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We report on our systematic attempts at finding local interactions for which the lowest-Landau-level projected
composite-fermion wave functions are the unique zero energy ground states. For this purpose, we study in
detail the simplest nontrivial system beyond the Laughlin states, namely, bosons at filling factor ν = 2/3, and
identify local constraints among clusters of particles in the ground state. By explicit calculation, we show
that no Hamiltonian up to (and including) four-particle interactions produces this state as the exact ground
state and speculate that this remains true even when interaction terms involving a greater number of particles
are included. Surprisingly, we can identify an interaction, which imposes an energetic penalty for a specific
entangled configuration of four particles with relative angular momentum of 6h̄, that produces a unique zero
energy solution (as we have confirmed for up to 12 particles). This state, referred to as the λ state, is not identical
to the projected composite-fermion state, but the following facts suggest that the two might be topologically
equivalent: the two states have a high overlap, they have the same root partition, the quantum numbers for
their neutral excitations are identical, and the quantum numbers for the quasiparticle excitations also match.
On the quasihole side, we find that even though the quantum numbers of the lowest energy states agree with
the prediction from the composite-fermion theory, these states are not separated from the others by a clearly
identifiable gap. This prevents us from making a conclusive claim regarding the topological equivalence of
the λ state and the composite-fermion state. Our study illustrates how new candidate states can be identified
from constraining selected many-particle configurations and it would be interesting to pursue their topological
classification.
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I. INTRODUCTION

Exactly solvable models that capture the nontrivial physics
of real systems occupy a special place in physics. The quest
for such models for strongly correlated fractional quantum
Hall states began with Haldane’s construction [1] of a trun-
cated pseudopotential interaction that obtains the Laughlin
wave function [2] at filling factor ν = 1/(m+1) as the exact
zero energy state. (Here m is an even integer for fermions
and an odd integer for bosons.) The model interaction (see
also Ref. [3]) was reverse-engineered from the observation
that no pair of electrons has a relative angular momentum
m or less in the Laughlin wave function, and imposing an
energetic penalty for these pairs produces the Laughlin state
uniquely. While model Hamiltonians with multiparticle in-
teraction have also been constructed for certain simple, i.e.,
naturally holomorphic wave functions, no interactions have
been identified that yield the lowest-Landau-level (LLL) pro-
jected Jain wave functions [4–6] at fractions ν = n/(mn ± 1)
as the unique exact solutions. These reduce to the Laughlin
wave function for n = 1, but the pathway of constructing the
wave functions for n > 1 passes through higher Landau levels
(LLs). In their simplest physically transparent “unprojected”
form, these wave functions are nonholomorphic, with a small

finite amplitude spilling outside the LLL, and projection into
the LLL yields a rather complicated wave function tangled by
the presence of strategically placed derivatives. While these
LLL wave functions can be evaluated on the computer and
turn out to be extremely close to the exact Coulomb ground
states, the final form of the wave function is too compli-
cated to afford a hint into the construction of exact parent
Hamiltonians.

It is worth stressing that the LLL constraint, while undoubt-
edly useful for testing theories against computer experiments,
is not a necessary condition for the occurrence of fractional
quantum Hall effect (FQHE). In real experiments, the frac-
tional quantum Hall states always involve some Landau-level
(LL) mixing, which provides no correction to the quantized
Hall resistance (unless it is large enough to close the gap).
The unprojected Jain wave functions are sufficiently simple to
allow, in some instances, construction of exact parent Hamil-
tonians in which some of the lowest LLs are made degenerate
while the rest are sent to infinite energies [5,7–9]. In such
cases, an adiabatic path connecting the model Hamiltonian
to the LLL Coulomb Hamiltonian may be identified along
which the gap does not close, thus establishing the adiabatic
continuity between the unprojected and the LLL projected
wave functions [10]. One may take the view, however, that the

2469-9950/2018/98(23)/235139(18) 235139-1 ©2018 American Physical Society

http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.98.235139&domain=pdf&date_stamp=2018-12-19
https://doi.org/10.1103/PhysRevB.98.235139


SREEJITH, FREMLING, JEON, AND JAIN PHYSICAL REVIEW B 98, 235139 (2018)

LLL limit, while not necessary, is an interesting one, and local
interactions that directly produce the LLL projected wave
functions as exact solutions may offer important new insights
into the physics of the FQHE.

In this manuscript, we attempt to construct an exact in-
teraction Hamiltonian for the LLL projected Jain composite-
fermion (CF) wave functions given by

� n
mn+1

= PLLL�n(z1, z2 . . . )
N∏

i<j=1

(zi − zj )m, (1)

where �n is the wave function of a fermionic integral quantum
Hall effect (IQHE) state with n Landau levels fully occupied
and PLLL is the LLL projection. The right-hand side is inter-
preted as n filled “� levels,” which are CF levels analogous to
the electronic LLs. To this end, we first study the behavior of
these wave functions when a cluster of N particles is brought
close together. We find that the wave function in general
vanishes faster (i.e., with a higher power of the distance) than
what is required by the Pauli principle in the case of fermionic
FQHE states. This allows us to identify missing configurations
of the n/(mn + 1) states, in analogy to the missing angular
momentum pairs in the Laughlin 1/m state.

The missing configurations for n/(mn + 1) states are
consistent with the information encoded in the “root par-
titions”[11], or the “DNA” [8], of these states, identified
previously by Regnault et al. [12]. Restricting to a Hilbert
space consistent with the root partition (i.e., retaining only the
subdominant configurations that can be obtained by squeezing
the root partition) is equivalent to eliminating certain multi-
particle configurations. As noted in Ref. [12], restricting to
a Hilbert space consistent with the root partition produces,
for the n/(mn + 1) states with n �= 1, several translationally
invariant states (i.e., states with total orbital angular momen-
tum L = 0 in the spherical geometry). This is in contrast to
the examples of Laughlin, Read-Rezayi [13], and the Pfaffian
states [14], which are uniquely determined by the root parti-
tion function, i.e., they are the only L = 0 states in the relevant
Hilbert space. These states, unlike the CF states considered in
our work, have periodic root partitions; FQHE states and their
excitations characterized by such periodic root partitions have
been classified in Refs. [15,16].

Part of the objective of this work is to consider multiparti-
cle interactions that go beyond constraints imposed by the root
partition. To avoid the Pauli zeros that occur in the fermionic
wave functions and to focus on the correlation zeros alone, we
will consider the bosonic state at ν = n/(n + 1), for which
all of the zeros result from correlations; generalization to
fermions by including the Pauli zeros is, in principle, straight-
forward. These states represent the physics in which bosons
capture a single vortex each to turn into composite fermions.
These wave functions have been found to be valid for bosons
in a magnetic field interacting with a contact interaction
[17,18]. We consider in detail the example of the bosonic CF
state at ν = 2/3, which is the simplest state with nontrivial
zeros. There is no interaction in the two-particle channel, as
the state does not vanish when two bosons are coincident. In
the three-particle channel the relative angular momentum L =
0 is absent (i.e., the CF wave function vanishes when three
particles are coincident), so we impose an energetic penalty

for that configuration in our Hamiltonian. In the four-particle
channel, configurations with angular momenta up to (and
including) L = 5 are absent in the wave function. Including
terms in the Hamiltonian that impose a penalty on those
configurations still does not single out the CF state. (We note
that these constraints are not all independent.) An inspection
of four-particle configurations in the L = 6 sector reveals
further nontrivial correlations in the CF wave function, which
is the primary focus of our work. There are three possible
states of four bosons in the L = 6 sector, which are labeled T6,
T42, and T33. These states differ (see Sec. II C for details) in
how the four-particle wave function vanishes as a subset of the
particles is brought into close proximity. The wave function T6

does not vanish when two or three particles are coincident but
vanishes as six powers of the distance as the fourth particle
approaches. T42 (T33) does not vanish when two particles are
coincident, but the third particle brings 2 (3) zeros and the
fourth 4 (3). T6 is strictly absent in the Jain CF wave function.
While T42 and T33 are both present, they occur in a specific
linear combination. We therefore consider a Hamiltonian that
imposes an energetic penalty on the specific states [19] T6 and
T42 + λT33 and search for a zero energy solution as a function
of λ, with the hope that the CF wave function will occur as the
exact zero energy solution for some value of λ.

For λ = 0, the so-called Gaffnian state [20] is obtained
as the exact and unique zero energy solution. The Gaffnian
state has a high overlap with the ν = 2/3 CF state, but the two
are topologically distinct, as can be ascertained by comparing
their root partitions, their entanglement spectra [12], and the
counting of excitations [21].

The CF state is not obtained as the exact and unique
zero energy state for this model for any choice of λ. This
indicates that no Hamiltonian up to (and including) four-
particle local interactions produces the CF state as an exact
and unique zero energy ground state. The reason is that in
the CF wave function the constraint in question is satisfied
for a single four-particle cluster, but it is not satisfied for
all four-particle clusters simultaneously. We speculate that no
local interaction will produce the non-Laughlin LLL projected
CF wave functions as unique zero energy ground states. (We
note that parent Hamiltonians can sometimes be obtained in
specific finite systems. Inferences of such Hamiltonians form
an interesting class of inverse problems [22–25].)

