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Vacuum polarization and spontaneous symmetry breaking in a two-dimensional massless fer-
mion field theory with quartic interactions (the Gross-Neveu model) are studied in a cylindrical
(R '&(S') space-time topology. In the case of untwisted fermion fields the symmetry-breaking be-
havior is similar to the model in Minkowski space-time except that the location of the effective po-
tential minima depends upon the size of the space. In the case of a twisted fermion field there ex-

ists a critical size of the space such that the symmetry breaking occurs only for space larger than
the critical one.

I. INTRODUCTION

Quantum field theories in a topologically nontrivial
space-time have been studied by various authors. The
Casimir effect is well known. ' The effects of topology on
the vacuum energy, mass generation, and spontaneous
symmetry breaking in a P self-interacting scalar theory
have been investigated. ' Vacuum polarization for
quantum electrodynamics in a S'&R space-time was
studied by Ford. Nontrivial topology may give rise to
new field configurations, so-called twisted fields as intro-
duced by Isham. Free twisted fields in various cases
have been discussed by Dewitt, Hart, and Isham. Twist-
ed scalar fields with P self-interaction and twisted spi-
nor fields in quantum electrodynamics have also been
studied.

In this paper we investigate the effects of topology in
the model proposed by Gross and Neveu. This model
contains many of the desirable features of a realistic field
theory, such as nontrivial scattering, renormalizability,
asymptotic freedom, and dynamical mass generation. In
addition, the model is well studied and the phase struc-
ture at finite temperature ' and density" have been an-
alyzed in the large-X (fermion component) limit. In Sec.
II we introduce the Gross-Neveu model in space-time
with an R ')&S' topology and study vacuum polarization
up to one-loop order. In Sec. III spontaneous symmetry
breaking is investigated by evaluating the effective poten-
tial in the large-X limit. The divergence and renormal-
ization of the potential is shown to be the same as the
model in Minkowski space-time. The minimum of the
potential depends on the size of the space coordinate L,

and therefore dynamically generated mass and the vacu-
um energy are functions of L.

In Sec. IV we consider the twisted fermion field whose
effective potential has a strong dependence upon the size

There exists a critical length L, such that only for
L )L, does spontaneous symmetry breaking occur, and
for a smaller size the symmetry remains unbroken. This
is quite analogous to the symmetry restoration by the
temperature effect. In the final section we discuss the
extremely small size limit (L ~0) and its implication in
connection with the Kaluza-Klein ansatz in dimensional
compactification.

II. VACUUM POLARIZATION

The Gross-Neveu model contains ¹ omponent fer-
mion fields with quartic interactions in two space-time
dimensions. Its Lagrangian density is

where P is the ¹omponent massless fermion field.
This model can be studied by using the equivalent La-
grangian

=pi + ,'o g(ittP—)c—r,—
which is more convenient for the analysis of spontaneous
symmetry breaking. In the large-N limit with fixed
A, =Ng the dominant Feynman diagrams are those con-
taining the maximal number of fermion loops. For ex-
ample, the lowest-order o. self-energy graph is simply a
one-fermion-loop contribution
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d k Trk'(ic' —P)
harp = —Xg (2') k (k —p)

Dg(p )= i—at p = —p

The renormalized propagator and self-energy are

(4)

—A

a(1 —a)p
—2 Dri(p, p )= —i 1+ ln( —p /p, )

277

where A is an ultraviolet cutoff. We renormalize by re-
quiring that the o. propagator,

D(p) =
1+i~(p)

satisfy

~z (p, p ) = ln( —p /p ) .
277

In this section we study the o. self-energy graph when
the space-time topology is R ')&5' (the space coordinate
is a circle with period L) instead of the original R 'XR '.
The lowest-order graph in 1/X is

Xg f dk ~ Trk'(jc —p )

2rrL — k (k p)

2 277+ 2m —k4p4—
2

f dk4
2 2&

k4 +
2 2

m (k4 —p4) +2 2n 2

L
(m n)— (6)

where

ab +x (x n)—
(a +x )[b +(x n) ]— (7)

2(a +b)rr sgn(a) sgn(b)
(a +b)2+n 2 e 2m(a) 1 e 2m(b)

where m =(L /2m. )k(, n =(L /2')pi are integers, and we
take the usual Wick rotation ko ——ik4, po ——ip4. We first
perform the summation

ab +m (m n)—
„(a2+m )[b +(m —n) ]

we find that the factor [exp(2my) —1] ' renders the in-
tegral finite. Since the divergence is wholly contained in
rr(p) and independent of L, the renormalization can be
done just as in Minkowski space-time.

