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1 Introduction

Parity (P) violation in the weak interaction sector is of crucial importance to our understand-
ing of the standard model of particle physics [1, 2]. Probably, the origin of parity violation
lies in the fundamental physics whose low-energy effective theory is the standard model.
There are tantalizing hints. For example, the baryon asymmetry that guarantees the very
existence of the observable material world demands the violation of charge conjugation (C)
as well as CP [3]. Likewise any extension beyond the standard model may well incorporate
non-standard interactions that give rise to parity violation. Furthermore, if exists, such a
parity-violating interaction can leave observable signatures in the universe. For example,
axion can couple to the electromagnetic field tensor via a Chern-Simons coupling, leading to
the rotation of the polarization angle of the cosmic microwave background (CMB), known
as cosmic birefringence [4, 5]. Indeed, recent analyses suggest a non-zero rotation angle at
3.6 σ level [6–8], indicating parity violation in the matter sector beyond weak interaction.
Then, we can naturally ask: why not in the gravity sector?

One interesting aspect of the stochastic gravitational wave background is that it could
be parity-violating, provided that general relativity can be extended to include terms that
violate P and time-reversal invariance [9]. This is permitted in the context of effective
field theory to include derivative operators that breaks discrete spatial symmetries [10].
This can allow for a difference in the intensity of the left- and right-circular polarizations
of gravitational waves, resulting in a preferred macroscopic orientation in the universe.
It has been shown that if such an asymmetry existed at early times, it could have left
observable traces in the CMB by producing non-vanishing TB and EB correlations [11].
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Additionally, we expect that higher-order interactions could contribute to parity violation
in the CMB bispectra and higher-order correlation functions. Upcoming experiments will
measure the B-mode polarization anisotropies with an expected precision r ∼ 10−3 [12–15].
Parity-violating gravitational waves with sufficiently large amplitude could be measured with
interferometers [16–19]. A tantalizing possibility comes from more recent suggestions that
there may be evidence of parity violation in the large-scale structure [20–22]. Confirmation
of any of these signals will give us a window into the primordial origin of our universe.

Parity-violating contributions to gravity appear naturally when we extend Einstein
gravity to include higher-order curvature invariants [23]. The leading-order parity-violating
term is given by the gravitational four-dimensional Chern-Simons term f WW̃ [11], where
Wµνρσ is the Weyl tensor and W̃µνρσ ≡ εµνκλWκλ

ρσ. This term is topological and therefore
contributes to parity violation only if the coupling is a generic function of some scalar field,
f = f(φ). Unfortunately, theoretical predictions tend to suffer due to the Chern-Simons
instability [24, 25], leading to negligibly small parity-violating two-point statistics, unless
non-standard inflationary scenarios are considered [26–32]. Still, even in the most optimistic
case, we do not expect to obtain sensible constraints for parity violation from the two-point
statistics of the CMB as, even at low significance, this would require a maximally parity-
violating signal with a fairly large tensor-to-scalar ratio. For this reason, attention has been
focused on the three-point statistics of the CMB. The bispectrum for the gravitational
Chern-Simons term was previously computed in [33, 34]. There, it was found that only the
scalar-scalar-tensor bispectrum is not suppressed, but it is still subject to the constraints
from the Chern-Simons instability.

Another interesting possibility is to consider the case where a coupling to the inflaton
is not necessary. The leading parity-violating term we are allowed to write is the six-
dimensional parity-violating cubic Weyl term, W̃W 2. It was previously shown that there is
no parity-violating tensor bispectrum for the Bunch-Davies (BD) vacuum in the exact de
Sitter space [35], by using the fact that the isometries of de Sitter space lead to conformally
invariant correlation functions. This was confirmed in [36] by direct calculation of the
tensor bispectra. These considerations were further extended by explicitly breaking the
assumption of perfect de Sitter and found that there exists parity-violating non-Gaussianity
during slow-roll inflation, with an enhancement proportional to the slow-roll parameter.
From this, it follows that parity-violating non-Gaussianity is slow-roll suppressed unless
one considers non-standard models of inflation. Another possibility is to generalize the
generic coupling of the parity-violating cubic Weyl term to a dilaton-like coupling, which
was examined in [37]. Similar considerations apply to the ghost-free parity-violating theory
of gravity proposed in [38] and further examined in [39, 40]. The results in [35, 36] were
more recently confirmed in [41, 42], where it was shown that the parity-violating cubic
Weyl term only contributes a phase to the graviton bispectrum. Additionally, in [42, 43] the
bootstrap approach was employed to derive the most general model-independent graviton
bispectra assuming scale invariance and BD initial condition. There, it was found that there
can be at most three parity-odd graviton bispectra of the equilateral and squeezed shapes.

In this work, we entertain an alternative possibility. We study the parity-violating
tensor non-Gaussianity in exact de Sitter space, but choose to loosen the assumption that
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the initial state is in the BD vacuum. Deviations from the typical adiabatic vacuum can
be described by the α-vacua which are known to be de Sitter invariant [44, 45], and have
been largely used to address the effects of fluctuations of trans-Planckian origin (see for
example [46, 47] and references therein). It was recently shown that depending on the
parameters of the α-vacuum, there can be large tensor non-Gaussianity in the squeezed
and flattened limit of the bispectrum in Einstein gravity [48, 49]. Here, we extend these
considerations to address the parity-violating tensor non-Gaussianity in the α-vacuum. In
particular, we focus on the parity-violating cubic Weyl term, being the dominant source of
chirality in exact de Sitter space. Unlike previous works on the graviton correlations which
were limited only to the typical BD vacuum, here we find the following key results:

• Non-vanishing parity-violating tensor non-Gaussianity in exact de Sitter space. This
is because the bispectra acquire an imaginary part that results from the mixing of
the positive and negative frequency modes by the Bogoliubov transformation.