Surprisingly, we do find a zero energy state λ ≈ −0.18
for systems with up to Nb = 12 particles, which we believe
represents a zero energy state in the thermodynamic limit. We
refer to this state as the λ state. It is tempting to suspect that
the λ state is topologically equivalent to the CF state, and
we perform tests to address this issue. The following results
suggest that the λ state and the CF state are topologically
equivalent: the two states have a high overlap (0.98,0.97 for
systems with Nb = 8, 10 bosons) and the same DNA, and
their neutral excitations and quasiparticles occur at the same
quantum numbers. Constraints imposed by the root partition
of the ground state on the generalized Pauli principles satisfied
by the quantum Hall (QH) states suggest that the quasihole
counting should resemble that of the CF state [26]. However,
the counting of low-energy quasihole excitations does not
match due to a vanishingly small gap above the predicted QH
states expected from the CF state.
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We are therefore not able to make a definitive statement
on the topological equivalence of the λ state and the CF
state. A comparison of the entanglement spectra would be
useful in this regard [12,27–34], but previous work has shown
[31,32,34] that very large systems are required to obtain
meaningful information from the entanglement spectra of the
CF states; in the absence of an explicit wave function for the λ

state, such large systems are not accessible to us at the present.
We note that the λ state is distinct from the Gaffnian state, as
the two have different root partitions.

As pointed out in Refs. [20,35], many of the clustering
rules produce states that may be gapless in the thermodynamic
limit, such as the Hafnian or the Gaffnian state [36,37]. We
find for the λ state a rapid proliferation of the number of
low-energy “quasihole states” upon addition of fluxes, poten-
tially indicating a critical gapless state in the thermodynamic
limit.

One may ask if there is a connection of the above results
with the conformal field theory (CFT) construction of the
FQHE wave functions. The LLL projected CF states can be
written as correlation functions in a CFT approach [38–41].
A fundamental aspect of this construction is that the states
corresponding to n � 2 filled � levels necessarily require
inserting a mix of both primary and descendent fields into
the CFT correlator. This is to be contrasted with the earlier
constructions of the Laughlin, Pfaffian, and Gaffnian wave
functions [14,20] that require insertions of only primary fields.
We find it tempting to speculate, without proof, that a con-
struction of local exact parent Hamiltonians is possible only
for wave functions that are generated with nothing but primary
fields.

We also mention that Chen et al. [9] have argued that
the generalized Pauli principle, rather than the root parti-
tion, determines the universal properties of a FQHE state.
Considering the edge mode counting for the unprojected
Jain wave function at ν = 2/5, they conjecture that a par-
ent Hamiltonian does not exist that correctly produces the
edge modes for the projected 2/5 wave function as zero
modes.

The plan of the paper is as follows. The different symmetric
polynomials used in the analysis of the lowest-Landau-level
projected wave functions are introduced in Sec. II. In Sec. III
we discuss the short-distance properties of the various sym-
metric polynomials when multiple particles are brought close
together. Next, in Sec. IV we focus on the discussion of
short-distance behavior on the CF states. The consequence of
missing symmetric polynomials for the parent Hamiltonians
is discussed in Sec. V. Sections VI and VII are devoted to
the numerical implementation and search for a zero energy
state, followed by Sec. VIII, where the excitation spectrum
of the earlier mentioned λ state is explored. We end with
conclusions.

II. SYMMETRIC POLYNOMIALS

In this section we define the notations for symmetric and
translationally invariant polynomials that will be used in the
rest of the paper.

A. Monomial symmetric polynomials Pμ

In the symmetric gauge, the lowest-Landau-level single-
particle orbitals with angular momentum m have the form

φm ∝ e− 1
4 |z|2zm,

where z = x + ιy. A many-body bosonic state can be ex-
panded as

�(z) = e− 1
4

∑N
i=1 |zi |2

∑
m={m1,...,mN }

αmPm(z), (2)

where the {Pm} forms a basis for the space of symmetric
polynomials in N variables z ≡ {z1, . . . , zN } and αm are the
coefficients. In the following discussions, we will omit the

exponential factors e− 1
4

∑N
j=1 |zj |2 and focus on the polynomial

part of the wave functions. These basis functions can be
chosen to be the monomial symmetric functions

Pm(z) = S
(

N∏
i=1

z
mi

i

)
, (3)

where S is a symmetrizer. These are indexed by ordered
integer partitions m ≡ {m1, . . . mN } with mi � mi+1. The
basis functions represent states in which bosons occupy the
single-particle orbitals of angular momenta m1,m2 . . . , mN

and therefore have a total angular momentum L of
∑

mi .
To give a concrete example, for N = 4 bosons at L = 6,

there are nine polynomials labeled by m1m2m3m4 ≡ 6000,
5100, 4200, 4110, 3300, 3210, 3111, 2220, and 2211. The
trailing zeros in the partitions will be suppressed when writing
the polynomials. For instance, an N = 4 particle function
P5100 = S (z5

1z
1
2z

0
3z

0
4) will be written as P51. The basis func-

tions can be conveniently ordered based on the lexicographic
ordering of the partitions that label them. An N -particle basis
Pμ is to the left of Pμ′ , if there exists a 1 � k � N such that
μj = μ′

j for all j > k and μk > μ′
k . For instance, P3210 is to

the left of P4110.

B. Translationally invariant symmetric polynomials

In anticipation of the discussions to follow, we now intro-
duce the translation invariant symmetric polynomials. These
polynomials are invariant under rigid translations of the form
zi → zi + a for all i. We will be working with two bases for
these polynomials. Following the notation of Refs. [19,42],
we will now construct basis functions representing N -particle
states with a well-defined total relative angular momentum
(total power of all the relative coordinates, excluding the
center-of-mass coordinate). The relative coordinates zj are
given by

zj = zj −
∑N

j=1 zj

N
.

Elementary symmetric polynomials are defined in terms of the
relative coordinates as follows,

ek,N =
N∑

i1<i2···<ik=1

zi1zi2 . . . zik , (4)

and are indexed by the total relative angular momentum k,
which can take values from 2, 3 . . . N . e1,N is identically zero.
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TABLE I. Translationally invariant states for N = 3 and 4.

L = 0 1 2 3 4 5 6

N = 3 1 e2,3 e3,3 [e2,3]2 e2,3e3,3 [e3,3]2; [e2,3]3

N = 4 1 e2,4 e3,4 [e2,4]2; e4,4 e2,4e3,4 [e3,4]2; [e2,4]3; e2,4e4,4

For our purposes, it is important to note that the total number
of zeros of ek,N when the function is viewed as a function of
any of the coordinates zi is k. The basis functions for the N -
particle translationally symmetric states φμ,N can be written
in terms of the elementary symmetrical polynomials as

φμ,N =
N∏

j=2

[ej,N ]μj . (5)

The total angular momentum of the basis function is given
by L = ∑N

j=2 jμj . The construction shows that for a given
L and N , the number of linearly independent φμ,N is given
by the number of partitions of the integer L, into integers be-
tween (and including) 2 and N with repetitions allowed. Each
such nondistinct integer partition of L can be represented
as μ ≡ 2μ2 3μ3 4μ4 . . . , where μi is the multiplicity (which
can be 0, 1, 2 . . . ) of i = 2, 3 . . . , N in the partition. Such
a representation can then be mapped to φμ,N as defined in
Eq. (5). The basis functions for N = 3 and 4 are listed in
Table I.

The number of zeros of each coordinate zi in the state φμ,N

is also L. However, if there is more than one basis function
at a given L, then it is possible to combine them in a way
as to make the largest power of zi less than L. For example,
for N = 4 particles at L = 6 there are three basis functions
(Table I), and it is possible to combine them so that the largest
power of z1 is only 3.

C. Translation invariant symmetric polynomials Tμ

Due to the possibility of creating linear combinations of
φμ,N where the highest power of z1 is lower than L, it is
useful to introduce a different type of polynomial Tμ. These
polynomials are orthonormal linear combinations of the φμ,N

and are therefore still translationally invariant. The specific
linear combinations are constructed in such a way that they
have different vanishing properties (described in the next
section) as well as different highest powers of the zi in them.

To make the idea precise, we choose the example of N =
4, and L = 6. As seen in Table I, there are three linearly
independent polynomials φ222,4 = [e2,4]3, φ33,4 = [e3,4]2, and
φ42,4 = e2,4e4,4. These will all contain the monomial P6, but

any one of the states can be used to eliminate through linear
combinations the P6 terms in the remaining two. Since the
monomial symmetric polynomials Pμ form an orthonormal
basis, this implies that there is a two-dimensional subspace
of the space spanned by {φμ,N } which is orthogonal to P6.
We define the unique state orthogonal to this two-dimensional
space as the state T6, i.e., T6 is the orthogonal projection of
P6 in {φμ,N }.

We can now iterate this step by restricting to the (two
dimensional in the example) space orthogonal to T6 and
within this space sequentially identify states Tμ that are the
projections of Pμ’s. The states obtained this way depend on
the ordering of the μ sequence. The reverse lexicographic
ordering provides a natural ordering for the purpose. In the
case of N = 4 and L = 6, the sequence is 6 → 51 → 42 →
411 → 33.

