q 0 , i n i t 0 ) { 
5 k _ c l e a r _ s e s s i o n ( ) 
6 s e t . s e e d ( s e e d ) 
7 s e t _ r a n d o m _ s e e d ( s e e d ) 
8 Y Y < - l a y e r _ i n p u t ( s h a p e = c ( q 0 [ 1 ] ) , d t y p e = ’ f l o a t 3 2 ’ ) 
9 X X < - l a y e r _ i n p u t ( s h a p e = c ( q 0 [ 1 ] , q 0 [ 2 ] ) , d t y p e = ’ f l o a t 3 2 ’ ) 

10 O b s < - l a y e r _ i n p u t ( s h a p e = c ( q 0 [ 1 ] ) , d t y p e = ’ f l o a t 3 2 ’ ) 
11 T i m e < - l a y e r _ i n p u t ( s h a p e = c ( q 0 [ 1 ] , 1 ) , d t y p e = ’ f l o a t 3 2 ’ ) 
12 O n e s < - k _ o n e s _ l i k e ( x = O b s [ , 1 ] ) % > % l a y e r _ f l a t t e n ( ) 
13 
14 # a l p h a 1 0 = beta10 i n i t i a l i z a t i o n 
15 a l p h a 1 = O n e s % > % l a y e r _ d e n s e ( u n i t s = 1 , u s e _ b i a s = F A L S E , a c t i v a t i o n = " e x p o n e n t i a l " , 
16 w e i g h t s = l i s t ( a r r a y ( i n i t 0 [ 2 ] , d i m = c ( 1 , 1 ) ) ) ) 
17 Y Y 1 = l i s t ( a l p h a 1 , Y Y ) % > % l a y e r _ c o n c a t e n a t e ( ) % > % 
18 l a y e r _ r e s h a p e ( t a r g e t _ s h a p e = c ( q 0 [ 1 ] + 1 , 1 ) ) 
19 # 
20 p p = T i m e % > % l a y e r _ e m b e d d i n g ( i n p u t _ d i m = q 0 [ 1 ] , o u t p u t _ d i m = 1 , i n p u t _ l e n g t h = 1 , 
21 w e i g h t s = l i s t ( a r r a y ( i n i t 0 [ 3 ] , d i m = c ( q 0 [ 1 ] , 1 ) ) ) ) % > % 
22 l a y e r _ f l a t t e n ( ) % > % 
23 l a y e r _ l a m b d a ( f u n c t i o n ( x ) k _ s i g m o i d ( x ) ) % > % 
24 l a y e r _ r e s h a p e ( t a r g e t _ s h a p e = c ( q 0 [ 1 ] ) ) 
25 p 1 = l i s t ( O n e s , p p ) % > % l a y e r _ c o n c a t e n a t e ( ) % > % 
26 l a y e r _ r e s h a p e ( t a r g e t _ s h a p e = c ( q 0 [ 1 ] + 1 , 1 ) ) 
27 # 
28 q q = T i m e % > % l a y e r _ e m b e d d i n g ( i n p u t _ d i m = q 0 [ 1 ] , o u t p u t _ d i m = 1 , i n p u t _ l e n g t h = 1 , 
29 w e i g h t s = l i s t ( a r r a y ( i n i t 0 [ 4 ] , d i m = c ( q 0 [ 1 ] , 1 ) ) ) ) 
30 % > % l a y e r _ f l a t t e n ( ) % > % 
31 l a y e r _ l a m b d a ( f u n c t i o n ( x ) k _ s i g m o i d ( x ) ) % > % 
32 l a y e r _ r e s h a p e ( t a r g e t _ s h a p e = c ( q 0 [ 1 ] ) ) 
33 q 1 = l i s t ( O n e s , q q ) % > % l a y e r _ c o n c a t e n a t e ( ) % > % 
34 l a y e r _ r e s h a p e ( t a r g e t _ s h a p e = c ( q 0 [ 1 ] + 1 , 1 ) ) 
35 # 
36 l a m b d a = X X % > % t i m e _ d i s t r i b u t e d ( l a y e r _ d e n s e ( u n i t s = 1 , a c t i v a t i o n = ’ e x p o n e n t i a l ’ , 
37 w e i g h t s = l i s t ( a r r a y ( 0 , d i m = c ( q 0 [ 2 ] , 1 ) ) , a r r a y ( i n i t 0 [ 1 ] , d i m = c ( 1 ) ) ) ) ) % > % 
38 l a y e r _ r e s h a p e ( t a r g e t _ s h a p e = c ( q 0 [ 1 ] ) ) 
39 # o n l y c o n s i d e r l a m b d a ’ s w h e r e h a v e e x p o s u r e 
40 l a m b d a 0 < - l i s t ( l a m b d a , O b s ) % > % l a y e r _ m u l t i p l y ( ) 
41 # 
42 l a m b d a 1 = l i s t ( a l p h a 1 , l a m b d a 0 ) % > % l a y e r _ c o n c a t e n a t e ( ) % > % 
43 l a y e r _ r e s h a p e ( t a r g e t _ s h a p e = c ( q 0 [ 1 ] + 1 , 1 ) ) 
44 # 
45 c e l l < - B e t a A l p h a C e l l ( 1 , 1 ) 
46 r n n < - l a y e r _ r n n ( c e l l = c e l l , r e t u r n _ s e q u e n c e = T R U E ) 
47 N e t w o r k < - r n n ( t u p l e ( q 1 , l a m b d a 1 , p 1 , Y Y 1 ) ) % > % l a y e r _ c o n c a t e n a t e ( ) 
48 o u t p u t s < - l i s t ( l a m b d a 1 , p 1 , q 1 , N e t w o r k ) % > % l a y e r _ c o n c a t e n a t e ( ) 
49 # 
50 k e r a s _ m o d e l ( i n p u t s = c ( Y Y , X X , T i m e , O b s ) , o u t p u t s = l i s t ( o u t p u t s ) ) 
51 } 