The pole at spacelike momenta of the propagator (5)
signifies a spontaneous symmetry breaking. In our case
we have a correction term ~z(p ) —~z(p ) in the propa-
gator and it is not easy to see whether the pole persists
in spite of such a change. We will study the symmetry
breaking by examining the effective potential in the next
section.

and a = (L /2~)k4, b —= (L /2rr)(k~ —p~). From (6) and
(7) we find that

( )
2ikd , 4'

(2 )2 () 2vry

L
277

2
L 223' — p4 +&2'

~(p) =rr(p)+rrz(p),

where rr~(p) is the change in cr self-energy caused by the
change of the space-time topology.

We can see that the ultraviolet divergence of 5(p) is
contained only in ~(p), and ~z(p) is finite. By examin-
ing the integral

III. SPONTANEOUS SYMMETRY BREAKING

By examining the eff'ective potential V(o., ) Gross and
Neveu showed that their model exhibits a spontaneous
symmetry breaking. They evaluated V(cr, ) in leading
order in 1/X by summing the tree graph and all one-
loop graphs of the effective potential. It is

( 2o 2)n

V(o, )= —,'o, —iX g f (2rr)' n (k')"

= —,'o, — o, (lnA —lng cr, +1),
L23'+ p4

27T

23'+ p4 +n
L 2

2'

(10)

where cr, is the classical field defined by cr, = (0
~

cr
~

0).
In our case we cannot introduce the Lorentz-invariant

cutoff A because of the R ')&S' topology. We will take
the dimensional regularization as used by Ford and oth-
ers. ' The one-loop contribution to the effective poten-
tial (we denote it V, ) is
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g f d "k dko
(2m )"+'L „

(g2 2)n

n kp —k2 2

2 fl

d"+ 'k ln 1+
(2m) +'L

g 2o 2

2~
k + m

L

2 (12)

oo $ 2
Q

2

ln 1+ = f ln 1+ dw
a +m a +r

+2 ln
1 —e 2~( 2+ b 2)1/2

—2' Q

(13)

where the two-dimensional potential is obtained in the
limit co~0. For the summation we make use of the for-
mula

Then V1 can be expressed as

2 2

V, = — fd +kin 1+
(2~) + k2

(14)

where the first term is just the effective potential in the
Euclidean space-time which has the ultraviolet diver-
gence in it. In the limit co~O this term reproduces the
Gross-Neveu case. The second term 6 is the difference
of the effective potential between the Euclidean and the
R + ' &S ' space-time. It can be integrated as

L (k 2+ 2 2)1/2

(2 )~+'L —L'k )
/

2N

(2~) +'I
(co+ 1)/2

dxx ln
0co+1

2

L ( 2+ 2 2)1/'2
C

—Lx

Because 6 is finite at co=0 we take this limit, and we
have

V, 2 A,

2
———,y + y (lny —3)

~p' ' 4~

8nX 1

L 2g2 24

2 L 2 1/2

dx
Lga, ex
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1

24
1 co Z 2 By 2 1/2
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(16)

A.o
V1 ——

27T

I 1 ——Q7

2 (go., )

2N co /2
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co~0 477 co

and renormalize, following Coleman and Weinberg, by12

demanding that (in the L ~ co limit)

Since the divergent part of V1 is only in the first term
of V1 and independent of the size L, the renormalization
of V(cr, ) can be done as in the Euclidean space-time
case. To be explicit we perform the integration in (14) as

VGN
, +&(y),

op

where VzN is the effective potential of the original
Gross-Neveu model, h(y) =6/oo, y =-o., /pro, and
B =Lgo.p.