This construction defines the translation invariant symmet-
ric polynomials T42 and T33 in addition to T6 as shown in
Table II. By construction these states are orthogonal. Note that
not all Tμ’s occur; for instance, there are no states of the form
T51 or T411. Identification of states Tμ in the translationally
invariant subspace can be achieved for general L and N . For
the case of N = 4 and L = 4, there is a two-dimensional
space of translationally invariant states spanned by T4 and T22.
The sequence of steps in the construction of Tμ can be used to
identify corresponding states in the spherical geometry also,
as will be described in Sec. VI. In the following section we
will discuss the short-distance properties of Tμ states.

III. SHORT-DISTANCE BEHAVIOR

The Tμ polynomials can be characterized by the manner
in which the polynomial vanishes when N < N particles are
brought close together. Due to the holomorphic nature of the
wave function, this is closely related to the number of vortices
attached to any cluster of N − 1 particles. In this section
we make these notions more precise. Consider the N -particle
wave function as a polynomial f (z1) in the coordinate z1

while N − 1 are fixed in the vicinity of a point say η = 0
(Fig. 1). The remaining particles are far from this point,
i.e., 0 < |zi − η| ∼ ε 	 1 at some not-fine-tuned locations
for i = 2, 3, . . . ,N and |zi − η| 
 1 for i = N + 1, . . . N .
The number of zeros of the polynomial f (z1) in the vicinity
of η is equal to the number of vortices that the particle z1 sees
in the N − 1 particle cluster, and we will call it the “zeros
attached to an N -particle cluster” and denote it as F (N ). In
general, the number of attached zeros is independent of the
precise locations of the N − N distant particles.

TABLE II. Expansion of translationally invariant states Tμ for N = 4 in terms of monomial symmetric polynomials Pμ.

P6 P51 P42 P411 P33 P321 P3111 P222 P2211

T6

√
183
32 −

√
183
2

16

23
√

15
61

32

19
√

15
122

16 − 13
16

√
5

122 − 5
8

√
15

122 − 9
8

√
5

122

7
√

15
122

16

9
√

5
122

16

T42

√
43

122 −
√

43
61

2 − 33
2

√
3

2623
13

2
√

2623
10

√
3

2623 − 3
2
√

2623
−5

√
3

2623

T33

√
3
43 − 3√

43
2
√

3
43

4√
43

−
√

3
43
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z1

FIG. 1. Schematic illustration for the clustering of configuration
of the N particles for a calculation of the number of zeros F (N ) (see
text).

As an example, we look at the N = 4 particle monomial
symmetric polynomial state P42 which is S(z4

1z
2
2). For N =

1 and N = 2, the polynomial does not vanish when z1,2

approaches 0, since there will be terms to the type z4
3z

2
4 that

are nonzero. However, for N = 3 the situation is different.
When the particles z3, z4 are fixed in the ε vicinity of 0, the
wave function is z2

1(z2
2z

4
1 + z4

2) + O(ε4), which as a function
of z1 has two zeros near ε. The precise location of these
two zeros depends on the location of z2. The remaining two
zeros of this polynomial appear in the vicinity of z2. In a
similar manner for N = 4, z1 sees four zeros in the vicinity of
z2, z3, z4 ∼ ε → 0, as the wave function in this case behaves
as P42 ∼ z4

1ε
2 + O(ε4).

A similar calculation for P33 shows that it does not vanish
for N = 1, 2, but for N = 3 and 4 the polynomial behaves
as P33 ∼ z3

1z
3
2 + O(ε3) and P33 ∼ z3

1ε
3 + O(ε6), respectively,

and therefore both are associated with three zeros.
In general it can be shown that the number of zeros attached

to N particles in the wave function Pμ of N bosons is
equal to μN (N th member of the partition μ) when μ =
μN,μN−1 . . . μ1 is written as a length N partition (padded
with zeros as needed) sorted in the order μi+1 � μi . For
example, the number of zeros attached to N = 1, 2, 3, 4
particles in P42 ≡ P4200 is 0,0,2,4, respectively. A similar
characterization using attached zeros can be applied also to
Tμ. The number of attached zeros can be inferred from the
expansion in monomial symmetric polynomials Pμ. For this
we use the following results regarding the zeros for a linear
combination of different Pμs.

Consider the zeros of the sum of two polynomials
P...μ3μ2μ1 + P...μ′

3μ
′
2μ

′
1
. It can be shown that for N > 1 the

number of zeros F (N ) is given by

F (N ) =

⎧⎪⎨
⎪⎩

μN if
∑

j<N (μj − μ′
j ) < 0

μ′
N if

∑
j<N (μj − μ′

j ) > 0

min(μN , μ′
N ) if

∑
j<N (μj − μ′

j ) = 0.

(6)
A partition μ is said to dominate another partition μ′ if∑

i<k μi is less than
∑

i<k μ′
i for every k = 1, 2 . . . N . If a

linear combination of partitions, i.e.,
∑

μ∈X cμPμ, cμ �= 0 is
such that X contains a partition μ0 that dominates all other
partitions in the set X, then the counting of the zeros of the set
will be determined by Pμ0 .

For the Tμ defined above, this result implies that the
structure of their zeros is the same as those of P6, P42, and
P33, respectively. This is because the partitions 6000, 4200,
and 3300 dominate all the other partitions occurring in the

TABLE III. Number of zeros F attached to an N -particle cluster
for the functions T6, T42, and T33.

N = 1 N = 2 N = 3 N = 4

T6 0 0 0 6
T42 0 0 2 4
T33 0 0 3 3
P3111 + P2220 0 2 1 3

respective polynomials. The vanishing properties of Tμ are
summarized in Table III.

We note that when linear combinations do not contain a
dominant partition, vanishing properties of the combination
are not given by any single monomial symmetric polynomial
Pμ. For instance, in the case of N = 4, L = 6 the state
P3111 + P2220 has the vanishing sequence (zeros attached to
N = 1, 2, 3, 4 particles) 0 → 2 → 1 → 3, which means that
one of the two zeros that were bound to two particles will pull
free when a third particle is brought in. Note that this sequence
is distinct from that of P3111 or P2220 and that neither 3111 nor
2220 is dominant over the other.

The reader might wonder whether it is always possible to
write translationally invariant state space spanned by basis
states each one dominated by a single partition. This question
was answered with a definitive “No” in Ref. [43], where
they construct an explicit counterexample for four particles
at total angular momentum 14. Nevertheless, it seems that the
CF states do not suffer from this exception and are always
dominated by a single root partition.

IV. SHORT DISTANCE BEHAVIOR OF CF STATES

In this section we will explore the short-distance behavior
of the composite-fermion wave function for bosons at filling
fraction 2/3. For earlier studies of the root partitions of CF
states see Refs. [11,12,44].

For the purposes of this section, we will represent the
state with N bosons or fermions occupying the single-particle
orbitals m = (m1,m2 . . . mN ) as

(m)+ = S

⎡
⎣∏

j

z
mj

j

⎤
⎦, (m)− = A

⎡
⎣∏

j

z
mj

j

⎤
⎦, (7)

respectively. Here S and A represent the symmetrization
and the antisymmetrization operation. The bosonic state
(m)+ is same as the monomial symmetric polynomials. The
fermionic state is the determinant of a matrix with matrix
elements Mij = z

mj

i . Permutation of indices by σ leads to
equivalent polynomials with (m)+ = (σ (m))+ and (m)− =
(−1)σ (σ (m)−). In the following discussion, we will generally
drop normalization factors and signs, as we are mainly inter-
ested in the leading-order behavior when several particles are
brought close together.

In a similar fashion as (7), one can construct polynomials
of derivative operators as follows:

(m̄)+ = S

⎡
⎣∏

j

∂
mj

j

⎤
⎦, (m̄)− = A

⎡
⎣∏

j

∂
mj

j

⎤
⎦, (8)
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where ∂j ≡ ∂
∂zj

.
Multiplication of symmetric polynomials defines an alge-

bra for N -particle bosonic functions (m)+ and the derivative
operation on the polynomials defines the linear action of (m̄)+
on (m)+. When two N -particle symmetric polynomials (m)+
and (n)+ are multiplied together, the resulting polynomial is a
linear combination,

(m)+(n)+ =
∑
σ∈SN

(m + σ (n))+,

where SN is the set of all permutations of N objects. The
action of (m̄)+ on (n)+ is given by

(m̄)+(n)+ =
∑

σ

⎡
⎣∏

j

nj !(
nj − mσ (j )

)
!

⎤
⎦(n − σ (m))+ ,

where it is assumed that (m)+ = 0 if any of the mi are
negative. It is also useful to define a representation for the
combination of derivatives and polynomials as

(m̄l)+ = (m̄1l1, m̄2l2, . . . , m̄N lM )+ = S

⎡
⎣∏

j

∂
mj

j z
lj
j

⎤
⎦.

The action of (m̄l)+ on (n)+ gives

(m̄l)(n) =
∑

σ

⎡
⎣∏

j

(
nj + lσ (j )

)
!(

nj + lσ (j ) − mσ (j )
)
!

⎤
⎦(n + σ (l − m)).

The fermionic state
∏N

i<k=1(zi − zk ) which describes the
integer quantum Hall effect at filling fraction 1 is iden-
tical to (0, 1, 2, . . . N − 1)−. General Laughlin-type states∏N

i<k=1(zi − zk )q , which occur at filling fraction 1/q, can-
not be represented by a single term like this. However, the
state can be written as a linear combination of polynomials
(m)(−)q , all of which are related to a single monomial sym-
metric polynomial ρq , given below, by the so-called squeezing
rules [11],

ρq = (0, 1q, 2q, 3q, . . . , q(N − 1))(−)q . (9)

The set of partitions that can be obtained by squeezing rules
satisfies the property that they are dominated (as defined in
Sec. III) by the partition ρq .

