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The interatomic force constants of the SiO2 polymorph stishovite at linear order, obtained from the first-
principles calculations, are analyzed. I examine the noncentrality, anisotropy, and long-range behavior of the
interatomic force constants. Comparisons witha-quartz are also made.@S0163-1829~96!09334-4#

Among many crystalline polymorphs of SiO2, high-
pressure phase stishovite1 has a distinct octahedral bonding
configuration, i.e., stishovite has Si atoms surrounded by six
O atoms and O atoms surrounded by 3 Si atoms,2 whereas
other polymorphs such as a-quartz, tridymite,
b-cristobalite, and coesite have tetrahedral bonding configu-
rations in which Si atoms are surrounded by 4 O atoms and
O atoms by 2 Si atoms.3 Local bonding configurations
greatly influence the lattice dynamics of solids. Since the
technique to obtainab initio interatomic force constants
~IFC’s! at linear order are available,4,5 it is of interest to
analyze the interatomic force constants of stishovite to better
understand the interaction between atoms in octahedral con-
figurations. It is also of interest to compare stishovite and
a-quartz in their interatomic force constants to shed light on
the differences due to the bonding configurations.

In this paper, I present the longitudinal and transverse
components of the IFC’s of stishovite as functions of inter-
atomic distance and analyze the longitudinal components
into the long-ranged dipole-dipole and the short-ranged ‘‘co-
valent’’ parts and their respective behavior as functions of
distance between two atoms. I also make comparisons with
those ofa-quartz.

The IFCF i j
ak,bk8 is defined as the force at linear order in

direction j on atomk8 in cell b due to a unit displacement in
direction i of atomk in cell a from its equilibrium position.
Therefore, it is the negative of the second-order derivative of
the ground-state energy with respect to displacement in di-
rection i of atomk in cell a and displacement in direction
j of atomk8 in cell b. IFC’s can be obtained from the first
principles by recent development of density-functional per-
turbation theory.6 The theory has been implemented with
various kinds of basis sets such as plane waves, linear
muffin-tin orbital, and linearized augmented plane waves.7–9

Detailed presentation on how to calculate IFC’s using
density-functional perturbation theory can be found in Ref.
4.

The unit cell of stishovite is tetragonal with 2 Si and 4 O
atoms in it. In this paper, I use lattice constantsa54.14
Å and c52.66 Å and internal atomic coordinateu50.305
based on density-functional theory calculation,5 whereas the
corresponding experimental values area54.18 Å, c52.67
Å, and u50.3062.10 A Monkhorst-Pack11 grid ~2,2,4! for
phonon wave vector sampling, which corresponds to a 96-
atom real-space box, is used to calculate the IFC’s. This
gives us less than 2% convergence errors in phonon frequen-
cies.

In order to facilitate the analyses of the IFC’s of stisho-
vite, I choose the coordinate axes in such a way that axis 1 is
parallel to the line connecting the two atoms, the force vector
of atomk8 in cell b due to displacement of atomk in cell
a along axis 1 is in the plane spanned by axis 1 and axis 2,
and axis 3 is perpendicular to both axis 1 and axis 2. Obvi-

ously,F13
ak,bk8 is zero in this choice of system.

FIG. 1. Interatomic force constants between a pair of Si-Si at-
oms in stishovite. Interatomic distances are in Å and interatomic

force constants are eV/Å2. ~a! F11
ak,bk8 ~filled circles! and

F22
ak,bk82F33

ak,bk8 ~open circles!; ~b! long-ranged dipole-dipole

parts ofF11
ak,bk8 ~filled circles! and short-ranged covalent part of

F11
ak,bk8 ~open circles!.
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F11
ak,bk8 is referred to as the longitudinal IFC, whereas,

F22
ak,bk8 andF33

ak,bk8 are the transverse IFC’s. The two trans-
verse IFC’s are equal if the IFC are derived from two-body
central interatomic potentials.12,13 I show the longitudinal

IFC’s F11
ak,bk8 and the differences between the two trans-

verse IFC’s for pairs of Si-Si, O-O, and Si-O atoms in stisho-
vite in Figs. 1~a!, 2~a!, and 3~a!. One can observe that the

differences of the transverse IFC’sF22
ak,bk82F33

ak,bk8 are ap-
preciable in some cases, especially a pair of Si-Si atoms 3.21
Å apart, and pairs of Si-O atoms 1.75 and 1.79 Å apart.
Table I shows the IFC tensor elements for the nearest-
neighbor Si-Si, O-O, and Si-O atom pairs, which are 2.66 Å,
2.28 Å, and 1.75 Å apart, respectively. Some off-diagonal

elementsF12
ak,bk8 , F21

ak,bk8 , F23
ak,bk8 , andF32

ak,bk8 are non-
negligible. A pair of nearest-neighbor Si-O atoms shows the
largest difference of the transverse IFC’s, i.e., the strongest
noncentral character among the three nearest-neighbor pairs.
Therefore, a two-body central interatomic potential14,15 is in-
adequate to describe the interaction between atoms in stisho-
vite. In a-quartz, one can observe similar but smaller non-
central character in the interatomic force constants,4 where a
pair of nearest-neighbor Si-Si atoms shows stronger noncen-
tral character than the pairs of O-O and Si-O atoms.

