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1 Introduction

We are concerned with the following p-biharmonic equations:
Adu+ M( f Do(x, Vir) dx) div(p(x, Vi) + V@) ul’?u = Af(x,u) inRY, (P)
RN

where 2 <2p <N, 1 <p < p, = NNf‘Zp, A;u = A(|AulP~2 Au) is a p-biharmonic operator,
the function ¢(x,v) is of type |v|P~2v, p(x,v) = %(bo(x, v), the potential function V : RN —
(0, 00) is continuous, and f : RN x R — R satisfies the Carathéodory condition.

The fourth-order differential equations arise in the study of deflections of elastic beams
on nonlinear elastic foundations. Thus, they become very significant in engineering and
physics. Many authors considered this type of equation in recent years, and we refer to
[9, 13, 27] and the references therein. For this reason, the existence of solutions of p-
biharmonic equations has been studied by several authors; see [6, 8, 12, 15, 21, 24, 30,
31, 34]. To obtain the existence and multiplicity results for the p-Laplace type operators,
which generalize the usual p-Laplacian, the authors in [10, 28] considered the following
condition:

dlvi? < ox,v) - v < pPo(x,v)
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for all x € RN and v € RV, and for some positive constant d; see also [14]. On the other
hand, Kirchhoft in [20] initially proposed the following equation:

3%u  (po E/L i 3%u 0
qu_(p £ Pu_y,
Poe "\ Tar ), *) o

which is a generalization of the classical D’Alembert’s wave equation. Also, Woinowsky

ou
ox

and Krieger [33] in the 1950s considered a stationary analogue of the evolution equation
of Kirchhoff type, namely

Uy + Azu—M(HVuHZ)Au =f(x, u),

as a model for the deflection of an extensible beam on nonlinear foundations. Here, u
denotes the displacement, f is the force that the foundations exert on the beam, and M
models the effects of the small changes in the length of the beam (see, e.g., [3-5, 7] for
the physics viewpoint model). In view of mathematics, many researchers have extensively
studied the existence of weak solutions for the elliptic problem of Kirchhoff type in recent
years (see, e.g., [11, 16, 18]). Based on these references, we consider the generalized elliptic
equation (P) involving the p-biharmonic and generalized p-Laplacian of Kirchhoff type.

Since the seminal paper of Ambrosetti and Rabinowitz in [2], the existence of solutions
for the elliptic problem has been studied by many researchers. A common feature of these
works is that the following condition, which is originally due to Ambrosetti and Rabi-
nowitz, is imposed on the nonlinearity f:

(AR) There exist positive constants m and ¢ such that ¢ > p and

0<¢F(xt) <f(x,t)t forxe £ and |t| > m,

where F(x,t) = fotf(x, s)ds, and £2 is a bounded domain in RV,
The (AR) condition above is somewhat natural and important to guarantee the bound-
edness of Palais—Smale sequence of Euler—Lagrange functional for an elliptic equation,
however, this condition is very restrictive and eliminates many nonlinearities. Thus, many
researchers have tried to drop the (AR) condition for elliptic equations associated with the
p-Laplacian; see, e.g., [1, 23, 25, 26, 29].

The purpose of this paper is to study the existence of weak solutions for problem (P)
without assuming the (AR) condition, but imposing various assumptions for the diver-
gence part ¢ and nonlinear term f. In particular, as observed by Remark 1.8 in [23], there
are many examples which do not fulfill the condition of the nonlinear term f given in [1, 25,
26]. On the other hand, in case of the whole space RY, the main difficulty of this problem
is the lack of compactness for the Sobolev theorem. In that sense, our study is to pursue
two goals. First, we show the existence of nontrivial weak solutions for the problem above
using the mountain pass theorem. To be precise, we prove the existence of weak solutions
for problem (P) under Cerami condition, as a weak version of the Palais—Smale condition.
Also, we try to do analysis using the properties of Kirchhoff function M and function ¢.
Second, we show the multiplicity of weak solutions to problem (P) via the fountain theo-
rem. To the best of our knowledge, there were no such existence results for our problem
in this situation.
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2 Preliminaries
In this section, we briefly describe the framework for our problem. We assume that the
potential V € C(RY) is a continuous function with