Data availability

The authors do not have permission to share data.

References

Abdallah, A., Boucher, J.-P., Cossette, H., 2016. Sarmanov family of multivariate distri

butions for bivariate dynamic claim counts model. Insur. Math. Econ. 68, 120--133.

Ahmad, A., Francq, C., 2016. Poisson QMLE of count time series models. J. Time Ser. 
Anal. 37 (3), 291--314.

Ahn, J.Y., Jeong, H., Lu, Y., 2023. A simple Bayesian state-space approach to the collective 
risk models. Scand. Actuar. J. 2023 (5), 509--529.

Akaike, H., 1974. A new look at the statistical model identification. IEEE Trans. Autom. 
Control 19 (6), 716--723.

Aknouche, A., Francq, C., 2021. Count and duration time series with equal conditional 
stochastic and mean orders. Econom. Theory 37 (2), 248--280.

Baum, L.E., Petrie, T., 1966. Statistical inference for probabilistic functions of finite state 
Markov chains. Ann. Math. Stat. 37 (6), 1554--1563.

Bichsel, F., 1964. Erfahrungstarifierung in der Motorfahrzeug-Haftpflicht-Versicherung. 
Bull. - Swiss Assoc. Actuar. 64, 119--130.

Insurance Mathematics and Economics 125 (2025) 103149 

15 

http://refhub.elsevier.com/S0167-6687(25)00096-4/bib86CA142F5CF023B6D27CFFE9AF5DFFF3s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib86CA142F5CF023B6D27CFFE9AF5DFFF3s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibFFF5C1E9F2F0474FEA8FC158238EA3D7s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibFFF5C1E9F2F0474FEA8FC158238EA3D7s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib2F900E8EA9F05C6A7DC393C7ACCB6EC5s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib2F900E8EA9F05C6A7DC393C7ACCB6EC5s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib817D81FFF3C815CA08D6CB2ACBC134FFs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib817D81FFF3C815CA08D6CB2ACBC134FFs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibE4B3486BC728570D089D4C74CA35CF1Es1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibE4B3486BC728570D089D4C74CA35CF1Es1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibE8404E5B0A548A4C882E663622508876s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibE8404E5B0A548A4C882E663622508876s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibF19E3125474BA1915A7C1503E22158FEs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibF19E3125474BA1915A7C1503E22158FEs1


J.Y. Ahn, H. Jeong, Y. Lu et al. 

Bolancé, C., Denuit, M., Guillén, M., Lambert, P., 2007. Greatest accuracy credibility with 
dynamic heterogeneity: the Harvey-Fernandes model. Belg. Actuar. Bull. 7 (1), 14--18.

Boucher, J.-P., Pigeon, M., 2018. A claim score for dynamic claim counts modeling. arXiv 
preprint. arXiv:1812.06157.