For the analysis of the symmetry behavior we recall
that VoN has a minimum at y =+exp(1 vr/A), and —a,
local maximum at y =0, and thus it gives rise to spon-
taneous symmetry breaking. The correction term b, (y) is
a monotonically decreasing even function such that
b, (0)=0 and b,(y)~ —mA. /(3B ) as y ~

~ oo. Therefore
y =0 remains a local maximum, and the qualitative
feature of the potential does not change. Since b, (y)~0
as L ~ ao as it should be, for a large L the symmetry be-
havior is almost identical to the original Gross-Neveu
model.

For a small L (or B) we make an approximation of
b, (y), as

8 V =1.
Bo g

1
&(y) = ——y

e
(20)

Then we have
In the extreme limit B ~0, b, (y) approaches
—2&

~ y ~

/(aB) and the minimum of the potential
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occurs at

1 — /2. 2/8 (21)

which is larger than that of V&~ by the large factor
exp(2/8). Therefore, the location of the minimum is
much influenced by the size L. In the extremely small
L, the position of the minimum moves far out so that
the original value of the Gross-Neveu model is almost ir-
relevant. We confirmed this by a numerical integration
of (19). The solid curves in Fig. 1 represent the poten-
tials for three B values with A, =~. The original Gross-
Neveu potential (8 = ao) is also given by the dashed
curve in Fig. 1(a). We choose a relatively large 8
(8 =10) [Fig. 1(a)] to show that the position of the
minimum does not change substantially for large B. Fig-

I

ure 1(c) shows that for a very small 8 (8 =0.01) the lo-
cation is indeed far out from the original value y =1.
We also include 8 =1.76 [Fig. 1(b)] for the purpose of
comparison because this B is the critical value in the
twisted fermion field model.

IV. TWISTED FERMION FIELD

Nontrivial space-time topology may give rise to twist-
ed field configurations which was introduced by Isham,
and have been studied by various authors. ' ' In our
case (R '&(S') there is one twisted fermion field which is
antiperiodic in the space coordinate. For the study of
the effective potential, all we need is to replace the
momentum k1 ——(2m /L )m by ki ——(2m /L)(m + —,') in (12)
so that we have

V twist 1V J d +'kgln 1+
(2~) +'L.

g
2g 2

2

k'+ (m + —,
' )'2'

(22)

Making use of the relation

oo
Q

2

ln 1+
a +(m+ —,

')2

we can express VI
'" in terms of V, as

(2b)
ln 1+

(2a) +m
Q

2—In 1+
a +m

(23)

V',"'"(g, N) = V, 2g, ——V, (g, N), (24)

where V, (g, N) is the one-loop portion of the effective potential of the ordinary fermion field. After renormalization
we obtain

Vtwist 4nk.= —,'y + y (lny —3)—g2 ' 4m0 B 2

1

24
1 (x 48y )'—

dx
4w 2& lyl e —1

1

24
(

2 82 2)1/2
dx

4~ &l~l e —1

2ly 2+ y 2(lny 2 3)+ +twist(y) (25)

It would be illuminating to rewrite b, ' "'(y) in a form similar to b, (y) as

and

gtWlS1( )y 2

2A I ~ (x2 82y2)1/2
dx

~B &l~l e +1
(26)

2A, (x' —8'y')' '
& y)=- dx

38 ~8 & I~ e —1
(27)

We notice that b, ' "'(y) is a monotonically increasing even function with b, ' '"(0)=0 and b, ' '"( ao ) =m.A, /68 . The
important difference between b, ' "'(y) and b, (y) is their opposite sign, which makes the symmetry-breaking pattern
quite distinct. For the ordinary case the efFective potential always has a minimum at o.,&0 irrespective of the size L.
But for the twisted field there exists a critical length L, such that only for L &L, the potential has a minimum at
o,&0, while for L &L, the origin (o., =0) becomes a minimum and the symmetry is not broken.

In order to estimate the critical length we examine the effective potential near the origin. The first derivative is

By 2m m 0 (x2+82y2)1/2(e1 +& x 1 +1)
=y 1+ Iny —2 + 2 2 2 l/2

=y 1+ (lny —2)+2 2X
2' 7T

——lnl

2 4
By

2

(28)
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FIG. 1. The eA'ective potential V(y) for the untwisted fermion field (solid curve) and the twisted fermion field (dotted curve).
Three typical values of the parameter B are treated: (a) B =10, (b) B =1.76, and (c) B=0.01. The potential of the original Gross-
Neveu model is shown for comparison by the dashed curve in (a).