(V) inf,gn V(%) >0, and meas{x € RN : V(x) < K} < +oo forall K € R.
Also, we set DP(RN) = {u € LP*(RN)|Au € LP(RN)}. Thus, we define the function space as
follows:

X= {u ED”(RN) :/ (|Au|” +|Vulf + V(x)|u|p) dx < +oo}
RN
equipped with the norm

14
Nally = N Al ey + 1V 21 e+ [ V2]

RN)
For our problem, we first assume that M : R* — R* satisfies the following conditions:
(M1) M e C(R*) satisfies inf;ep+ M(£) > mg > 0, where mg is a constant.

(M2) There exists 6 € [1, A%p) such that 6 M(¢) = 0 fotM(r)dr > M(t)t for any ¢ > 0.

A typical example for M is given by M(t) = by + b1t" with n >0, by > 0, and b; > 0.

Next, we assume that ¢ : RN x RN — R¥ is a continuous function with the continuous
derivative with respect to v of the mapping @ : RN x RN — R, @, = ®y(«,v), that is,
ox,v) = %Qﬁo (%, v). Suppose that ¢ and @, satisfy the following assumptions:

(J1) The equality

Do(x,0)=0
holds for almost all x € RV,
(J2) There are a nonnegative function a € IV (RN) and a nonnegative constant b such
that

lo(x,v)| < alx) + blvP™

holds for almost all x € RN and for all v € RY. Here, p’ is a conjugate number of p.
(J3) The relations

divP <, v)-v and d|v|f < pPy(x,v)
hold for all x € RN and v € RY, where d is a positive constant.
(J4) Po(x,-) is strictly convex in RN for all x € RN,
(J5) The relation

pDo(x,v) —px,v) - v>0

holds for all x € RN and all v € RN,
Let us define the functional @ : X — R by

D (u) = l/ |AulP dx + M(/ qbo(x,Vu)dx) + l/ V(x)|ul? dx.
P JRN RN P JrRN



Bae et al. Boundary Value Problems (2019) 2019:125

It is not difficult to prove that the functional ® € C(X,R), and its Fréchet derivative is
given by

<¢/(u),v):f |Au|p_2AuAvdx+M(/ <Do(x,Vu)dx)/ o(x, Vu) - Vvdx
RN RN RN

+ / V()| ulP2uv dx.
RN

We give some examples satisfying assumptions (J1)—(J5).

Example 2.1

(1) Let us consider the following functions:

[v”

pxv)=v"?v and Polx,v) = —
p

for v € RN and x € RN, Then it is obvious that assumptions (J1)—(J5) hold.
(2) Suppose thata e L% (RN), and there is a positive constant ag such that a(x) > a, for
almost all x € RN. We consider

p-2

o t)=(ax) +£) 7t and Po(xt) = ;[(a(x) +£%)

(S

_a(xﬁ]

for t € R, where p > 2 for all x € RN, Then assumptions (J1)—(J5) hold.

By analogous arguments as in [19, 22], the following lemma is easily checked, and thus
we omit the proof. That is, the operator @' is a mapping of type (S,).

Lemma 2.2 Assume that (V), (M1), (M2), and (J1)-(J4) hold. Then the functional ® :
X — R is convex and weakly lower semicontinuous on X. Moreover, the operator ®' is a
mapping of type (S.), i.e., ifu, — u in X and limsup,_, . (®'(u,) — @' (1), u, —u) <0, then
U, > uin X asn — oQ.

Denoting F(x,t) = fot f(x,s)ds, for the number 6 given in (M2), we assume that

(F1) f:RN x R — R satisfies the Carathéodory condition in the sense that f(-, ¢) is
measurable for all £ € R and f(x, -) is continuous for almost all x € RN,

(F2) There exist nonnegative functions p € L7 (RN) N L®(RN) and o € L®(RN) such
that

[fx,t)| < px) +oc@)El", g€ @p.ps)

for all (x,2) e RN x R.
(F3) There exists 8 > 0 such that

F(x,t) <0 forxeRN and |¢] <3.