• A new shape for the parity-violating non-Gaussianity peaking in the flattened config-
uration, which is a natural consequence of interference among graviton modes inside
the Hubble horizon.

• The potential enhancement of the bispectra amplitudes, assuming sufficient deviations
from the BD vacuum.

We would like to emphasize that even a small deviation from the BD vacuum is sufficient
to obtain non-vanishing tensor bispectra. This makes our results all the more important,
because loosening the assumption of the perfect BD initial condition can allow much richer
phenomenologies in the statistics of the CMB.

The work is organized as follows: the key ingredients for computing the tensor correlation
functions are given in section 2. There, we show that the Bogoliubov mixing of the positive
and negative frequency modes leads to different results from those with the BD initial
condition. The physical contributions to the tensor bispectrum are computed in section 3,
where we find non-vanishing parity-violating tensor non-Gaussianity in exact de Sitter
background, with the dominant contributions coming from the mixed polarizations in the
flattened configuration. We show the bispectrum amplitude can be exponentially enhanced
for large squeezing parameter α in the limit where the phase approaches the value φ→ π.
Finally, we conclude in section 4.

2 Parity-violation in α-vacuum

2.1 Tensor perturbations

To begin with, we first define tensor perturbations hij in the flat Friedmann universe:

ds2 = a2(η)
[
− dη2 + (δij + hij)dxidxj

]
. (2.1)

Here, dη ≡ dt/a is the conformal time with a being the scale factor, and hij is transverse
and traceless: hij,i = 0 and hii = 0, with i and j being spatial indices which are raised
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and lowered by δij . The transverse and traceless conditions leave two physical degrees
of freedom for hij , which we identify as the two polarizations of tensor perturbations, or
gravitational waves. If we expand the Einstein-Hilbert action up to second-order in hij ,
we find

SEH = m2
Pl

8

∫
dηd3x

[(
h′ij
)2 − (hij,k)2] , (2.2)

where a prime denotes a derivative with respect to the conformal time and mPl ≡ 1/
√

8πG is
the reduced Planck mass. Since the quadratic action (2.2) is essentially the same as that of a
harmonic oscillator, we can quantize hij by introducing creation and annihilation operators.
For this purpose, it is convenient to expand hij in terms of its Fourier modes and to
introduce the polarization tensor e(s)

ij (kkk), with s = L,R denoting the left- and right-circular

polarizations of gravitational waves. That is, e(s)
ij (kkk) satisfies the following properties:

e
(s)
ij = e

(s)
ji , (2.3)

δije
(s)
ij = 0 , (2.4)

kie
(s)
ij = 0 , (2.5)

e
(s)
ij e

(s′)
ij

∗
= δss′ , (2.6)

kl
k
εilke

(s)
jk = −isei(s)j , (2.7)

e
(s)
ij (−kkk) = e

(s)
ij

∗
(kkk) , (2.8)

which represent respectively the following: (2.3) means the symmetry between the spatial
indices, (2.4) tracelessness, (2.5) transverseness, (2.6) the existence of two independent
polarizations, (2.7) helicity states with s = −1 for left- and s = +1 for right-circular
polarizations, and (2.8) the realness of hij . Then, we can expand hij as

hij(η,xxx) = 2
mPl

∫
d3k

(2π)3/2
eikkk·xxx√

2k

[
uk(η)e(s)

ij (kkk)a(s)(kkk) + u∗k(η)e(s)
ij

∗
(−kkk)a†(s)(−kkk)

]
, (2.9)

where the creation and annihilation operators obey the following commutation relations:[
a(s)(kkk), a†(s′)(kkk

′)
]

= δss′δ
(3)(kkk − kkk′) , (2.10)

otherwise zero. Then, the following normalization condition for the mode function uk(η)
is imposed:

u∗ku
′
k − uku∗k

′ = −2ik
a2 . (2.11)

2.2 Cubic Weyl action

As explained, we want to compute the contribution from the parity-violating cubic Weyl
term [35]:

S
W̃W 2 = − b

m2
Pl

∫
dηd3x

√
−gεµνρσWµναβW

αβγδWγδρσ , (2.12)
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where b is an arbitrary dimensionless coupling constant. In what follows, we adapt the
methods in [36] to calculate the interaction Hamiltonian. Using the pseudo self-duality of
the Weyl tensor, we can define the helicity eigenstates:

γ±ij ≡
1
2
(
γ′ij ∓ iεjklγik,l

)
, (2.13)

where γij is defined in terms of hij as

γ′ij ≡ ah′ij . (2.14)

From this, we can write (2.12) in terms of γ±ij as

S
W̃W 2 = 8i b

m2
Pl

∫
dηd3xa−5

(
γ+
ij
′
γ+
jk
′
γ+
ki
′ − γ−ij

′
γ−jk
′
γ−ki
′)
. (2.15)

Note that only time derivatives of γ±ij appear in SW̃W 2 . From this, we can write immediately
the corresponding cubic interaction Hamiltonian as

H
W̃W 2 = −8i b

m2
Pla

5

∫
d3k1d

3k2d
3k3

(2π)6 δ(3)(kkk1 + kkk2 + kkk3)

×
[
γ+
ij
′(η,kkk1)γ+

jk
′(η,kkk2)γ+

ki
′(η,kkk3)− γ−ij

′(η,kkk1)γ−jk
′(η,kkk2)γ−ki

′(η,kkk3)
]
.