Brouhns, N., Guillén, M., Denuit, M., Pinquet, J., 2003. Bonus-malus scales in segmented 
tariffs with stochastic migration between segments. J. Risk Insur. 70 (4), 577--599.

Bühlmann, H., 1967. Experience rating and credibility. ASTIN Bull. 4 (3), 199--207.

Bühlmann, H., Gisler, A., 2006. A Course in Credibility Theory and Its Applications. 
Springer Science & Business Media.

Bühlmann, H., Straub, E., 1970. Glaubwürdigkeit für Schadensätze. Bull. - Swiss Assoc. 
Actuar. 70, 111--131.

Chan, I.W.C., Badescu, A.L., Lin, X.S., 2025. Assessing driving risk through unsupervised 
detection of anomalies in telematics time series data. ASTIN Bull. 55 (2), 205--241.

Chollet, F., Allaire, J., et al., 2017. R interface to keras. https://github.com/rstudio/keras.

Christou, V., Fokianos, K., 2014. Quasi-likelihood inference for negative binomial time 
series models. J. Time Ser. Anal. 35 (1), 55--78.

Cui, Y., Lund, R., 2009. A new look at time series of counts. Biometrika 96 (4), 781--792.

Davis, R.A., Liu, H., 2016. Theory and inference for a class of nonlinear models with 
application to time series of counts. Stat. Sin. 26, 1673--1707.

Davis, R.A., Wu, R., 2009. A negative binomial model for time series of counts. 
Biometrika 96 (3), 735--749.

Debaly, Z.M., Truquet, L., 2021. Iterations of dependent random maps and exogeneity in 
nonlinear dynamics. Econom. Theory 37 (6), 1135--1172.

Dionne, G., Vanasse, C., 1989. A generalization of automobile insurance rating models: 
the negative binomial distribution with a regression component. ASTIN Bull. 19 (2), 
199--212.

Duca, V.E., Fonseca, T.C., Oliveira, F.L.C., 2021. A generalized dynamical model for wind 
speed forecasting. Renew. Sustain. Energy Rev. 136, 110421.

Duval, F., Boucher, J.-P., Pigeon, M., 2024. Telematics combined actuarial neural networks 
for cross-sectional and longitudinal claim count data. ASTIN Bull. 54 (2), 239--262.

Ferland, R., Latour, A., Oraichi, D., 2006. Integer-valued GARCH process. J. Time Ser. 
Anal. 27 (6), 923--942.

Fokianos, K., 2024. Multivariate count time series modelling. Econom. Stat. 31, 100--116.

Frees, E.W., Lee, G., Yang, L., 2016. Multivariate frequency-severity regression models in 
insurance. Risks 4 (1), 4.

Frees, E.W., Wang, P., 2005. Credibility using copulas. N. Am. Actuar. J. 9 (2), 31--48.

Frühwirth-Schnatter, S., Wagner, H., 2006. Auxiliary mixture sampling for parameter

driven models of time series of counts with applications to state space modelling. 
Biometrika 93 (4), 827--841.

Fung, T.C., Li, Y., Peng, L., Qian, L., 2024. Testing constant serial dynamics in two-step 
risk inference for longitudinal actuarial data. N. Am. Actuar. J. 28 (4), 861--881.

Gamerman, D., dos Santos, T.R., Franco, G.C., 2013. A non-Gaussian family of state-space 
models with exact marginal likelihood. J. Time Ser. Anal. 34 (6), 625--645.

Genest, C., Nešlehová, J., 2007. A primer on copulas for count data. ASTIN Bull. 37 (2), 
475--515.

Gerber, H.-U., Jones, D., 1975. Credibility formulas of the updating type. Trans. Soc. Ac

tuar. 27 (1), 31--52.

Gerber, H.U., Jones, D.A., 1973. Credibility formulae with geometric weights. In: Proceed

ings of the Business and Economic Section, vol. 229. American Statistical Association, 
p. 230.

Gonçalves, E., Mendes-Lopes, N., Silva, F., 2015. Infinitely divisible distributions in 
integer-valued GARCH models. J. Time Ser. Anal. 36 (4), 503--527.

Gouriéroux, C., Lu, Y., 2019. Negative binomial autoregressive process with stochastic 
intensity. J. Time Ser. Anal. 40 (2), 225--247.