A. CF states

CF states for bosons (fermions) on the plane for n
np+1 , with

p odd (even), for N = nc particles, are built by first filling
n � levels with c particles in each level and then multiplying
with the Jastrow factor ψ 1

p
= ∏N

i<j=1(zi − zj )p. The state is
projected to the LLL. For n = 1, which gives the Laughlin-
type states at filling fraction 1

p+1 , the projection is superfluous
and we can directly write this state as

φ =

∣∣∣∣∣∣∣∣∣∣∣∣

1 zN z2
N · · · zN−1

N
...

...
...

...
1 z3 z2

3 · · · zN−1
3

1 z2 z2
2 · · · zN−1

2

1 z1 z2
1 · · · zN−1

1

∣∣∣∣∣∣∣∣∣∣∣∣
× ψ 1

p
.

In the notation developed in the previous section, this state can
be written as

φ = (0, 1, 2, 3, . . . , N − 1)− × ψ 1
p
. (10)

For n = 2, which gives the states in the sequence 2
2p+1 , we

have

φ = PLLL

∣∣∣∣∣
...

...
1 z1 · · · zc−1

1 z̄1 z̄1z1 · · · z̄1z
c−1
1

∣∣∣∣∣ψ 1
p
.

The projection can be performed exactly by the replacement
z̄ → ∂z (where we omit scale factors), and the understanding
that the derivatives act all the way from the left. The determi-
nant is then written as

φ =
∣∣∣∣∣

...
...

1 z1 · · · zc−1
1 ∂1 ∂1z1 · · · ∂1z

c−1
1

∣∣∣∣∣ψ 1
p
,

which in the notation previously developed translates to

(0, 1, . . . , c − 1, 1̄, 1̄1, . . . , 1̄(c − 1))− × ψ 1
p
. (11)

The case of generic n proceeds similarly as for the two previ-
ous examples, but now derivatives up to ∂n−1 are included.

B. Vanishing properties of CF states

As described above, the projected composite-fermion
states can be written in terms of the action of (m̄l)− on ψ 1

p
.

This results in a large sum when written in terms of monomial
symmetric polynomials. However, like the Laughlin state
ψ 1

q
, it still remains true that the overall wave function is a

linear combination of polynomials (m) with a single dominant
partition ρ [12]. As discussed in the previous section, the
vanishing properties of such wave functions are determined
entirely by the dominant partition, which can often be iden-
tified without full expansion. In the following sections, we
use this to understand the vanishing properties of different
composite-fermion states.

1. CF state for bosons at ν = 2
3

The wave function for the bosonic state at filling fraction
2/3 is given by

ψ 2
3

= (0, 1, 2, ...., 1̄, 1̄1, 1̄2, 1̄3 . . . )−(0, 1, 2, 3, 4 . . . )−

≡ (1̄, 1̄1, 0, 1̄2, 1, 1̄3, 2, . . . )−(0, 1, 2, 3, 4 . . . )−, (12)

where the equivalence up to sign of (m̄l)− under permutations
of m̄l has been used in the second line to arrange it in increas-
ing order of −mi + li . With such an ordering the dominant
partition can be obtained from considering the action of the
individual terms in (m̄l) on (0, 1, 2, 3 . . . ). This is illustrated
in the following:(

1̄, 1̄1, 0, 1̄2, 1, 1̄3, 2, 1̄4, 3, · · · )−(0, 1, 2, 3, 4, 5, . . .)−

=

⎛
⎜⎝

0(0)︷︸︸︷
0 ,

1̄(1)︷︸︸︷
0 ,

1̄1(2)︷︸︸︷
2 ,

1(3)︷︸︸︷
4 ,

1̄2(4)︷︸︸︷
5 ,

2(5)︷︸︸︷
7

1̄3(6)︷︸︸︷
8 . . .

⎞
⎟⎠

+

+ · · · .

The entries above the braces suggest one of the many possible
ways in which the term below could have been produced.
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Here the + · · · after the root partition stands for terms that
are related to the root partition via squeezing rules.

To understand the root partition obtained upon the action
of D = (m̄l) on (0, 1, 2, . . . ), it is sufficient to know the
sequence representing the order −mi + li of each term in D.
In the case of a 2/3 state the order is given by

(−1, 0, 0, 1, 1, 2, 2, 3, 3, 4, 4 . . . ).

The following expression shows how the order shown above
of the terms in D is related to the root partition:⎛

⎝ 0(0)︷︸︸︷
0 ,

−1(1)︷︸︸︷
0 ,

0(2)︷︸︸︷
2 ,

1(3,4)︷︸︸︷
4, 5 ,

2(5,6)︷︸︸︷
7, 8 ,

3(7,8)︷ ︸︸ ︷
10, 11 . . .

⎞
⎠

+

.

The entries above the braces written as a(b, c) show that the
parts below the braces result from the action of terms in D of
order a on monomials of order b and c.

As discussed in the previous section, the number of at-
tached zeros when N particles are brought close together
can be inferred from the root partition. We thus find that
0, 0, 2, 4, 5, 7 . . . zeros are attached to clusters of N =
1, 2, 3, 4, 5, 6 . . . particles. Note that at large powers, the
sequence of the monomial powers is that of the Tao-Thouless
pattern on the torus [45], showing that the root partition has
the correct density at large angular momenta. Let us also point
out that the preceding discussion also applies to the case of the
Jain-Kamilla (JK)-projected CF wave functions, since these
only differ from the exactly projected CF wave functions in
subdominant terms.

2. Fermionic state at ν = 2
5

The vanishing properties of the fermionic wave function
at 2/5 are related to the vanishing properties of the 2/3 state
by F 2

5
(N ) = F 2

3
(N ) + N − 1, where the added term is the

number of the Pauli zeros arising from the fermionic statistics
between the z1 and remaining particles in the cluster. For a
graphical illustration of the zeros attached to the N -particle
cluster, see Fig. 2. The figure shows color plots of arg ψ (z)
as a function of z1 when the remaining particles are in fixed
positions.

3. Bosonic state at ν = n
n+1

The vanishing properties of the ν = 3
4 state can also

be derived in a similar manner. Since the wave function
has composite fermions occupying three � levels, the wave
function representing the state can be written as ψ3/4 =
D(0, 1, 2, 3 . . . )−, where the D operator is given by

D = (2̄, 2̄1, 2̄2 . . . , 1̄, 1̄1, 1̄2 . . . , 0, 1, 2, . . . )

≡ (2̄, 2̄1, 1̄, 2̄2, 1̄1, 0, 2̄3, 1̄2, 1, . . . ).

The order of terms in D after sorting are

(−2,−1,−1, 0, 0, 0, 1, 1, 1, 2, 2, 2, 3, 3, 3 . . . ), (13)

which results in the root partition⎛
⎝ 0(0)︷︸︸︷

0 ,

−1(1)︷︸︸︷
0 ,

−2(2)︷︸︸︷
0 ,

−1(3)︷︸︸︷
2 ,

0(4)︷︸︸︷
4 ,

0(5)︷︸︸︷
5 ,

1(6,7,8)︷ ︸︸ ︷
7, 8, 9,

2(9,10,11)︷ ︸︸ ︷
11, 12, 13,. . .

⎞
⎠

+

.

The entries above the braces indicate the order of the terms
from D and the order of the terms in the monomials, which
result in the parts of the root partition below the braces. A
similar calculation yields the root partition for the bosonic
state at ν = 4/5 [containing four filled � levels] to be

(0, 0, 0, 0, 2, 4, 5, 7, 8, 9, 11, 12, 13, 14, . . . ). (14)

In the case of a general state in this sequence occurring at
filling fraction n

n+1 , the order of the terms in the derivative
operator is

D =
⎛
⎝−n + 1,

×2︷ ︸︸ ︷
−n + 2, . . . ,

×n−1︷︸︸︷
−1 ,

×n︷︸︸︷
0 ,

×n︷︸︸︷
1 ,

×n︷︸︸︷
2 , . . .

⎞
⎠,

where the entry ×s above the curly braces says that there are
s successive copies of the entry below.

Acting with D on (0, 1, 2, 3, . . . ) gives

Dψ1 =
⎛
⎝ ×n︷︸︸︷

0 ,

#1︷︸︸︷
2 ,

#2︷︸︸︷
4, 5 ,

#3︷ ︸︸ ︷
7, 8, 9,

#4︷ ︸︸ ︷
11, 12, 13, 14, . . .

⎞
⎠.

(15)

The ×n above the 0 is to point out that there are n copies
of 0. The symbol #s points out that there are s successive
numbers below the braces. The number of such successive
terms increases until it reaches n, beyond which the number
of successive terms below the braces stays at n. There is a gap
of two between entries below successive braces. This pattern
generalizes the root partitions found for the case of 2/3, 3/4,
and 4/5 states.

A generalization to p > 1 states (for ν = n
pn+1 ) proceeds

in the same way as above, with the exception that sometimes
(for p � 3) it is necessary to consider also squeezing of the
root partition of ψ 1

p
in order to obtain the correct vanishing

properties.