(2.16)

Once we decompose (2.16) in terms of (2.9), it is straightforward to calculate the physical
bispectra of the tensor perturbations. For this purpose, we usually need to find the mode
function uk(η), which amounts to specifying the vacuum state annihilated by a(s)(kkk).

2.3 Mode expansion in α-vacuum

A vacuum state satisfies, for all kkk,

a(s)(kkk)|0kkk〉 = 0 . (2.17)

Demanding that the vacuum state be annihilated only by the positive frequency mode gives
the BD vacuum. The corresponding mode function in an exact de Sitter background, where
a = −1/(Hη) with η < 0 and the Hubble parameter H being constant, is given by

uk(η) = H

k
(1 + ikη)e−ikη . (2.18)

But the BD vacuum is not the only one that respects the isometries of de Sitter space.
There are infinitely many vacua that can be obtained by linear combinations of the BD
mode function and operators [see (2.22) and (2.23)], called the α-vacua. Therefore, we may
consider another expansion of hij as

hij(η,xxx) = 2
mPl

∫
d3k

(2π)3/2
eikkk·xxx√

2k

[
vk(η)e(s)

ij (kkk)c(s)(kkk)+v∗k(η)e(s)
ij

∗
(−kkk)c†(s)(−kkk)

]
, (2.19)
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where [
c(s)(kkk), c†(s′)(kkk

′)
]

= δss′δ
(3)(kkk − kkk′) , (2.20)

and the operator c(s)(kkk) annihilates the α-vacuum:

c(s)(kkk)|0kkk〉α = 0 . (2.21)

The mode function vk and the creation and annihilation operators of the α-vacuum,
c†(s)(kkk) and c(s)(kkk), are related to those of the BD vacuum by the so-called Bogoliubov
transformation:

vk(η) = coshαuk(η) + eiφ sinhαu∗k(η) , (2.22)
c(s)(kkk) = coshαa(s)(kkk)− e−iφ sinhαa†(s)(−kkk) , (2.23)

where we assume 0 ≤ α ≤ ∞ and 0 ≤ φ ≤ 2π without losing generality. Now, we are
ready to write γ±ij in terms of vk, c†(s)(kkk) and c(s)(kkk). Substituting (2.19) into (2.14), we can
write (2.13) as

γ±ij
′(η,xxx) (2.24)

=
∫

d3k

(2π)3/2
eikkk·xxx√
2kmPl

∑
s

[
e

(s)
ij (kkk)(∂η∓isk)av′k(η)c(s)(kkk)+e(s)

ij

∗
(−kkk)(∂η∓isk)av∗k

′(η)c†(s)(−kkk)
]
.

Then, using the perfect de Sitter background a = −1/(Hη), we can find the solutions of
γ±ij as

γ+
ij (η,kkk) = −(2π)3/2

√
2k

mPl

{
e

(R)
ij e−ikη

[
coshαc(R)(kkk) + e−iφ sinhαc†(R)(−kkk)

]
+e(L)

ij e
ikη
[

coshαc†(L)(−kkk) + eiφ sinhαc(L)(kkk)
]}

, (2.25)

γ−ij (η,kkk) = −(2π)3/2
√

2k
mPl

{
e

(L)
ij e

−ikη
[

coshαc(L)(kkk) + e−iφ sinhαc†(L)(−kkk)
]

+e(R)
ij eikη

[
coshαc†(R)(−kkk) + eiφ sinhαc(R)(kkk)

]}
. (2.26)

Thus, we finally find the late-time solution of tensor perturbations, in terms of which we
can evaluate the correlation functions, as

hij(η → 0, kkk) = −H
k2

[
γ+
ij (0, kkk) + γ−ij (0, kkk)

]
. (2.27)

It is easy to see that adding together γ+
ij + γ−ij gives the inverse Fourier transform of (2.19).

Also note the following property:

γ±ij (η,kkk) = γ∓ij
†(η,−kkk) . (2.28)

The authors of [36] argued that this is the key to proving that there is no parity-violating
non-Gaussianity in de Sitter space with the BD vacuum, due to the conformal invariance of
the correlation functions. In our case, as already known, gravitons are de Sitter invariant in
the α-vacuum. But, as we will show later, this does not guarantee vanishing parity-violating
non-Gaussianity due to the mixing of the positive and negative frequency modes via the
Bogoliubov transformation, which boils down to having an imaginary part when evaluating
the time integrals in the bispectrum.
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3 Bispectra in α-vacuum

3.1 Power spectrum

Now, we are ready to calculate the three-point correlation functions, or equivalently
bispectra, of tensor perturbations. But as a warm-up, let us first compute the power
spectrum. Taking the expectation value with respect to the α-vacuum of the product of
two tensor perturbations at the end of inflation, we find

〈hij(0,kkk)hkl(0,qqq)〉=
H2

k2q2

〈[
γ+
ij (0,kkk)+γ−ij (0,kkk)

][
γ+
kl(0,qqq)+γ−kl(0,qqq)

]〉
= (2π)3δ(3)(kkk+qqq) 1

k3
H2

m2
Pl

[
cosh(2α)+cosφsinh(2α)

][
Π(L)
ij,kl(kkk)+Π(R)

ij,kl(kkk)
]
,

(3.1)

where we have defined the product of the tensor polarizations as:

Π(s)
ij,kl(kkk) ≡ e(s)

ij (kkk)e(s)
kl

∗
(kkk) . (3.2)

This result is in agreement with [48]. We can obtain the contributions from the correlations
of the left- and right-circular polarization modes, by making use of (2.6), to find

h(s) = hije
(s)
ij

∗
. (3.3)

Then, we can immediately find the dimensionful tensor power spectrum as

PT (k) = 4
k3

(
H

mPl

)2[
cosh(2α) + cosφ sinh(2α)

]
. (3.4)

It is now clear that the spectrum for the BD vacuum corresponds to α = 0.