Grunwald, G.K., Hyndman, R.J., Tedesco, L., Tweedie, R.L., 2000. Theory & methods: 
non-Gaussian conditional linear AR(1) models. Aust. N. Z. J. Stat. 42 (4), 479--495.

Harvey, A.C., Fernandes, C., 1989. Time series models for count or qualitative observa

tions. J. Bus. Econ. Stat. 7 (4), 407--417.

Henderson, R., Shimakura, S., 2003. A serially correlated gamma frailty model for longi

tudinal count data. Biometrika 90 (2), 355--366.

Hyndman, R., Koehler, A.B., Ord, J.K., Snyder, R.D., 2008. Forecasting with Exponential 
Smoothing: the State Space Approach. Springer Science & Business Media.

Jia, Y., Kechagias, S., Livsey, J., Lund, R., Pipiras, V., 2023. Latent Gaussian count time 
series. J. Am. Stat. Assoc. 118 (541), 596--606.

Jiang, Q., Shi, T., 2024. Auto insurance pricing using telematics data: application of a 
hidden Markov model. N. Am. Actuar. J. 28 (4), 822--839.

Jung, R.C., Liesenfeld, R., Richard, J.-F., 2011. Dynamic factor models for multivariate 
count data: an application to stock-market trading activity. J. Bus. Econ. Stat. 29 (1), 
73--85.

Kalman, R.E., 1960. A new approach to linear filtering and prediction problems. J. Basic 
Eng. 82, 35--45.

Li, Y., Fung, T.C., Peng, L., Qian, L., 2023. Diagnostic tests before modeling longitudinal 
actuarial data. Insur. Math. Econ. 113, 310--325.

Lu, Y., 2018. Dynamic frailty count process in insurance: a unified framework for estima

tion, pricing, and forecasting. J. Risk Insur. 85 (4), 1083--1102.

Lukacs, E., 1955. A characterization of the gamma distribution. Ann. Math. Stat. 26 (2), 
319--324.

McCullagh, P., Nelder, J.A., 1989. Generalized Linear Models. Chapman & Hall.

Nelder, J.A., Wedderburn, R.W., 1972. Generalized linear models. J. R. Stat. Soc. A, Gen

eral 135 (3), 370--384.

Pinquet, J., 2020a. Poisson models with dynamic random effects and nonnegative credi

bilities per period. ASTIN Bull. 50 (2), 585--618.

Pinquet, J., 2020b. Positivity properties of the ARFIMA (0, d, 0) specifications and credi

bility analysis of frequency risks. Insur. Math. Econ. 95, 159--165.

Pinquet, J., Guillén, M., Bolancé, C., 2001. Allowance for the age of claims in bonus-malus 
systems. ASTIN Bull. 31 (2), 337--348.

Purcaru, O., Denuit, M., 2003. Dependence in dynamic claim frequency credibility models. 
ASTIN Bull. 33 (1), 23--40.

Shi, P., Yang, L., 2018. Pair copula constructions for insurance experience rating. J. Am. 
Stat. Assoc. 113 (521), 122--133.

Shi, Y., Punzo, A., Otneim, H., Maruotti, A., 2025. Hidden semi-Markov models for rainfall

related insurance claims. Insur. Math. Econ. 120, 91--106.

Sundt, B., 1988. Credibility estimators with geometric weights. Insur. Math. Econ. 7 (2), 
113--122.

Venables, W.N., Ripley, B.D., 2002. Modern Applied Statistics with S, fourth edition. 
Springer, New York.

Wüthrich, M.V., Merz, M., 2023. Statistical Foundations of Actuarial Learning and Its 
Applications. Springer, Cham.

Xu, H.-Y., Xie, M., Goh, T.N., Fu, X., 2012. A model for integer-valued time series with 
conditional overdispersion. Comput. Stat. Data Anal. 56 (12), 4229--4242.

Yanez, J.S., Guillén, M., Nielsen, J.P., 2025. Weekly dynamic motor insurance ratemaking 
with a telematics signals bonus-malus score. ASTIN Bull. 55 (1), 1--28.

Yang, L., 2022. Nonparametric copula estimation for mixed insurance claim data. J. Bus. 
Econ. Stat. 40 (2), 537--546.

Zeger, S.L., 1988. A regression model for time series of counts. Biometrika 75 (4), 621--629.

Zhu, F., 2011. A negative binomial integer-valued GARCH model. J. Time Ser. Anal. 32 
(1), 54--67.