V. MISSING SYMMETRIC POLYNOMIALS
AND PROJECTION HAMILTONIANS

The analysis of the number of zeros attached to clusters
in the previous section implies that certain translationally
invariant symmetric polynomials are missing in clusters of
finite numbers of particles in the CF states. These constraints
on the clusters of particles can be used to construct projection
operators for which the CF state forms a zero energy state.
We will confine the discussion to that of the bosonic 2/3 state
hereafter.

To illustrate the idea, we consider the case of N = 4 par-
ticles in the angular momentum sector L = 6. There are three
possible basis functions, T6, T42, and T33, for translationally
invariant states in this sector. The number of zeros attached
to a four-particle cluster in these functions are 6, 4, and 3,
respectively. However, when any four-particle cluster in a ν =
2/3 bosonic CF state is brought together, the number of locked
zeros is 4, as can be inferred from the root partition of the
CF state. If the four-particle state has any finite probability of
being in the T6 state, the number of zeros attached to the four
particles will be six (P6 dominates P42). Thus no four-particle
cluster in the 2/3 bosonic state can be in the state T6. Instead,
they will always be in a linear combination T42 + λT33. The
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FIG. 2. Illustration of the vanishing properties of the fermionic ν = 2
5 state for N = 10 particles. The plot shows the phase of the wave

function, treated as a function of one of the coordinates z1 with the other N − 1 = 9 particles held at fixed positions (red dots). Branch cuts
represent a jump in the phase from 0 to 2π . They terminate at the zeros of the wave function. (Top) When N = 2 (not shown), 3 (left), 4
(middle), 5 (right) particles are brought close to a common point 0, the cluster attaches F (N ) = 1, 4, 7, 9 zeros, respectively. The separations
between the zeros decrease as interparticle separations decrease. (Bottom) At finite distance from the group of N particles, there exist additional
zeros. The figure shows five (left), seven (middle), and ten (right) zeros (instead of 4,7,9) near 0. These additional zeros are closer to the group
of N particles than to any other particle, but these additional zeros stay at a finite distance from the remaining zeros as interparticle distances
in the cluster approach zero.

CF state should therefore be in the null space of the operator,

N∑
i<j<k<l=1

Pijkl[T6], (16)

where Pijkl[T6] projects the state of the four particles i, j, k, l

into the state T6.
For the case of N = 4 particles, we will now consider the

possibility of them being in a translationally invariant L = 4
channel. There are two translationally invariant symmetric
polynomials T4000 and T2200 in this sector. Neither of them or
any linear combination can result in the vanishing sequence
of the CF state 0,0,2,4. Consider instead the possibility of
the four particles being in a linear combination with the L =
6 sector: ϕ = aT4000 + bT2200 + cT4200. Upon bringing three
particles close to each other, this state will attach no zeros
(instead of two for the CF state) due to the T4000 term. This
implies that T4000 is absent in the CF state. Upon bringing
four particles close together in the state ϕ, the state T2200

leads to attaching of only two zeros (instead of four in the CF
state). This tells us that T2200 is also not a possible state for
the four-particle clusters of the CF state. Together this implies
that the CF state is in the null space of the operator,

N∑
i<j<k<l=1

Pijkl[L = 4], (17)

where Pijkl[L = 4] is the projector into the space of the
relative angular momentum L = 4 state.

Similar considerations tell us that the CF state cannot have
clusters of four particles in translationally invariant channels
of angular momenta L = 0, 1, 2, 3, 4, and 5. For clusters of
N = 3 particles, similar analysis tells us that a translationally
invariant L = 0 state is not present in the CF state. Since the
number of attached zeros is 0 for N = 2, there appears no
constraints on the two-particle clusters.

In summary, the analysis above tells us that the CF state
should be in the null space of the projectors into the

(1) Four-particle channels of relative angular momenta
L � 5,

(2) Four-particle channels in the state T6, and
(3) Three-particle channels of relative angular momenta

L = 0.
These constraints, however, are not independent. To see

this, consider the null space of the projector on the L =
0 channel of three particles. Any three-particle cluster in
the null space of this operator will attach at least two ze-
ros. However, this property is not true for the four-particle
states T6, T4, T3, T5 or for the three-particle L = 0 state,
because any state containing these terms will attach no zeros
when three particles are brought close together. Thus pro-
jecting out the three-particle L = 0 state projects out these
additional channels also. The independent constraints can
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4 zeros
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FIG. 3. �-level description of the four-particle p = 1 bosonic CF state with minimum total angular momentum (left) without any restriction
(L = 0); (right) when only two � levels are allowed for filling factor ν = 2/3.

therefore be implemented by projecting out the following
states:

(1) Three-particle channels of relative angular momenta
L = 0, and

(2) Four-particle channels in the state T22.
The sequence of zeros attached to clusters of particles

can be intuitively seen from the �-level structure of the
composite fermions in the 2/3 state, more specifically, from
the constraint that the composite fermions must compactly
occupy the two lowest � levels.

Note that the N -boson state wherein all the bosons occupy
the m = 0 state corresponds to the state where the compos-
ite fermions occupy the lowest-angular-momentum states of
the lowest N �-levels, i.e., the states (� = 1,m = 0), (� =
2,m = −1) . . . (� = N,m = 1 − N ). This, for the case of
N = 3, 4, and 5, is shown on the left-hand side of the three
rows in Fig. 3. Also note that while the angular momenta
of the composite fermions are not the same as those of the
bosons, the changes made in angular momenta are the same.

Now consider the case where there are three bosons located
close to the origin, in the m = 0 state. This is represented
by the top-left panel of Fig. 3. In order to convert the state
into the 2/3 state, the third particle, which is in the � = 3
level, needs to be brought to the second � level. However, due
to the fermionlike exclusion by the two remaining particles
that are already occupying � = 1, 2 orbitals, the third particle
needs to be moved to an orbital with +2 angular momentum;
equivalently, the boson should be placed in the LLL orbital
of angular momentum 2, i.e., in the orbital ∼ z2

3. Thus the
particle sees two zeros in the vicinity of the origin. Note

that these zeros arise as a result of exclusion by the two
other particles and, therefore, if the two particles are moved
to another location, the zeros will move with them rather
than stay at the origin. It is interesting to note that the com-
plex correlations between the bosons, which effectively are
complex many-body constraints, are reflected as a simple
Fermi exclusion constraint for composite fermions. The clus-
ter of the three bosons has a total angular momentum of
2, which explains the absence of a total relative angular
momentum zero state of the three particles in the CF state.

Consider now the case of four particles shown in Fig. 3,
second row. When the fourth boson is in the angular mo-
mentum zero state, the corresponding composite fermion is
in the � = 4 level, and in the angular momentum −3 state.
In order to bring this composite fermion into the first two
� levels, the fourth particle needs to be placed in the � = 1
and m = 1 orbital, which requires an addition of four units of
angular momentum to the composite fermions, and therefore
also taking the boson from its z0 (i.e., m = 0) state to
the z4 (i.e., m = 4) state. Again, by the arguments similar
to the previous case, this implies that the boson sees four
zeros in the cluster of three other particles. The total angular
momentum of the cluster of these four particles is 2 + 4.
Given the �-level constraint and the Fermi exclusion, there
is no way to reduce this angular momentum of the cluster.
Thus the minimum relative angular momentum of the cluster
of four particles is 6. This explains the absence of four-particle
clusters with total relative angular momentum L � 5 in the
CF states. These arguments also give an upper bound on
the single-particle angular momenta of the most compact
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clusters (smallest radius, i.e., smallest maximal single-particle
angular momentum). The most compact cluster is obtained by
placing the fourth boson in the angular momentum 4 state.
This implies that the most compact cluster of four particles
does not contain a single-particle angular momentum 6 state.
This explains the absence of the T6 state in the 2/3 wave
function.

Similar arguments, summarized in the third row of Fig. 3,
show that the fifth particle sees five zeros in the cluster of
the remaining four particles. Further analysis along the same
lines reproduces the vanishing sequence for the 2/3 state
(0, 0, 2, 4, 5, 7, 8 . . . ).

For N = 4 particles, we can explicitly perform the LLL
projection and expand the bosonic/fermionic CF state wave
function in terms of translationally invariant symmetric poly-
nomials. The 2/3 state of four particles is given by

�
(B )
2/3 = 1√

4945
(4

√
61T42 − 63T33). (18)

For the fermionic CF state, we have two different types of LLL
projection, Jain-Kamila projection (JKP) and direct projection
(DP). Up to a Jastrow factor, the 2/5 state is given by

�
(F )
2/5,JKP = 1√

3913
(3

√
61T42 − 58T33), (19)

�
(F )
2/5,DP = 1√

17630
(7

√
61T42 − 121T33). (20)

Although the coefficients of T42 and T33 are slightly differ-
ent in the different cases, T6 is absent in all cases. Such uni-
versal absence supports the fact that the missing polynomials
are consequences of CF �-level structures.

VI. NUMERICAL CONSTRUCTION OF Tμ

ON THE SPHERE

In order to numerically study the system, without being
affected by edge effects, we will use the spherical geometry.
The bosons are confined to the surface of a sphere with a
uniform radial magnetic field originating from a monopole
of charge 2Q (in units of magnetic flux quanta) placed at
the center. In this section we will describe the states in the
spherical geometry which are analogous to the translationally
invariant polynomials Tμ in the disk geometry which were
discussed in the previous sections.