3.2 Bispectra

Now, we compute the bispectra for tensor perturbations in de Sitter background from the
interaction Hamiltonian (2.16). First, we need the following correlation functions:

〈γ−ij
′(η,kkk)γ+

kl(0,qqq)〉= (2π)3δ(3)(kkk+qqq)2ik2

m2
Pl

[
eikη sinh2αΠ(R)

ij,kl(kkk)−e−ikη cosh2αΠ(L)
ij,kl(kkk)

]
,

(3.5)

〈γ+
kl(0,qqq)γ

−
ij

′(η,kkk)〉= (2π)3δ(3)(kkk+qqq)2ik2

m2
Pl

[
eikη cosh2αΠ(R)

kl,ij(kkk)−e−ikη sinh2αΠ(L)
kl,ij(kkk)

]
,

(3.6)
〈γ+
ij

′(η,kkk)γ+
kl(0,qqq)〉= 〈γ

+
kl(0,qqq)γ

+
ij

′(η,kkk)〉

= (2π)3δ(3)(kkk+qqq)2ik2

m2
Pl

coshα sinhα
[
−e−ikηe−iφΠ(R)

ij,kl(kkk)+eikηeiφΠ(L)
ij,kl(kkk)

]
.

(3.7)

The remaining two-point correlation functions, namely 〈γ+
ij
′(η,kkk)γ−kl(0, qqq)〉, 〈γ

−
kl(0, qqq)γ

+
ij
′(η,kkk)〉

and 〈γ−ij
′(η,kkk)γ−kl(0, qqq)〉 = 〈γ−kl(0, qqq)γ

−
ij
′(η,kkk)〉, have the same expressions as (3.5), (3.6)
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and (3.7) respectively, but with interchanged polarizations. To make the results more
concise, we make the following definitions for the sum of momenta:

K+++ ≡ k1 + k2 + k3 ,

K++− ≡ k1 + k2 − k3 ,

K+−+ ≡ k1 − k2 + k3 ,

K−++ ≡ −k1 + k2 + k3 ,

(3.8)

and put the product of the polarization tensors into a more condensed form:

Π(s1s2s3)
i1j1,i2j2,i3j3

(kkk1, kkk2, kkk3) ≡ Π(s1)
i1j1,kl

(kkk1)Π(s2)
i2j2,lm

(kkk2)Π(s3)
i3j3,mk

(kkk3) . (3.9)

Finally, to perform the integrals, we use the following formula [see the discussions
below (3.33)]: ∫ 0

−∞
dη η5e±ikη = 5!

k6 . (3.10)

Given all these, it is straightforward to compute the bispectra by employing the in-in
formalism [50]. We find the following contributions to the bispectra:〈
γ+
i1j1

(0,kkk1)γ+
i2j2

(0,kkk2)γ+
i3j3

(0,kkk3)
〉

=−
〈
γ−i1j1

(0,kkk1)γ−i2j2
(0,kkk2)γ−i3j3

(0,kkk3)
〉

= (2π)3δ(3)(kkk1+kkk2+kkk3)8×5!ibH5 (k1k2k3)2

m8
Pl

×
{

[3cosh(4α)+5] 1
K6

+++

[
Π(RRR)
i1j1,i2j2,i3j3

(kkk1,kkk2,kkk3)+Π(LLL)
i1j1,i2j2,i3j3

(kkk1,kkk2,kkk3)
]

−2sinh2(2α)
( 1
K6

++−

[
Π(RRL)
i1j1,i2j2,i3j3

(kkk1,kkk2,kkk3)+Π(LLR)
i1j1,i2j2,i3j3

(kkk1,kkk2,kkk3)
]

+ 1
K6

+−+

[
Π(RLR)
i1j1,i2j2,i3j3

(kkk1,kkk2,kkk3)+Π(LRL)
i1j1,i2j2,i3j3

(kkk1,kkk2,kkk3)
]

+ 1
K6
−++

[
Π(LRR)
i1j1,i2j2,i3j3

(kkk1,kkk2,kkk3)+Π(RLL)
i1j1,i2j2,i3j3

(kkk1,kkk2,kkk3)
])

+5 perms
}
,

(3.11)〈
γ+
i1j1

(0,kkk1)γ+
i2j2

(0,kkk2)γ−i3j3
(0,kkk3)

〉
= (2π)3δ(3)(kkk1+kkk2+kkk3)16×5!ibH5 (k1k2k3)2

m8
Pl

sinh(2α)

×
{

1
K6

+++

[
A(α,φ)Π(RRR)

i1j1,i2j2,i3j3
(kkk1,kkk2,kkk3)+A∗(α,φ)Π(LLL)

i1j1,i2j2,i3j3
(kkk1,kkk2,kkk3)

]
− 1
K6

++−

[
B(α,φ)Π(RRL)

i1j1,i2j2,i3j3
(kkk1,kkk2,kkk3)+B∗(α,φ)Π(LLR)

i1j1,i2j2,i3j3
(kkk1,kkk2,kkk3)