Insurance Mathematics and Economics 125 (2025) 103149 

16 

http://refhub.elsevier.com/S0167-6687(25)00096-4/bibBF82DE46B933DB106E2013852B0205E4s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibBF82DE46B933DB106E2013852B0205E4s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib0523B90BB014B402E56C91E98A09ACBFs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib0523B90BB014B402E56C91E98A09ACBFs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib755F576B39231CB0446F1ACF0C9ACE97s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib755F576B39231CB0446F1ACF0C9ACE97s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibE34FC71E61F6BEF55256BE86D68B5FAFs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibDA1C4B3401F080B1BEF617599B5DC6E4s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibDA1C4B3401F080B1BEF617599B5DC6E4s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib655B65EC08FDB71DE033E6907986A4E2s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib655B65EC08FDB71DE033E6907986A4E2s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib9A70014CA0BB18F7C4E88BF8D9E6DE97s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib9A70014CA0BB18F7C4E88BF8D9E6DE97s1
https://github.com/rstudio/keras
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib6C6DB8848DB670782BF9994ED417E2CAs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib6C6DB8848DB670782BF9994ED417E2CAs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibD8680988D6E721D0DE37856F29BD6FD6s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib95EB521FE5775EF24F2DB91F130C8E91s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib95EB521FE5775EF24F2DB91F130C8E91s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibF64E536BAC2680723A62CD87929DD5B8s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibF64E536BAC2680723A62CD87929DD5B8s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibAD6CC3A8A2E0CDB5A7C5566AA3E69382s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibAD6CC3A8A2E0CDB5A7C5566AA3E69382s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibAFC5AF70861BE436E0FB0011C17802C9s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibAFC5AF70861BE436E0FB0011C17802C9s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibAFC5AF70861BE436E0FB0011C17802C9s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib65ADEE98E9F7709BF5E43679F22773C2s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib65ADEE98E9F7709BF5E43679F22773C2s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib96BAB1D828EAFD9769AB16AA30E7F07Es1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib96BAB1D828EAFD9769AB16AA30E7F07Es1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib9754B5955D5B6D4D07A0D63E3983CD7As1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib9754B5955D5B6D4D07A0D63E3983CD7As1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibB89E0B9BE97EB4FF74262EE662F8F423s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib0B400ABC9B49F60885F3D419FA292CC8s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib0B400ABC9B49F60885F3D419FA292CC8s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib740A390B1D488E94704F100AD6840C71s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibF18B7F06F2310ECCE0AB2CE6D38FA87Es1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibF18B7F06F2310ECCE0AB2CE6D38FA87Es1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibF18B7F06F2310ECCE0AB2CE6D38FA87Es1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib7D4AA5BEA2100B33880B3950DDAE38F1s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib7D4AA5BEA2100B33880B3950DDAE38F1s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib2B9C759A534FA22940EA015376A9AD77s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib2B9C759A534FA22940EA015376A9AD77s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibCA1AE8D8EEDE3DC46679B6AE7CC3BA50s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibCA1AE8D8EEDE3DC46679B6AE7CC3BA50s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibCE4DE19A87C4A74CE3E6A67675F27CB6s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibCE4DE19A87C4A74CE3E6A67675F27CB6s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibA6A548BBE6563DE0986F18D22F5071C4s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibA6A548BBE6563DE0986F18D22F5071C4s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibA6A548BBE6563DE0986F18D22F5071C4s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib62C5CEA53C9A116896E32FC0247E0927s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib62C5CEA53C9A116896E32FC0247E0927s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibC1C74669D4CDA972518954C24120D94Bs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibC1C74669D4CDA972518954C24120D94Bs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib98752DA920E99728306A3DBA6C7D197Cs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib98752DA920E99728306A3DBA6C7D197Cs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib646FC8F16C3791241E8BA0EDD3E68C5As1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib646FC8F16C3791241E8BA0EDD3E68C5As1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibAAE878FAD039804E42D7A5ED440F6DDAs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibAAE878FAD039804E42D7A5ED440F6DDAs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib9B4927B848