(F4) limp— oo % = 0o uniformly for almost all x € RV,

Page 4 of 17
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(F5) There exist ¢y >0, 79 > 0, and k > % such that
|F(x’ t) |K =< CO|t|KpS(xr t)

for all (x,£) € RN x R and |¢| > ro, where F(x,t) = %pf(x, t)t - F(x,t) > 0.
(F6) There exist i > 6p and @ > 0 such that

IF(x,t) < tf (x,1) + otf

for all (x,2) e RN x R.
Next, we give some examples with respect to assumptions (F1)—(F6).
Since assumption (F5) is weaker than the following assumption, namely that

[0
6772

is increasing for ¢ > 0 and decreasing for £ < 0 (2.1)

for any x € RN, we check that the following example satisfies assumption (F5) by applying
condition (2.1).

Example 2.3 Let us consider
Sl t) = ¢t log (1 + |¢])

for all £ € R. It is clear that function f satisfies assumptions (F1)—(F4). Since the following

ratio, namely

ft)  [t17*tlog (1 +|¢])
|tlp-2t |t|P-2¢

= [t|7P log (1 + |t|),

is increasing for ¢ > 0 and decreasing for £ < 0 if g > p = 6, it follows that assumption (F5)
holds.

The following example can be found in [23] for the case of p-Laplace operator.

Example 2.4 Consider the following function:
S, 0) = [t[P>¢(4]¢) + 2¢ sint — 4cost).
Then this function satisfies conditions (F2), (F6), but not the (AR) condition.

Define the functional ¥ : X — R by
v (u) :/ F(x, u)dx.
RN

Then it is easy to check that ¥ € C}(X,R) and its Fréchet derivative is

(lI//(u),v) = /RNf(x, u)vdx
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for any u,v € X. Next we define the functional /, : X — R by
L (1) = @ (u) — AV ().

Then it follows that the functional I, € C1(X,R) and its Fréchet derivative is

(Ii(u),v>=/ |Au|p2AuAvdx+M(/ ¢O(x,Vu)dx>/ o(x, Vu) - Vvdx
RN RN RN

+/ V(x)|u|p’2uvdx—kf flx,u)vdx
RN RN

for any u,v e X.
In our setting, first of all, we need the following lemma. Using a similar argument as in
[17, Lemma 3.2], we can see that the functionals ¥ and ¥’ are weakly strongly continuous

on X. We give a detailed proof for the convenience of the reader.

Lemma 2.5 Assume that (V) and (F1)-(F2) hold. Then ¥ and W' are weakly strongly

continuous on X.

Proof See Appendix. d

3 Existence of weak solutions
Definition 3.1 We say that u € X is a weak solution of problem (P) if

f |Au|p2Au-Avdx+M(/ ¢o(x,Vu)dx>/ ox,Vu)-Vvdx
RN RN RN

+/ V(x)|u|p’2uvdx—)»/ fx,u)vdx=0
RN RN
foranyve X.

The following result is used to show that the energy functional I, satisfies the geometric

conditions of the mountain pass theorem.

Lemma 3.2 Assume that (V), (M1), (M2), (J1)-()3), and (F1)—(F4) hold. Then the geomet-
ric conditions in the mountain pass theorem hold, i.e.,

(1) u=0isastrict local minimum for I, (u),

(2) L.(u) is unbounded from below on X.