]
+ 1
K6

+−+

[
Π(RLR)
i1j1,i2j2,i3j3

(kkk1,kkk2,kkk3)+Π(LRL)
i1j1,i2j2,i3j3

(kkk1,kkk2,kkk3)
]

+ 1
K6
−++

[
Π(LRR)
i1j1,i2j2,i3j3

(kkk1,kkk2,kkk3)+Π(RLL)
i1j1,i2j2,i3j3

(kkk1,kkk2,kkk3)
]
+5 perms

}
, (3.12)
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〈
γ−i1j1

(0,kkk1)γ−i2j2
(0,kkk2)γ+

i3j3
(0,kkk3)

〉
=−(2π)3δ(3)(kkk1+kkk2+kkk3)16×5!ibH5 (k1k2k3)2

m8
Pl

sinh(2α)

×
{

1
K6

+++

[
A∗(α,φ)Π(RRR)

i1j1,i2j2,i3j3
(kkk1,kkk2,kkk3)+A(α,φ)Π(LLL)

i1j1,i2j2,i3j3
(kkk1,kkk2,kkk3)

]
− 1
K6

++−

[
B∗(α,φ)Π(RRL)

i1j1,i2j2,i3j3
(kkk1,kkk2,kkk3)+B(α,φ)Π(LLR)

i1j1,i2j2,i3j3
(kkk1,kkk2,kkk3)

]
+ 1
K6

+−+

[
Π(RLR)
i1j1,i2j2,i3j3

(kkk1,kkk2,kkk3)+Π(LRL)
i1j1,i2j2,i3j3

(kkk1,kkk2,kkk3)
]

+ 1
K6
−++

[
Π(LRR)
i1j1,i2j2,i3j3

(kkk1,kkk2,kkk3)+Π(RLL)
i1j1,i2j2,i3j3

(kkk1,kkk2,kkk3)
]
+5 perms

}
, (3.13)

where, for convenience, we have evaluated the delta functions as these will be going inside
the integrals. We also have defined in (3.12) and (3.13) the following functions of the
squeezing parameter α and phase φ:

A(α, φ) ≡ eiφ cosh(2α)− e−2iφ , (3.14)
B(α, φ) ≡ e−iφ cosh(2α) + e−2iφ . (3.15)

The three-point functions 〈γ+γ−γ+〉 and 〈γ−γ+γ+〉 are comprised by the same two-point
functions as in (3.12), after permuting the momenta. Similarly, 〈γ−γ+γ−〉 and 〈γ+γ−γ−〉
are comprised by the same two-point functions as in (3.13), after permuting the momenta.
Note that the three-point correlation functions with mixed polarizations are found to be
vanishing in quasi-de Sitter space with the BD initial condition [36]. Here, in contrast, we
find that they are non-trivial in the α-vacuum even in perfect de Sitter background due to
the mixing by the Bogoliubov transformation.

Having found the three-point correlation functions of the helicity eigenstates, we
can next calculate the physical contributions to the bispectra coming from the following
tensor bispecrtrum:〈

h(s1)(0, kkk1)h(s2)(0, kkk2)h(s3)(0, kkk3)
〉

= (2π)3δ((3)kkk1 + kkk2 + kkk3) 32× 5!ib−H
8

m8
Pl
e

(s1)
i1j1

∗
(kkk1)e(s2)

i2j2

∗
(kkk2)e(s3)

i3j3

∗
(kkk3)Φ(α, φ)

×
{

3
K6

+++

[
Π(LLL)
i1j1,i2j2,i3j3

(kkk1, kkk2, kkk3)−Π(RRR)
i1j1,i2j2,i3j3

(kkk1, kkk2, kkk3)
]

+ 1
K6

++−

[
Π(RRL)
i1j1,i2j2,i3j3

(kkk1, kkk2, kkk3)−Π(LLR)
i1j1,i2j2,i3j3

(kkk1, kkk2, kkk3)
]

− 1
K6

+−+

[
Π(RLR)
i1j1,i2j2,i3j3

(kkk1, kkk2, kkk3)−Π(LRL)
i1j1,i2j2,i3j3

(kkk1, kkk2, kkk3)
]

+ 1
K6
−++

[
Π(LRR)
i1j1,i2j2,i3j3

(kkk1, kkk2, kkk3)−Π(RLL)
i1j1,i2j2,i3j3

(kkk1, kkk2, kkk3)
]}

, (3.16)
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where we have defined the following function which depends only on the parameters of the
α-vacuum:

Φ(α, φ) ≡ 2 sinh(2α) sinφ
[
cosh(2α) + cosφ sinh(2α)

]
. (3.17)

Note that for the BD vacuum where α = 0, simply Φ(α = 0, φ) = 0 and (3.16) vanishes for
any combinations of polarizations. Next, we define the following polarization functions:

F (s1s2s3)(k1, k2, k3) = e
(s1)
ij

∗
(kkk1)e(s2)

jk

∗
(kkk2)e(s3)

ki

∗
(kkk3) , (3.18)

which, for definite combinations of polarizations, is given by

F (RRR)(k1, k2, k3) = F (LLL)(k1, k2, k3) = −K
3
+++K++−K+−+K−−+

64k2
1k

2
2k

2
3

, (3.19)

F (RRL)(k1, k2, k3) = F (LLR)(k1, k2, k3) = −K+++K
3
++−K+−+K−++
64k2

1k
2
2k

2
3

, (3.20)