928FB3E7DD5E9D48F81F8As1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib9B4927B848928FB3E7DD5E9D48F81F8As1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib4B1C0C0FEC25B7AF10AF70AB7034C7F7s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib4B1C0C0FEC25B7AF10AF70AB7034C7F7s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib4310BE4AF9C1EC853E59D213CEE23ED5s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib4310BE4AF9C1EC853E59D213CEE23ED5s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibB75C2B5FC2F76F4F2832B83CAA150DE4s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibB75C2B5FC2F76F4F2832B83CAA150DE4s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibB75C2B5FC2F76F4F2832B83CAA150DE4s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib220052A39D29F9FAF8E0228E0A1D2617s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib220052A39D29F9FAF8E0228E0A1D2617s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib8998815E507311C2B8544C1D55852D43s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib8998815E507311C2B8544C1D55852D43s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibCDB700F67648ACF77F7EDFFC23311A6As1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibCDB700F67648ACF77F7EDFFC23311A6As1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibE18F7ACE7FB32F1E25B6C765F39BA286s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibE18F7ACE7FB32F1E25B6C765F39BA286s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibCB7A25DB10CA4AA1E1742C589AF17BD7s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib5062FB57286516B64445A405A2E67E35s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib5062FB57286516B64445A405A2E67E35s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib48988531CAB69445F973D44775E18DF1s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib48988531CAB69445F973D44775E18DF1s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib615F6C5D0132B211B28E82FCD75ABA9Es1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib615F6C5D0132B211B28E82FCD75ABA9Es1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib9BEF0A63A4B37713AEEE473905BD0D44s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib9BEF0A63A4B37713AEEE473905BD0D44s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib6A63C82FA422A0F5C36C3B7D64E587E4s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib6A63C82FA422A0F5C36C3B7D64E587E4s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibA876DB8EBC02B5FF5BBA1733749C37DFs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibA876DB8EBC02B5FF5BBA1733749C37DFs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibB83285550B0EF9603AF9FD1A75D61258s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibB83285550B0EF9603AF9FD1A75D61258s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib4CAE9653F9004A7F017602DD585D549Cs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib4CAE9653F9004A7F017602DD585D549Cs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibCB6C2C4B3C8F95F9B58AD13F0A97245Ds1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibCB6C2C4B3C8F95F9B58AD13F0A97245Ds1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib5A22334C3F9312096B504A2E2E98D154s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib5A22334C3F9312096B504A2E2E98D154s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibC5DAC9997FE40C21E52F35B4E83E3409s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibC5DAC9997FE40C21E52F35B4E83E3409s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibD77DBF6C22C6189A76455336C5640A80s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibD77DBF6C22C6189A76455336C5640A80s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibF0EB8394E4B9A54B1B2536321BECF6FAs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bibF0EB8394E4B9A54B1B2536321BECF6FAs1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib80DDA4304D7E3631D10A675ABCF13111s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib0E1DC6C78070DE93F6EF12C47A6A5E36s1
http://refhub.elsevier.com/S0167-6687(25)00096-4/bib0E1DC6C78070DE93F6EF12C47A6A5E36s1

	An observation-driven state-space count model for experience rating
	1 Introduction
	2 The extended HF model
	2.1 The model
	2.2 The HF model as a special case
	2.3 Stochastic representation of the observation-driven property

	3 A classification according to the behavior of the variance process
	3.1 HF model: a model with increasing variance
	3.2 A model with decreasing variance
	3.3 A model with constant variance
	3.4 A typology of models according to the variance process

	4 Evolutionary credibility and credibility formulas
	5 Real data analysis
	5.1 Description of data
	5.2 Log-likelihood function under a GLM assumption
	5.3 The classical NB-regression model
	5.4 Static random effects model
	5.5 Harvey-Fernandes model and bounded variance model
	5.6 Time-dependent observation-driven bounded variance model

	6 Conclusion
	CRediT authorship contribution statement
	Declaration of competing interest
	Appendix A Additional variance behavior types
	A.1 A model with converging variance
	A.2 A model with bounded variance

	Appendix B Proofs
	B.1 Proof of Lemma 2
	B.2 Proof of Lemma 3
	B.3 Proof of Lemma 4
	B.4 Proof of Lemma 7

	Appendix C Weak ARMA(1,1) representation of (Yt) in the time homogeneous case
	Appendix D Code
	Data availability
	References