Proof By assumption (F3), u = 0 is a strict local minimum for I, (). Next we claim that

condition (2) holds. Assumption (F4) implies that for any Ky > 0, there exists a constant
8 > 0 such that

F(x,t) > Kolt|”? (3.1)
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for |¢| > § and for almost all x € R¥. Note that for ¢ > 1, we can easily check that M(¢) <
M(1)t. For any v € X \ {0}, from assumptions (J2), (J3) and relation (3.1), we have

L(tv) = l/ [tAV)P dx + M(/ Dy (x, tVV)dx)
P JrN RN

1
+ —/ V(x)|t|p|v|pdx—A/ F(x,tv)dx
P JrRN RN

)
< l/ [tAV|P dx + M(l)([ Do(x, tVV) dx)
P JrRN RN

1
+ _/ V(x)|t|p|v|de_A/ F(x,tv)dx
P JrRN RN

1 b o
< —|tP|vI% + M(l)(/ alx)|tVv| + —|th|pdx> —A/ F(x,tv)dx
p RN V4 RN

1 b o
5|t|9p<—||v||§+M(1)</ a(x)|Vv|+—|Vv|”dx> —u<0/ |v|91’dx)
p RN p RN

for sufficiently large ¢ > 1. If Ky is large enough, then we assert that [, (¢v) — —oo as t — o0.
Hence we conclude that the functional I, is unbounded from below. This completes the
proof. O

With the aid of Lemmas 2.2 and 2.5, we prove that the energy functional J, satisfies the
Cerami condition (C), condition, for short, i.e., for ¢ € R, any sequence {u,,} C X such that

Li(u,) — ¢ and Hli(u,,) e (1 + ||u,,||X) —0 asn— 00

has a convergent subsequence. This plays a key role in obtaining the existence of a non-
trivial weak solution for the given problem.

Lemma 3.3 Assume that (V), (M1), (M2), (J1)-()5), and (F1)—(F5) hold. Then the func-
tional I, satisfies the (C). condition for any . > 0.

Proof For c € R, let {u,} be a (C).-sequence in X, that is,

L(u,) — ¢ and HI;(MV,)HX,F (1+ llunllx) > 0 asn— oo. (3.2)
This says that
c¢=1(u,) +0(1) and (Ii(un), u,,) =0(1), (3.3)

where o(1) — 0 as n — oo. It follows from Lemmas 2.2 and 2.5 that @’ and ¥’ are map-
pings of type (S,). Since I; is of type (S.) and X is reflexive, it suffices to prove that the
sequence {u,} is bounded in X. We argue by contradiction. Suppose that the sequence
{u,} is unbounded in X. Then we may assume that ||u,||x > 1 and ||u,||x — oo as n — oo.
Define a sequence {w,} by w, = u, /|| u| x. It is clear that {w,} C X and ||w,||x = 1. Hence,
up to a subsequence still denoted by {w,}, we obtain w,, = w in X as n — oo and note that

Wa(x) > w(x) ae.inRY and w,—>w in LS(RN) asn — o0 (3.4)
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for 1 < s < p,. According to assumptions (M1), (M2), (J3), and relation (3.3), we obtain that

¢ =1L (un) +o(1)

1
= —/ |Au,,|pdx+/\/l</ q§0(x,Vun)dx>
P JRN RN

1
+ —/ V(x)lunlpdx—kf F(x,u,)dx + o(1)
P JRN RN

1 1
> —/ |Au,|P dx + —M</ fDo(x,Vun)dx)/ Do(x, Vu,) dx
p JrN 0 RN RN

1
+ —/ V(x)lunlpdx—A/ F(x,u,)dx + o(1)
P JRN RN

1 d
z—/ |Aun|de+ﬂ/ Vit |? dix
P JrN Op Jrn
1
+—/ V(x)lunlpdx—A/ F(x,u,)dx + o(1)
P JRN RN

in{1, d
> mintLdmo} vy f F(x, 1) dx + 0(1). (3.5)
Qp RN
Since ||u,||x — o0 as n — o0, we have