F (RLR)(k1, k2, k3) = F (LRL)(k1, k2, k3) = −K+++K++−K
3
+−+K−++

64k2
1k

2
2k

2
3

, (3.21)

F (LRR)(k1, k2, k3) = F (RLL)(k1, k2, k3) = −K+++K++−K+−+K
3
−++

64k2
1k

2
2k

2
3

. (3.22)

We need to address each possible combination of the polarizations separately. For the
bispectra of purely left- and right-circular polarizations, we have〈

h(R)(0, kkk1)h(R)(0, kkk2)h(R)(0, kkk3)
〉

= −
〈
h(L)(0, kkk1)h(L)(0, kkk2)h(L)(0, kkk3)

〉
= (2π)3δ(3)(kkk1 + kkk2 + kkk3)64× 180 b H

8

m8
Pl

Φ(α, φ)F
(RRR)(k1, k2, k3)

K6
+++

. (3.23)

It is straightforward to see that due to parity violation, there is a sign difference between〈(
h(L))3〉 and 〈(h(R))3〉, so that their difference is not vanishing, i.e. 〈(h(L))3〉−〈(h(R))3〉 6= 0.

This confirms that there is parity-violating non-Gaussianity in perfect de Sitter background,
assuming non-BD initial conditions. Furthermore, we find additional contributions to the
bispectrum coming from the mixed polarizations:〈

h(R)(0, kkk1)h(R)(0, kkk2)h(L)(0, kkk3)
〉

= −
〈
h(L)(0, kkk1)h(L)(0, kkk2)h(R)(0, kkk3)

〉
= (2π)3δ(3)(kkk1 + kkk2 + kkk3)64× 60 b H

8

m8
Pl

Φ(α, φ)F
(RRL)(k1, k2, k3)

K6
++−

, (3.24)

〈
h(R)(0, kkk1)h(L)(0, kkk2)h(R)(0, kkk3)

〉
= −

〈
h(L)(0, kkk1)h(R)(0, kkk2)h(L)(0, kkk3)

〉
= (2π)3δ(3)(kkk1 + kkk2 + kkk3)64× 60 b H

8

m8
Pl

Φ(α, φ)F
(RLR)(k1, k2, k3)

K6
+−+

, (3.25)

〈
h(L)(0, kkk1)h(R)(0, kkk2)h(R)(0, kkk3)

〉
= −

〈
h(R)(0, kkk1)h(L)(0, kkk2)h(L)(0, kkk3)

〉
= (2π)3δ(3)(kkk1 + kkk2 + kkk3)64× 60 b H

8

m8
Pl

Φ(α, φ)F
(LRR)(k1, k2, k3)

K6
−++

. (3.26)
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Figure 1. Plot of the amplitude function log Φ(α, φ) with 0 ≤ α ≤ 10 and 0 ≤ φ ≤ π.

As we will shortly see, these contributions give rise to new shapes for parity-violating
non-Gaussianities.

At this point, a clarification is in order. The three-point functions for the mixed
polarizations are cyclic. For example, 〈h(L)(kkk1)h(R)(kkk2)h(R)(kkk3)〉 can be obtained from
〈h(R)(kkk1)h(L)(kkk2)h(R)(kkk3)〉 by exchanging kkk1 and kkk2. Indeed, the labeling of indices is just
a matter of convention — that is, there should be no distinction in the ordering of the
momenta. Here for clarity, we keep the order of the momenta as standard, i.e. (kkk1, kkk2, kkk3)
and assign shapes to different combinations of the polarizations.

3.3 Shapes of bispectra

From (3.23), (3.24), (3.25) and (3.26), we can read off immediately the bispectrum of tensor
perturbations as〈

h(s1)(0, kkk1)h(s2)(0, kkk2)h(s3)(0, kkk3)
〉
≡ (2π)3δ(3)(kkk1 + kkk2 + kkk3)B(s1s2s3)(k1, k2, k3) . (3.27)

As we can see, the bispectrum can be expressed as the product of two contributions: (3.17)
and (3.18), multiplied by the factor 1/K6

±±±. The former, Φ(α, φ), is independent of the
triangular configuration of momenta and just rescales, for given values of α and φ, the
bispectrum whose shape is determined by F (s1s2s3)(k1, k2, k3)/K6

±±±. For this reason, we
may call Φ(α, φ) as the “amplitude” function and F (s1s2s3)(k1, k2, k3)/K6

±±± as the “shape”
function. We show the logarithm of the amplitude function Φ(α, φ) in figure 1. Since
Φ(α, 2π−φ) = −Φ(α, φ), we only present 0 ≤ φ ≤ π. As we can see, the amplitude function
depends exponentially on the squeezing parameter α, while the phase φ does not play a
significant role unless φ→ 0 or φ→ π.

We plot the shape function F (s1s2s3)(k1, k2, k3) along with the factor 1/K6
±±± in figure 2.

The contributions from the purely left- and right-polarizations are subdominant. Meanwhile,
the contributions from the mixed polarizations peak in the squeezed limit, while the dominant
contribution comes from the flattened configuration, i.e. k2 ≈ k3 → k1/2. The fact that our
configurations peak in the flattened and squeezed configurations is not surprising, as this is
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(a) 3 × 103F (RRR)/K6
+++. (b) 102F (RRL)/K6

++−.

(c) 102F (RLR)/K6
+−+. (d) F (LRR)/K6

−++.