«~ —[ &+~],gap —~e (29)

where y =0.577. . . is Euler's constant, and we make an
approximation of the integral for small y following Do-
lan and Jackiw. ' The origin (y =0) is always an ex-
tremum and its nature is determined by the sign of the
quantity inside the parentheses. The critical value is
then

y Sum
1 = —,y + y (Iny —3)2 2 2

0 p 277

1

24

2 4B 2y 2 1 /2

4w 2&js j e

After renormalization we obtain

(31)
The dotted lines in Fig. 1 show V' "'/up for three B's:
namely, B =10 [Fig. 1(a)], B = 1.76=B, [Fig. 1(b)], and
B =0.01 [Fig. 1(c)], where we choose A. =~. This nu-
merical computation confirms our analysis, and it also
shows that the origin is a global minimum and there is
no other local minimum in the case B (B,.

Physical relevance of the twisted fermion field is not
so clear to the authors. One may study electron fields in
a closed one-dimensional system such as a loop in a lab-
oratory or a cosmic string. ' Another interesting view
point arises if we exchange the space and the time coor-
dinate, then we have the Gross-Neveu model at finite
temperature. ' Indeed our effective potential (22) is just
the one of the finite-temperature model, and the critical
length corresponds to the critical temperature. Natural-
ly our analysis is similar to Ref. 9, but we emphasize the
relations between the ordinary and the twisted fields.

As examined closely by Ford and also by Avis and Is-
ham there is a problem with taking twisted and untwist-
ed spinors as distinct theories. It is that under certain
Lorentz transformations one type of spinor can be
transformed into the other. They suggested that twisted
and untwisted spinors be regarded as different topologi-
cal sectors of the same theory; i.e., both would be
summed over in virtual processes.

In our model we can easily evaluate the effective po-
tential of the summed version by using the relation (23)
and find that

Since the relation (30) clearly shows that the qualitative
nature of the potential is very similar to the untwisted
case, we do not draw them in the figures.

V. DISCUSSION

P( y)= g P'"'(x)e'"' —P"'(x)
n =p L~0 (32)

We have explicitly shown that the divergent parts of
the vacuum polarization and effective potential of the
Gross-Neveu model in R ' &&S' is independent of the size
L and therefore the renormalization procedure is the
same as the Minkowski space-time case. For the spon-
taneous symmetry breaking in the ordinary fermion field
case we found that the existence of the potential
minimum is independent of L but its position is strongly
dependent on it. In the twisted field case there exists a
critical length L„and only for L )L, the symmetry
breaking occurs. For a smaller size the potential has
minimum at the origin and no symmetry breaking
occurs.

Finally we make a comment on the zero-mode approx-
imation in the dimensional compactification of Kaluza-
Klein theories. For example, in the five-dimensional
space-time with Mq &&S' topology, a field P(x,y) is ex-
panded in a Fourier series and only the first term is re-
tained as

V'," (gN) = V& 2g, —'
2

(30) where x EM4, y ES', and L is the size of the extra di-
mension. Whether this zero-mode approximation is val-
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id and consistent was questioned by Duft' and Toms. '

They found that the zero-mode approximation is not val-
id if the theory is quantized. Our model is another ex-
ample of the general features found by them.

In our simplified R'&S' topology we can explicitly
examine the erat'ects of the neglected higher modes on the
potential in the L, —+0 limit. In the zero-mode approxi-
mation we expect that

X/tT, [

~sac —2O;— (33)L

This should be compared with the V of the Gross-Neveu
model in R ')&S' in the L —+0 limit, which is

V ——,o, — tr, (lnA —lng tr, +1)—2 ~ 2 2 2 2

L 0 4& Lg

(34)

where the last term is the approximation of 5 in the

L,g ~0 limit. Comparing these we found that the whole
quantum correction (one-loop level) is missing in the
zero-mode approximation, and therefore renormalization
is quite altered. However, the symmetry breaking and
minimum position of the potential is rather dominated
by the term k

~
o,

~

l(Lg) (since L~0), and therefore
the Kaluza-Klein ansatz is sensible here. Our simple
model suggests that the renormalization parameters are
influenced by the missing higher modes, but symmetry
analysis remains valid when the zero-mode approxima-
tion is taken.
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