Translationally invariant polynomials Tμ in the disk ge-
ometry have the property that the polynomials are invariant
under a constant translation zi = zi + a for every particle
i. The center-of-mass angular momentum of any such state
is 0. Corresponding to each translation invariant state, one
can construct a sequence of center-of-mass excitations of

these states by multiplying by (
∑Nb

i=1 zi )
M

, where M is the
center-of-mass angular momentum. For any translation and
rotational invariant Hamiltonian, the energy eigenvalues are
independent of the center-of-mass angular momenta. Thus
these sequence of states form a degenerate multiplet. Note that
the center-of-mass excitations are not translationally invariant.

The combination of translational and rotational invari-
ance of the Hamiltonian in the disk geometry corresponds
to the full three-dimensional rotational invariance on the

sphere. As a result, eigenstates are orbital-angular-momentum
eigenstates, and states that differ in the Lz quantum num-
ber form a degenerate multiplet. Angular momentum rais-
ing/lowering (L+/L−) in the sphere therefore corresponds to
an increase/decrease in center of mass angular momentum
in the corresponding scenario in the plane. Translationally
invariant states have the lowest center-of-mass angular mo-
menta and therefore correspond to the highest weight states in
the spherical geometry. The full-angular-momentum multiplet
can be obtained by sequentially using the raising operator L+
on this state.

This argument can be applied to the special case of a single
particle to show that an angular momentum m single-particle
state in the disk corresponds to an angular momentum m − Q

state in the sphere. This can be seen from the fact that a
translationally invariant state in the disk is a zero-angular-
momentum state, and center-of-mass excitations are the states
zm. In the case of the spherical geometry, these correspond
to the highest weight state with angular momentum m =
−Q and the remaining 2Q states in its angular momentum
multiplet.

The correspondence between the single-particle states im-
plies that an N -particle translationally invariant state of total
relative angular momentum L on the disk corresponds to a
highest weight state of total angular momentum |L − NQ| on
the sphere.

For instance, the Hamiltonian that projects out the relative
angular momentum L = 0 states for any three particles can be
written as

H =
N∑

i<j<k=1

Pijk (L = 3Q), (21)

where Pij...(L) is the projector on to angular momentum L

multiplet of the particles i, j . . . , which is given by

Pij...(L) =
L∑

m=−L

∣∣ψij...

(L,m)

〉〈
ψ

ij...

(L,m)

∣∣, (22)

where ψ
ij...

(L,m) is the state of the particles ij . . . of total angular
momentum L and a z-component Lz = m. In case there is
more than one multiplet of the same L, the projector requires
additional labels. For instance, in the case of the L = 4Q − 4
(corresponding to L = 4 of the disk), there are two orthogonal
states which correspond to T4 and T22 in the disk. In the case
of L = 4Q − 6, there are three states corresponding to T6, T42,
and T33 in the disk.

The highest weight states corresponding to Tμ can in
principle be obtained by constructing the spaces parallel and
perpendicular to Pμ, as was done in the case of the disk
geometry. Equivalently, they can be constructed using the
zero sequences (Table III). For instance, T6 does not vanish
if three particles are brought close together, whereas T42 and
T33 do vanish. Therefore T6 is the only nonzero eigenvalue
state of the operator

∑
Pijk (L = 3Q) in the L = 4Q − 6

angular momentum space. The states T42 and T33 span the null
space. T33 can be separated from T42 by using the fact that
T33 is in the null space of the projector into the three-particle
states of angular momenta L = 3Q − 2. T42 is then the vector
orthogonal to T33 and T6.
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FIG. 4. Comparison of coefficients of Tμ (when expanded in
monomial symmetric polynomials) in the disk and the spherical
geometry. At finite Q, μ = 6 (μ = 33) shows the maximum (min-
imum) deviation from the disk geometry coefficients.

The states T33, T42, T6 can also be identified by projecting
out single-particle states. T33 is the only state in the null space
of the projector onto all single-particle states of L = Q − 6
and L = Q − 4. In the two-dimensional space orthogonal to
T33, T42 is the only null vector of the projector onto L =
Q − 6. It was checked numerically that the two approaches—
(1) using the zero sequence and (2) single-particle angular
momenta—give the same results for Tμ.

In the limit of large Q, it is expected that the highest weight
states in the Tμ multiplets approach those obtained via stere-
ographic projection from the disk. To check that this indeed
is the case, we compared the coefficients in the expansion of
Tμ in terms of the monomial symmetric polynomials in the
disk and spherical geometry. We considered the state T disk

μ in
the disk geometry and the corresponding state in the spherical
geometry T

sphere
μ given by

T disk
μ =

∑
λ

cdisc
λ Pλ, T sphere

μ =
∑
λ′

c
sphere
λ′ Pλ′ , (23)

where λ′
i = λi − Q and calculated

〈
T disk

μ

∣∣T sphere
μ

〉 def=
∑

λ

cdisc
λ c

sphere
λ′ . (24)

The coefficients cλ’s are defined such that Tμ and Pλ are nor-
malized. As shown in Fig. 4, this quantity indeed approaches
1 for each μ in the limit of Q → ∞. The difference between
the coefficients in the sphere for finite Q and the disk is a
consequence of the curvature. With increasing Q, the effect of
curvature vanishes and the coefficients approach each other.
The state T33 is the most compact and T6 is the least. As
a result, the latter shows the maximum deviation from disk
coefficients due to curvature, as can be seen in Fig. 4.

VII. N -PARTICLE CONSTRAINTS

In this section we numerically show that the N -particle
constraints derived earlier are indeed satisfied by the CF state
as well as the Coulomb ground state at filling fraction 2/3.

TABLE IV. Numerically obtained expectation values of the
three-particle projector

∑
i<j<k Pijk (L) for L = 3Q − 0 and 3Q − 2

for the three states: (i) CF state obtained by performing exact orthog-
onal projection into the lowest Landau level, (ii) CF state obtained by
Jain Kamila projection, and (iii) ground state of the lowest-Landau-
level Coulomb interaction. Different columns indicate the values for
N = 6, 8, and 10.

state ↓ 3Q − L = 0 3Q − L = 2

Nb → 6 8 10 6 8 10
Exact 0 0 0 0.40 0.87 2.23
JK 0 0 0 0.29 0.67 1.73
Coulomb 4.1 × 10−5 2.7 × 10−4 9.51 × 10−4 0.63 1.18 3.08

The expectation value of the projector

PN (L) =
∑

i1,i2...iN

Pi1,i2...iN (L) (25)

can be used to check if an angular momentum L of the
N -particle sector is forbidden in a given state. Here Pi,j,...(L)
is the projector into the angular momentum L sector of the
particles i, j, . . .. For instance, the absence of three-particle
states of relative angular momentum L = 0 in the CF state im-
plies vanishing of the expectation value of P3(L = 3Q − 0).
These expectation values are shown in Table IV for different
states as well as different finite-size systems of Nb bosons.
The constraint is satisfied both by the CF state obtained
by exact projection and Jain-Kamila projection. To a good
approximation, the same constraints are satisfied also by the
Coulomb ground state. In contrast, the L = 2 sector of three
particles is allowed, and this results in a finite expectation
value of P3(L = 3Q − 2).

Table V shows the results for calculations in the N = 4
particle sector. In agreement with the constraints derived from
the root partition for the CF state, we find that there are
no four-particle clusters in the angular momentum sectors

TABLE V. Numerically obtained expectation values of the pro-
jectors into four-particle sectors of angular momenta 4Q − L =
0, 2, 3, 4, and 5. As expected from the constraints derived from the
vanishing properties of the wave function, these are exactly zero for
the 2/3 CF state, independent of whether the exact or the Jain-Kamila
projection is used. The Coulomb state also shows small values of
this expectation value. The last three columns show the expectation
value for the projectors into the three linearly independent states in
the space of angular momentum 4Q − L = 6.

4Q − L → 0 2 3 4 5 6

Nb ↓ T6 T42 T33

Exact 6 0 0 0 0 0 0 0.27 2.7
8 0 0 0 0 0 0 0.51 4.7

10 0 0 0 0 0 0 1.2 10.2
JK 6 0 0 0 0 0 0 0.19 2.8

8 0 0 0 0 0 0 0.39 4.8
10 0 0 0 0 0 0 0.91 10.4

Coulomb 6 0 0 0 0 0 10−4 0.42 2.5
8 10−12 10−7 10−5 10−3 10−4 10−4 0.69 4.6

10 10−6 10−6 10−6 10−3 10−7 10−4 1.7 10.1
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FIG. 5. The expectation value of the projector Pλ into the four-
particle sectors in a linear combination T42 + λT33. For Nb > 6, there
is no specific linear combination that is fully projected out. λmin

indicates the minima of the expectation value.

L = 4Q − L = 0, 2, 3, 4, and 5 in the CF state as well as the
Coulomb ground state to a good approximation. Four-particle
clusters can be in the L = 4Q − L = 6 sector only as a linear
combination of T42 and T33.