Figure 2. Shapes of the bispectra with possible mixed polarizations.

customary in theories of inflation with excited initial conditions [51–54]. Indeed, these shapes
were previously found in standard Einstein gravity with the α-vacuum [48]. But it is worth
to emphasize that as far as we know, this is the first time in the literature that we obtain a
flattened configuration for parity-violating theories of gravity. Interestingly, a flattened shape
for tensor non-Gaussianity can be relevant for direct gravitational wave experiments, such as
interferometers and pulsar timing arrays. In fact, while Shapiro time-delay effects [55] tend
to decorrelate non-Gaussian gravitational wave signals, tensor non-Gaussianities enhanced
in flattened [56] and squeezed [57] configurations can be detectable.

Next, we focus on the non-linear parameter fNL. On general ground, extending the
standard definition of fNL for local-type non-Gaussianity [58], we can define the polarization-
dependent fNL as the bispectrum divided by the power spectrum squared:

f
(s1s2s3)
NL (k1, k2, k3) ≡ B(s1s2s3)(k1, k2, k3)

P 2
T

, (3.28)

where the power spectrum PT is given by (3.4). Focusing on the amplitude of fNL rather
than the detailed shape dependence, we can approximate fNL as

fNL ≈
sinh(2α) sinφ

cosh(2α) + cosφ sinh(2α) . (3.29)
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Figure 3. Plot of the non-linear parameter fNL given by (3.29) with 0 ≤ α ≤ 5 and 0 ≤ φ ≤ π.

In figure 3, we present (3.29) as a function of α and φ. In particular, as φ approaches π,
fNL is exponentially enhanced as

|fNL| ≈ e2α (e2α|φ− π|
)
, (3.30)

for e2α|φ−π| � 1 and e2α � 1. This dominates for a large squeezing parameter α, assuming
a fairly large deviation from the BD vacuum, which could be easily realized if the energy
scale of inflation is very low, say a few GeV: see discussions in [48] and references therein.
Note that this is a relative enhancement, because the power spectrum is exponentially
suppressed for φ ∼ π. On the other hand, if φ = π or α = 0, we recover the BD results
with fNL = 0.

3.4 Helicity conservation and flattened shape

Before we conclude, it is important to discuss the conservation of graviton helicity in the
flattened configuration. Using our convention of normalization with respect to k1, as can be
seen in figure 2d, this is given by 〈h(L)(kkk1)h(R)(kkk2)h(R)(kkk3)〉 in (3.26). In [59] it was argued
that this graviton vertex is not allowed due to helicity conservation and thus the flattened
shape is forbidden. Indeed, from a particle physics point of view, the flattened configuration
is described by the forward scattering of two right-handed gravitons k2 + k3 = k1. In
such a system the spin cannot be conserved and therefore the cross section is vanishing.
Additionally, due to angular momentum conservation, the shape function F (LRR) vanishes
and the flattened bispectrum does not exist. It is claimed in [60] that this vanishing of the
flattened shape persists beyond Einstein gravity.1

In what follows, we argue that this is only true when the physics under consideration
is deep inside the horizon where the particle physics picture is valid, and explain why the
flattened shape is non-vanishing in an expanding universe. On general grounds, in the in-in
formalism one obtains the expectation value of the product of operators h(L)h(R)h(R) at

1These arguments are not applicable in our case, because the α-vacuum states obey de Sitter symmetry,
while in [60] the Bogoliubov coefficients are scale dependent and therefore, it makes sense to limit the amount
of time the modes spend in the excited state by introducing a naive cutoff.
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some arbitrary time η. The standard treatment is to study the behaviour of the modes
at the end of inflation which is what we did in the previous section. Instead, we will now
focus on the physics deep within the horizon. The reason is that helicity conservation can
only be correctly addressed in the particle physics picture where curvature effects are not
important. Therefore, in order to better understand helicity conservation in the flattened
configuration, it is best to first evaluate the three-point function at some arbitrary time η
and then explore various possibilities by taking appropriate limits. This is the approach we
take in this section. We find that for arbitrary time η, there are several contributions to
the three-point function 〈h(L)h(R)h(R)〉, but it all essentially boils down into evaluating an
expression that has, approximately, the following form:2〈

h(L)(η,kkk1)h(R)(η,kkk2)h(R)(η,kkk3)
〉

∼ H8(−k1η)(−k2η)(−k3η)
∫ η

η0
dη′η′

5
e−iK−++η′F (LRR)(k1, k2, k3) .

(3.31)

Here, the factors (−kiη) outside the time integral come from (2.13), (2.14), (2.25) and (2.26)
with a = −1/(Hη) in de Sitter space, evaluated at some arbitrary time η, as opposed to
the usual prescription of taking η → 0. Computing this integral simply gives〈

h(L)(η,kkk1)h(R)(η,kkk2)h(R)(η,kkk3)
〉

∼ H8(−k1η)(−k2η)(−k3η)F (LRR)(k1, k2, k3)
[
Y (η)− Y (η0)

]
,

(3.32)

where Y (η) is obtained by performing the time integral in (3.31):

Y (η)

= 120e−iK−++η

K6
−++

[
1+iK−++η−

1
2(K−++η)2− 1

6 i(K−++η)3+ 1
24(K−++η)4+ 1

120 i(K−++η)5
]
.

