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Inversion symmetry and flux quantization in the nonrelativistic Chem-Simons solitons
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It is shown that the flux quantization of the nonrelativistic Chem-Simons soliton solutions is due to
the inversion symmetry of the system.

PACS number(s): 11.15.Kc, 11.10.Lm

Planar scalar fields interacting with Abelian Chern-
Simons gauge fields support static solitons. In relativistic
cases it is possible to obtain both topological and nonto-
pological soliton solutions [1,2]. In the nonrelativistic
limit Jackiw and Pi [3] (JP) were able to obtain exact ana-
lytic soliton solutions which are of nontopological type.

In relativistic theory the topological solitons have a
quantized magnetic flux, while the nontopological soli-
tons carry a continuous flux, as one would expect. Since
JP solitons are nonrelativistic limits of the relativistic
nontopological solitons, one may naturally expect that
their magnetic fluxes are not quantized. Therefore it is
puzzling that the JP solitons admit only a quantized mag-
netic ffux despite their nontopological origin. The reason
behind this flux quantization has not yet been clearly stat-
ed in the literature. One may suspect that there might be
some hidden topological reasons. In this Brief Report we
trace the mechanism of this flux quantization and show
that it is not topology, but the inversion symmetry that is
responsible for the flux quantization. This symmetry is
present only in the nonrelativistic limit, and the lack of
the symmetry in the relativistic model allows a continu-
ous magnetic ffux.

We begin with the actions: That of the relativistic
theory is

S = Jd x ,'as ~~A F& +—iD„@i V(4), —

V(e)=, )ei'(v' —ivy')',

(4)

Here we use different symbols 4 and P for the scalar
charged matter fields in order to distinguish clearly the
two systems.

The two systems admit a Bogomolnyi-type lower
bound on their energy, which gives a static self-dual
Chem-Simons equation for solitons. The equations for
the relativistic case are
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and, for the nonrelativistic case,

(D, +iD2)/=0 for a(0
and

and

e A=V~+ —,'VX lnp ('9)
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Letting @=&pe'" (or /=&pe' ), we can rewrite these
self-dual Chem-Simons equations as

SNR =Id x ,'ne ~ A F&r +—g'iDOQ (3)

where v is a constant, e and K are coupling constants, and
D =8 +ieA is a covariant derivative. The nonrela-
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2m The topological soliton in the relativistic case is deter-
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2(NO —I )
p(r) —+r ' as r~0,
p(r)~r ~i +" as r~m .

(12)

(13)

At the origin, A must be nonsingular, which determines
the phase co through the self-dual equation (9) as

co=(INo I

—I)e (14}

The single valuedness of %=&pe' (or g) requires that
~No~ be an integer. This integer No is reflected in the
partial quantization of the magnetic flux.

At infinity, A must also be nonsingular, but the self-
dual equation (9) does not give any constraint on the
phase co. Therefore the parameter a in p(r) in (13) is not
necessarily an integer. With this p, the flux can be evalu-
ated as

A dl

=e f (Vco+ ,'V Xlnp) dl-
P= oo

=2~(No —1)+ 2m.(a+ 1) . (15)

mined by the homotopy group

II,(S')=integer,

where at the asymptotic region (r~ ao ) p approaches the
spontaneous symmetry-breaking value u and the vector
field A becomes a pure gauge. The flux quantization
reflects this integer homotopy group. The nontopological
solitons both in the relativistic and nonrelativistic cases
are not related to this homotopy group. Therefore it is in
general possible to have a continuous flux.

The nontopological soliton solutions are obtained
analytically for the nonrelativistic case by Jackiw and Pi
[3] and only numerically for the relativistic case [1,2].
Their behaviors at the origin and infinity are

1r~ —,0~0,
I'

(16)
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the behavior of p at infinity is uniquely determined by
that of p at the orgin. Therefore the parameter a in solu-
tion (13) is fixed: i.e.,

a=NO . (18)

It is clear that the inversion symmetry in the nonrelativis-
tic case allows only the quantized flux

e4
2m

(19)

while the lack of this symmetry in the relativistic case
permits the continuous flux

e4
=1VO+cz .

2m
(20)
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There seems to be no reason for the flux to be quan-
tized either in the relativistic or nonrelativistic cases. It
is the inversion symmetry of the Liouville equation (10b)
which quantizes the number a in the nonrelativistic case.
Since the Liouville equation (10b} is invariant under the
transformation
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