The root partition of the CF state does not directly impose
any constraint on the state of four-particle clusters in the L =
6 subspace. To further understand the state of four-particle
clusters in the angular momentum L = 4Q − L = 6 channel,
we numerically find the expectation value of the operator
defined as follows,

Pλ =
∑

i<j<k<l

Pijkl (T42 + λT33), (26)

FIG. 6. (Top) Deviation from 1 of the overlap-square of the CF
wave function (obtained with exact projection) with the ground state
of the constraint Hamiltonian [Eq. (27)] as a function of the mixing
parameter λ. (Bottom) The ground-state energy of the Hamiltonian.
Different lines show the coefficient V6 of the projector onto T42 +
λT33. The left and the right panels show results for systems with N =
8 and 10 bosons, respectively.

where Pijkl (T42 + λT33) is the projector into the state T42 +
λT33 (parametrized by the mixing λ) of the four particles
i, j, k, l. If there is a specific linear combination λ0 that is
not allowed in the CF state, the corresponding expectation
value Pλ0 should vanish. Note that this is equivalent to all the
four-particle clusters in angular momentum L = 6 being in
the orthogonal state λ0T42 − T33.

Note that λ is a constant and cannot be a function of any
remaining coordinates, as the angular momentum, i.e., the
order of the polynomial in zi’s, is 6 and T33 itself is of order
6. Figure 5 shows the numerically computed values of the
expectation values 〈Pλ〉 (for the CF state and the Coulomb
ground state) as a function of −1 < λ < 1. We find that for
Nb > 6 there is no λ at which 〈Pλ〉 vanishes in the CF state.

Figure 6 shows the result of the diagonalization of the
following Hamiltonian which, in addition to projecting out
(N ,L) = (3, 0) and (4,4) projects out specific linear combi-
nations T42 + λT33. For consistency of definitions in different
systems, we will define T33 and T42 such that coefficients of
P33 and P42 in T33 and T42 have opposite signs:

H0 =
∑

i<j<k

Pijk (L = 3Q) +
∑

i<j<k<l

Pijkl (L = 4Q − 4)

H1 =
∑

i<j<k<l

Pijkl (T42 + λT33)

H = H0 + V6H1. (27)

The spectrum of H0 has multiple zero energy states, whose
number increases with the number of particles. A unique
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FIG. 7. Ground-state energies of Nb = 8, 10, and 12 particles
for the Hamiltonian in Eq. (27) in the broader regime λ ∈ (−∞, ∞)
and for V6 = 0.2. The shaded region shows the parameters where the
ground state has nonzero angular momentum.

ground state is obtained upon adding H1. However, we find
that for generic λ, the null spaces of H0 and H1 contain no
common states. As a result there is no zero energy state for
generic λ. The energy of the ground state depends on the
strength V6 of H1. For λ = 0, H1 projects out the T42 state and
the Gaffnian is the zero energy ground state [20]. Numerically,
the root partition of the state can be verified to be 003366 . . . .
We find an additional zero energy state at λ ≈ −0.19034 for
Nb = 8, λ ≈ −0.18191 for Nb = 10, and λ ≈ −0.17743 for
Nb = 12, whose root partition is the same as the root partition
of the CF state at 2/3.

It was reported in Ref. [12] that there are E[Nb+2
4 ] L =

0 states in the space of states subdominant to the CF root
partition (E[x] being the integer part of x). For the system
sizes considered here, the numbers are 2, 3, and 4 for Nb =
8, 10, and 12, respectively. This implies that imposing the
constraints implied by the root partition do not uniquely
identify a state. However, Eq. (27) uniquely identifies a zero
energy state with the CF root partition. This suggests that the
constraint H1 cannot be a consequence of constraints on the
root partition. However, we find that this state is not identical
to the CF state, as can be inferred from the overlap of the state
with the CF state (top panel of Fig. 6).

It is useful here to discuss briefly the numerical procedure
used to determine the root partition. Exact diagonalization
gives the normalized ground states expanded in normalized
states Pμ as ψ = ∑

μ cμPμ. In general, due to the finite

precision of our numerics, all coefficients will be nonzero. In
addition, error in determining the mixing parameter λ leads
to additional finite coefficients. We searched for the dominant
partitions among all the partitions μ with coefficients |cμ| >

10−8 in the ground states. The CF root partition α, which has
a coefficient |cα| of the order of 10−3, 10−4, 10−5 in the case
of system sizes Nb = 8, 10, 12, dominates all partitions with
coefficients greater than 10−8. This can be made quantitative
using the measure 1 − |〈gs|P |gs〉|, where P projects into all
states that are subdominant to the CF root partition. For the
case of N = 8, 10, 12 we find this number to be of the order
of 10−14, 10−15, 10−15, respectively.

Figure 7 shows the ground-state energies for the Hamilto-
nian in a broader range of λ. For Nb = 10, there appear to
be two additional zero energy states. However, a clear root
partition could not be obtained for the remaining states.

VIII. EXCITATION SPECTRA

To further explore the question of the relation between the
λ state and the CF state, we consider excitations, which can be
a very sensitive test of the nature of a state. We consider the
neutral excitations as well as quasiparticles and quasiholes,
obtained by subtraction and addition of flux to the system. In
each case, we choose the value of λ corresponding to the zero
energy ground state.

The counting of low-energy states as well as their quantum
numbers is well understood for the CF states [6,46,47]. Within
the CF theory, the state of Nb bosons at flux 2Q maps into
a state of Nb weakly interacting fermions at flux 2Q∗ =
2Q − N + 1. The quantum numbers of the low-energy states

TABLE VI. Angular momentum quantum numbers Ltot for the
CF 2/3 state for the systems (Nb, 2Q) for which the spectra are
shown in Figs. 8, 9, and 10. For the ground state (gs), the Ltot = 0
corresponds to the ground state and the other values of Ltot to the
neutral excitation (see text for details). The other results are for one,
two, and three quasiparticles (1QP, 2QP, and 3QP) and for one, two
quasiholes (1QH, 2QH).

(Nb, 2Q) Ltot for 2/3 CF states

gs (Fig. 8) (8,9) 0(gs),2,3,4,5
(10,12) 0(gs),2,3,4,5,6
(12,15) 0(gs),2,3,4,5,6,7

3QP (Fig. 9, top) (9,9) 1.5,2.5,4.5
(11,12) 0,2,3,4,6
(13,15) 1.5,2.5,3.5,4.5,5.5,7.5

2QP (Fig. 9, middle) (8,8) 0,2,4
(10,11) 1,3,5
(12,14) 0,2,4,6

1QP (Fig. 9, bottom) (9,10) 3
(11,13) 3.5
(13,16) 4

1QH (Fig. 10, top) (7,8) 2
(9,11) 2.5
(11,14) 3

2QH (Fig. 10, bottom) (8,10) 0,2,4
(10,13) 1,3,5
(12,16) 0,2,4,6
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FIG. 8. Spectra of the Hamiltonian [Eq. (27)] for systems in the ground-state flux sector of the 2/3 bosonic state. The panels show spectra
for different system sizes. Ltot indicates the total angular momentum quantum number of Nb bosons. The counting of the neutral mode is same
as in the 2/3 CF spectrum. Note that for the case of the 2/3 CF state the neutral mode states occur at Ltot = 2, 3, 4 . . .

Nb

2 + 1. The mixing
parameter (λ ≈ 0.2) in each case corresponds to the one where the zero energy state is found.

can be obtained for the latter by simple angular momentum
algebra. Consider, for example, the neutral excitations. For
the CF state for bosons at ν = 2/3, we have N0 = Nb/2 − 1
composite fermions in the lowest � level and N1 = Nb/2 + 1
composite fermions in the second � level. The lowest neu-

tral excitation corresponds to the excitation of a composite
fermion from the second to the third � level, creating a CF
hole with angular momentum l∗h = Nb/4 and a CF particle
with angular momentum l∗p = Nb/4 + 1. This produces states

at total angular momenta Ltot = 2, 3, · · · Nb

2 + 1, where we

FIG. 9. Spectra of the Hamiltonian in Eq. (27) for systems where we expect 2/3 bosonic states with a few quasiparticles. Different columns
indicate different system sizes. In each case, the value of λ is used at which a zero energy state was obtained in ground-state sector of
Nb = 8, 10, 12 particles, respectively. The top, middle, and bottom panels indicate systems where we expect three, two, and one quasiparticles
in the CF spectrum. The angular momenta of the low-lying states are the same as those in the corresponding spectra of the 2/3 CF state
(compare with Table VI).
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FIG. 10. (Top) Spectra of the Hamiltonian in Eq. (27) for systems where the CF theory would predict 2/3 bosonic states with a quasihole
at angular momentum quantum number Ltot = Nb+1

4 . The spectra for our model interaction produces a very different structure, with several
nearly degenerate low-energy states. (Bottom) Spectra for a system with one additional flux, which corresponds to two quasiholes for the 2/3
CF state. Instead, we see a proliferation of low-energy states. The numbers next to the markers indicate the number of almost zero energy
states (all depicted by the lowest dash) at that angular momentum.

have used that the state at L = 1 is annihilated upon LLL
projection [46]. Table VI shows the quantum numbers of the
low-energy states for several systems as predicted by the CF
theory. We now give results for the model interaction that
produces the λ state as the exact zero energy ground state.

Figure 8 shows the spectrum of the λ state, obtained by
diagonalizing the model Hamiltonian. The zero energy state
is nondegenerate and has a finite gap separating it from a

low-energy mode, which has the same counting as the neutral
modes of the 2/3 CF state.