(3.33)
The system can be correctly placed in the initial α-vacuum state by redefining the time
η to have a small imaginary component, i.e. η → η + iεη with ε � 1. This can be done
by applying the standard prescription [61] of adding a small exponential damping term in
the exponent for Y (η0) and taking η0 → −∞. Then Y (η0) = 0 and we obtain the following
expression in terms of an arbitrary time η:

15K+++K++−K+−+
8k2

1k
2
2k

2
3K

3
−++

e−iK−++ηH8(−k1η)(−k2η)(−k3η)

×
[
1 + iK−++η −

1
2(K−++η)2 − 1

6 i(K−++η)3 + 1
24(K−++η)4 + 1

120 i(K−++η)5
]
,

(3.34)

where we have substituted for the explicit form of the shape function F (LRR)(k1, k2, k3). It
is now clear to see that in (3.34) there are cancellations between the scale dependence in
Y (η) and F (LRR). To understand what this means, we need to examine the three-point
function during different stages of its cosmological evolution.

2Here, we are ignoring various overall factors that ensure the non-vanishing parity-violating non-
Gaussianity in de Sitter space.
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• To see how each term behaves deep within the horizon −kiη � 1, let us rewrite η in
terms of a = −1/(Hη). Then, each power of (−K−++η) and (−kiη) gives a factor
H−1. From this, we can see that the term proportional to (K−++η)5 in the extreme
sub-horizon limit goes like

k1k2k3
(aH)3 H

8
(
K−++
aH

)5
, (3.35)

so that no H remains and therefore is not affected by curvature effects, which are
understood to be of O(H2). Now taking the flattened limit K−++ → 0 this term
naturally vanishes. Similarly, the term (K−++η)4 is proportional to O(H) and
therefore also vanishes in the flattened limit.

• The remaining terms in (3.34) are affected by curvature effects, being proportional to
powers of O(H2) or larger. It is now clear that taking the flat space-time limit H → 0
makes them vanishing well within the sub-horizon regime. This is in agreement with
the requirement of helicity conservation as in [59] so that, as expected, the particle
physics picture persists well within the sub-horizon regime.

• On the other hand, as we move away from the deep sub-horizon limit, the remaining
terms, which are at least O(H2), are either finite or divergent in the flattened limit.
Here, there is no contradiction with angular momentum conservation. Indeed, since
the shape function is a combination of the three polarizations at a vertex, which is also
present in the flat space-time limit, it reflects the angular momentum conservation and
hence vanishes in the flattened limit. The important point here is that once curvature
effects are involved, then there are cancellations between F (LRR) and the non-trivial
scale dependence in Y (η), as seen in (3.34), which contribute to the dominant result
in (3.26) when −K−++η → 0.

To summarize, our explicit calculation shows that this shape diverges as 1/K3
−++ with

K−++ → 0 for a “perfect flattened configuration”. Although it is already known that the
tensor polarisations denoted by F (LRR), vanish in this configuration as K3

−++, we show
explicitly that the scale-dependence coming from the time-integrals induces a 1/K6

−++ term,
so that the final result is proportional to K3

−++/K
6
−++ = K−3

−++, which diverges in the
limit K−++ → 0.

Regarding the divergence in the flattened limit, at least from an observational per-
spective, the CMB bispectrum relates to the primordial bispectrum through an integral
over all possible triangle configurations, which amounts to a volume integral over the
“tetrapyd” domain. As long as this integral remains finite, some divergence on a line would
not be detrimental to observational constraints. These divergent shapes were previously
studied in [62] where they obtained WMAP-CMB constraints. This Modal estimator (see
also [63]) relies on expanding the given bispectrum shape with respect to some mode
functions. Therefore, it cannot handle divergent shape functions, so one has to introduce
a cut-off on how flattened the shapes can be (e.g., K−++ > kc for some small kc) and
smooth the primordial shape overall. Such regularisation procedures would introduce some
uncertainties in the final constraints, but provide an approximate constraint on the model
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that captures its main characteristics in the shape. If desired, one could vary kc during
this CMB bispectrum estimation pipeline to see its effect on the final constraints (which
is expected to be negligible). But this type of considerations are beyond the scope of this
article and deserve to be carefully examined in the future, especially given the possibility
that we may be able to observe such a signal. There, we know that in practice we can
never achieve a perfect squeezed or flattened configuration due to the finite resolution of our
observational instruments. Finally, for all practical purposes the flattened non-Gaussianity
can be approximated by templates (i.e. see [64, 65]).

4 Conclusions

In this work, we studied parity violation in exact de Sitter space with the α-vacuum
initial conditions. We find that even a small deviation from the BD vacuum can result in
parity-violating non-Gaussianity in gravity. This is in contrast to previous results in the
literature, which concluded that there is no parity-violating non-Gaussianity in perfect de
Sitter background due to the isometries of de Sitter space. Indeed, it is well known that
gravitons in the α-vacuum respect the de Sitter symmetries. The difference here is that
the Bogoliubov transformation introduces an imaginary part in the bispectrum which is,
otherwise, absent in the parity-violating theory with BD initial condition.

We also showed that in this setup, the mixed tensor polarizations can become important,
peaking in different momentum configurations, with the dominant contribution coming in
the flattened limit. This is a new shape for parity-violating tensor non-Gaussianity that has
not been seen before in the literature and it’s worth further investigation. Finally, we find
that the bispectrum amplitude can be potentially enhanced for large squeezing parameter α
when the phase φ approaches π. Therefore, our results provide a distinctive observational
signature for the parity-violating gravity sector that leads to the exciting possibility to test
the initial conditions of inflation with future detections. It would be interesting to study
the resulting CMB cross-bispectra of the temperature and polarization modes. We hope to
examine this in a future work.
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