Extending the definition of IFC, one can define the on-site
IFC F i j

ak,ak by the second-order derivative of the ground-

state energy with respect to the displacements in directioni
and j of a single atomk in cell a. The rules for choice of the
coordinate axes are ill defined, but one can still choose the
coordinate axes with a pair of nearest atoms. I show the
on-site IFC’s in stishovite in Table I.F i j

ak,ak for Si atoms are
diagonal with difference among the diagonal elements by a
factor of 1.65, whereasF i j

ak,ak for O atoms are also diagonal
with difference among the diagonal elements by a factor of
2.75.F11

ak,ak is largest for Si atoms, whereasF22
ak,ak is larg-

est for O atoms. The off-diagonal elements are zero by sym-
metry. This results from more isotropic local environments
of Si atoms at the center of slight distorted O octahedra than
those of O atoms at the center of slightly distorted Si equi-
lateral triangles. Ina-quartz, the diagonal elements of the
on-site IFC’s differ by a factor 1.09 for Si atoms with
F22

ak,ak largest, and by a factor of 10.6 for O atom with
F11

ak,ak largest, as shown in Table I of Ref. 4. The on-site
IFC’s in a-quartz also have nonzero off-diagonal elements.
It is notable the on-site IFC’s of O atoms ina-quartz are
even more anisotropic than those of O atoms in stishovite,
which again attributes to the anisotropy of the local environ-
ments that O atoms have only two Si atoms as the nearest
neighbors.

FIG. 2. Same as in Fig. 1 except that IFC’s are between a pair of
O-O atoms.

FIG. 3. Same as in Fig. 1 except that IFC’s are between a pair of
Si-O atoms. In~b!, the dipole-dipole parts for pairs 1.75 Å and 1.79
Å apart are 13.5253 eV/Å2 and 15.1346 eV/Å2, respectively. The
covalent parts are221.5182 eV/Å2 and219.8915 eV/Å2, respec-
tively. These are out of range and not shown.
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The asymptotic behavior of the IFC’s of dielectrics is
1/d3 within a factor of constant whered is the distance be-
tween two atoms, because a displaced atom induces a dipole
which gives rise to a electrostatic force field proportional to
1/d3. The actual expression of the long-range IFC due to a
dipole-dipole interaction is given in Ref. 4. Theab initio IFC
minus the corresponding dipole-dipole part is short-ranged
and can be regarded as ‘‘covalent’’ in nature. The longitudi-

nal IFC’s F11
ak,bk8 between atoms in stishovite are decom-

posed into the long-ranged dipole-dipole parts and short-
ranged covalent parts, and depicted in Figs. 1~b!, 2~b!, and
3~b!. The dipole-dipole parts show 1/d3 dependence and the
solid lines in all figures represent the least square fits of the
dipole-dipole parts of the longitudinal IFC’s to the isotropic
electrostatic force field. The rms deviations of the longitudi-
nal IFC’s from the corresponding isotropic electrostatic force
field are 21.3% for the pairs of Si-Si atoms, 51.8% for O-O
atoms, and 36.4% for Si-O atoms, respectively. The rms de-
viations of the dipole-dipole parts from the corresponding
the isotropic electrostatic force field are 7.1% for Si-Si at-
oms, 27.0% for O-O atoms, and 20.9%, respectively. The
rms deviations of the covalent IFC from zero are 0.5629
eV/Å2, 1.1714 eV/Å2, and 0.3435 eV/Å2, respectively.
~Here, I exclude the first and second nearest-neighbor Si-O
atoms 1.75 Å and 1.79 Å apart for the calculation of the
rms deviations because the dipole-dipole and covalent parts

of their longitudinal IFC’sF11
ak,bk8 are large and mutually

cancelling. See the caption of Fig. 3 for the excluded IFC’s.!
The longitudinal IFC’s fit well with the isotropic electrostatic
force field with exception of the first and second nearest-
neighbor pairs of Si-O atoms. Obviously, the fitted curves for
the pairs of Si-Si and O-O atoms are concave downward,

whereas those for Si-O atoms are concave upward. The co-
valent parts fall rapidly but found appreciable up to the sixth
nearest neighbor for the pairs of O-O and Si-O atoms, which
correspond to about 4 Å. Ina-quartz, the dipole-dipole parts
of O-O atoms, 44.7%, deviates more from the isotropic elec-
tric force field than those of stishovite, 27.0%. The covalent
parts ofa-quartz also fall rapidly with significant value up to
about 6 Å for Si-Si atoms.

In summary, I present theab initio IFC’s between the
pairs of atoms in stishovite obtained from calculations using
the density-functional perturbation theory. The longitudinal
and transverse components are studied as functions of dis-
tance between two atoms. The differences in the two trans-
verse components are significant in some pairs of atoms,
indicating the interactions are noncentral. Therefore, a two-
body central interatomic potential is found to be inadequate
to describe the interaction between atoms in stishovite. The
longitudinal components, when decomposed into the long-
ranged dipole-dipole and short-ranged covalent parts, reveal
asymptotic decays to the ones from isotropic electrostatic
force field. However, the covalent parts are not negligible up
to about 4 Å. On-site IFC’s provides insight on the anisot-
ropy of the local environments of each atom, i.e., Si atoms
feel more isotropic environments than O atoms. General fea-
tures are shared bya-quartz, but contrasts resulting from
different crystalline structures are discussed.
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