Figure 9 shows the low-energy spectra for particle numbers
and fluxes where we expect a few quasiparticles in the 2/3 CF
state. Addition of a particle to the system without changing the
number of fluxes should result in three quasiparticles of the
CF state. The allowed angular momenta and the counting of
low-energy three-quasiparticle states matches exactly with the

FIG. 11. Same as in Fig. 10 but with the energy axis drawn in log-scale to reveal the structure of the states with almost zero energy. The
lowest energy states for Nb > 8 have the same counting as expected from CF theory but are not well separated from other states.
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top panel of Fig. 9. For instance, for the (Nb, 2Q) = (13, 15)
system, the three quasiparticles of the CF state should result in
single low-lying states at Ltot = 1.5, 2.5, . . . , 5.5 and Ltot =
7.5. The low-energy states are well separated from the bulk
states for V6 ∼ 1, but the gap decreases as V6 decreases.

Removal of a flux from the ground-state sector without
changing the number of bosons results in two quasiparticles of
the CF state. Again, the counting of the two-QH state matches
with the counting of the low-energy states seen in the middle
panels of Fig. 9.

Addition of a flux and a particle to the ground-state flux
sector gives a single quasiparticle of the CF state. This should
result in a single low-energy state at angular momentum
Ltot = 1

4 (Nb + 3). This is indeed what we see in spectra of the
constraint Hamiltonian shown in the bottom panels of Fig. 9.

Removal of a particle and a flux should produce a single
quasihole of the CF state. This should result in a single
low-energy state in the spectrum at angular momentum Ltot =
(Nb + 1)/4. The spectra of the constraint Hamiltonian for the
corresponding system (Fig. 10) show a qualitatively different
structure. We expect a two-quasihole state upon addition of a
flux to the ground-state sector. The angular momenta of the
corresponding low-lying states in the CF spectra are given
in Table VI. The spectrum of the constraint Hamiltonian
instead shows a proliferation of almost zero energy states
upon addition of flux. This could indicate that the λ state is
potentially a gapless state in the thermodynamic limit [36].
In both these cases, we find that the constraint Hamiltonian
produces a significantly larger number of low-energy states
than the 2/3 CF state. Careful analysis of the spectra shows
that for Nb > 8, the lowest energy states occur at quantum
numbers predicted by the CF theory but are not separated
from other states by an identifiable gap. This can seen when
the energy axis of the spectra are in a log-scale, as shown in
Fig. 11.

In summary, for quasiparticles as well as for neutral excita-
tions, the constraint Hamiltonian produces the same counting
of low-energy states as the 2/3 CF state. For quasiholes, how-
ever, the constraint Hamiltonian produces more low-energy
states than the 2/3 CF state.

IX. CONCLUSIONS

The initial motivation behind this work was to construct
a local interaction for which the general CF wave functions
are unique zero energy solutions. We considered the simplest
nontrivial case, namely, bosonic 2/3 FQHE, for this purpose.
We have found that no interaction, including up to four-
particle interactions, obtains the CF 2/3 state as the exact and
unique zero energy solution.

We have, however, identified an interaction that produces
a zero energy state, called the λ state. There are many
indications that the λ state is topologically equivalent to
the CF state. The two have high overlaps, the same root
partitions, and the same quantum numbers for the neutral
and quasiparticle excitations. However, their quasihole spectra
do not produce a band of low-energy states consistent with
the QH band expected from the CF theory. The number of
almost zero energy quasihole states rapidly increases with

addition of fluxes, potentially indicating a gapless state in the
thermodynamic limit.
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APPENDIX: CORRESPONDENCE BETWEEN
DISK AND SPHERE

We show two results in this Appendix. First, wave func-
tions that are annihilated by L− in the spherical geome-
try (i.e., are highest weight states with Lz = −L) produce,
upon stereographic projection, disk wave functions that are
translationally invariant. Second, the CF wave function of
an integer number of filled � levels in the sphere produces,
after stereographic projection, the most compact disk wave
function, i.e., the disk wave function that has the smallest size.

First let us define how to transform from sphere to disk.
The stereographic projection corresponds to

u

v
→ z. (A1)

The LLL single-particle spherical wave function in general
has the form

v2Qf (u/v) = v2Qf (z),

which implies that the many-body wave function in the LLL
has the form ∏

j

v
2Q
j f ({zj }). (A2)

We shall identify f ({zj }) with the polynomial part of the
disk wave function. In particular, the spherical Jastrow factor
transforms into∏

j<k

(uivj − viuj )p =
∏
j

v
2pQ1
j

∏
j

(zj − zk )p, (A3)

where 2Q1 = N − 1 is the flux corresponding to filling
factor 1.

Theorem 1. Wave functions that are annihilated by L− in
the spherical geometry produce disk wave functions that are
translationally invariant.

The proof is straightforward. Following the notation of
Ref. [6], let us now consider a spherical wave function that
satisfies the condition

L−
∏
j

v
2Q
j f (z) = 0, (A4)

where

L− = −
∑

j

vj

∂

∂uj

(A5)
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is the angular momentum lowering operator. The condition
L−

∏
j v

2Q
j f (z) = 0 is equivalent to

∑
k

∂

∂zk

f (z) = 0, (A6)

which is precisely the condition for translational invariance
f (zj + η) = f (zj ). �

To see how the FQHE wave functions transform, let us
consider the ν∗ = 2 state with two filled � levels, which
corresponds to 2/5 for fermions and 2/3 for bosons. In fact,
in what follows we can consider any filling factor ν∗ � 2.
Further, we will consider only states obtained from a single
Slater determinant and so will drop multiplicative factors.

Let us recall the operators for the lowest �L:

YQ∗,0,m = uQ∗+mvQ∗−m, (A7)

and for the second �L:

YQ∗,1,m = uQ∗+mvQ∗−m[(Q∗ + m + 1)v∂v

− (Q∗ − m + 1)u∂u], (A8)

where 2Q∗ is the effective flux for composite fermions. A
determinant formed from these operators on either a Jastrow
factor (for bosons) or a Jastrow factor squared (fermions). We
now make the transformation from u, v to z = u/v, v, which

corresponds to

u∂u → z∂z (A9)

and

v∂v → −z∂z + v∂v. (A10)

In terms of the new variables we have

YQ∗,0,m = zQ∗+mv2Q∗
, (A11)

YQ∗,1,m = zQ∗+mv2Q∗
[(Q∗ + m + 1)v∂v

− 2(Q∗ + 1)z∂z]. (A12)

Now, it turns out that v∂v ≡ 2pQ1 when applied to the
Jastrow factor in Eq. (A3).

The disk geometry wave function is thus a Slater determi-
nant composed of

Y0,m = zm,
(A13)

m = 0, 1, . . . 2Q∗,

Y1,m = zm[(m + 1)2pQ1 − 2(Q∗ + 1)z∂z],
(A14)

m = −1, · · · 2Q∗ + 1,

which acts on
∏

j<k (zj − zk )p.
Let us consider the bosonic ν = 2/3, for which Q∗ =

(N − 4)/4 and p = 1, and we make a Slater determinant with
all Y0,m and Y1,m. After eliminating many terms using row
operations, we get the following form:

χ2/3 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 · · ·
z1 z2 · · ·
.. .. · · ·

z
2Q∗
1 z

2Q∗
2 · · ·

∂1 ∂2 · · ·
z1∂1 z2∂2 · · ·
.. .. · · ·

z
2Q∗+1
1 ∂1 z

2Q∗+1
2 ∂2 · · ·

2Q1z
2Q∗+1
1 − z

2Q∗+2
1 ∂1 2Q1z

2Q∗+1
2 − z

2Q∗+2
2 ∂2 · · ·

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∏
j<k

(zj − zk ). (A15)

Note that the first term in the last row cannot be eliminated.
As proved before, this wave function is guaranteed to be translationally invariant. What is the largest power of z1 in this wave

function? One may naively think that it is 3
2N − 2, which is the sum of N − 1 from the Jastrow factor and 2Q∗ + 1 = N

2 − 1
from the last row in the Slater determinant. However, because

[
2Q1z

2Q∗+1
1 − z

2Q∗+2
1 ∂1

]
zN−1

1 = 0 (A16)

with 2Q1 = N − 1, this power is absent. In other words, the outermost occupied orbital has mmax = 3
2N − 3. If we write the

wave function directly in the disk geometry with half of the composite fermions in the lowest �L and half in the second �L, we
would get mmax = N − 1 + (N/2) − 1 = 3

2N − 2.

235139-17



SREEJITH, FREMLING, JEON, AND JAIN PHYSICAL REVIEW B 98, 235139 (2018)

The same remains true for the fermionic 2/5 state with p = 2:

χ2/5 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 · · ·
z1 z2 · · ·
.. .. · · ·

z
2Q∗
1 z

2Q∗
2 · · ·

∂1 ∂2 · · ·
z1∂1 z2∂2 · · ·
.. .. · · ·

z
2Q∗+1
1 ∂1 z

2Q∗+1
2 ∂2 · · ·

4Q1z
2Q∗+1
1 − z

2Q∗+2
1 ∂1 4Q1z

2Q∗+1
2 − z

2Q∗+2
2 ∂2 · · ·

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∏
j<k

(zj − zk )2. (A17)

Following in the same fashion as before, the outermost occupied orbital has mmax = 5
2N − 4 (rather than the naive 5

2N − 3).
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