in{1, d 1
mintLdmol, o€ 0D o aon oo 36)
Oph

/ F(x,u,)dx >
RN A A

In addition, we assert that

Li(u,) = 1/ |Au,|? dx + M(/ qbo(x,Vun)dx)
P JrN RN

1
+—/ V(x)|u,,|”dx—)»/ F(x,u,)dx
P JRN RN

1
<- ||un||f( + M (/ Do (x, Vun)dx) - A/ F(x,u,)dx.
V4 RN RN

Combining this with relation (3.3), we obtain that

1
- ||u,,||1;( + M (/ Do(x, Vu,) dx) > A/ F(x,u,)dx+c—o0(1)
p RN RN

for sufficiently large n. Assumption (F4) implies that there exists #y > 1 such that F(x,¢) >
|£|%? for all x € RN and |¢| > ty. From assumptions (F1) and (F2), there exists C > 0 such
that |F(x,¢)| <C for all (x,t) € RN x [—ty,ty]. Therefore we can choose a real number C,
such that F(x, t) > C, for all (x,£) € RN x R, and thus

F(x, un) = Co
1 p =0,
}_7 ”Mn ”X + M(f]RN ¢0(x1 Vun) dx)

(3.7)

for all x € RN and for all # € N. Set £2; = {x € R¥ : w(x) # 0}. By the convergence in (3.4),
we know that

’u,,(x)’ = ’w,,(x)‘llu,,”x — 00 asu— 00
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for all x € £2;. So then, it follows from assumptions (M2), (J2), (F4), and Holder’s inequality

that, for all x € £2;, we have

F(x’ un)
lim 7
=00 _”M}'I” +M f]RN ¢0 X, Vun)dx)
> lim F(x,u,)
n—00 _”un”P + M)A + (fpn Po(x, Viay) dx)?)
: F(x,uy,)
> lim T 7 5 5
=00 S|y + M)A+ (fpn a(®) | Vu,| + | ViunlP dx)?)
F(x,
> fim ; (%, 1) ; :
=00 S|y + MDA+ (el @y IV ttnll o @y + 5 IIVunIILp(RN)) )
i F(x,u,)
anlflgo 1 byo bp
(5 + MDA+ (lall @y + 5Dl
F(x; Mn)
= lim ()|

n=20 (14 ML+ (lall gy + 20 ()1

- o, (3.8)

where we have used the inequality M(¢) < M(1)(1 + ¢%) for all ¢t € R*, since if 0 < ¢ < 1,
then M(t) = fOtM(l')dT < M(1) and if £ > 1, then M(£) < M(1)t’. Hence we get that
meas(§2;) = 0. Indeed, if meas(£2;) # 0, according to (3.6)—(3.8) and Fatou’s lemma, we

would obtain

1 b d
— =liminf fRN % tn) d
n—00 A fen Fx, u,) dx + ¢ — o(1)

F(x, un)
> liminf 5
00 JRN ”Mn” + M( fRN Po(x, Vty) dx)

=i f/ F(x, uy)
imin
n— Jo - » ”un”P + M(IRN @0(96, Vu,,)dx)

C
—limsup/ 7 0
nooo Jo, pllu,,|| + M(fpn CDO(x,Vun)dx)
F(x,
= liminf f 5 G6,t4) = Co dx
=2 Sy Tyl + M(Jon ®ola, Vity) d)
F(x,u,) - C
Z/ limin f1 > (6, 1,) = Co
2 "> ”un” +M(IRN Do(x, Vu,) dx)

F(x,u,)
> liminf T >
@ = Sl + M(fpn <1>o(x,Vun)dx)

dx

. Co
— | limsup - dx
21 n—>o ;Hunnx +M(fRN Do(x, Vu,) dx)

- o0, (3.9)

Page9of 17
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which is a contradiction. Thus w(x) = 0 for almost all x € RY. Using assumptions (M1)—
(M2) and (J5), we get

1
c+1=>1L(u,) - @U;\(Mn)run)

1
= —/ |Aunlpdx+/\/l</ Q>O(x,Vun)dx)
P JrN RN

1
+ —/ V(x)lunlpdx—kf F(x,u,)dx
P JRN RN
1 1
——/ IAunlpdx——M(/ ®o(x,Vu,,)dx>/ o(x, Vu,) - Vu, dx
Qp RN 0p RN RN
1 1
- np —A yWn)hn
op /]RN V(%) |u,|P dx + op ‘/RNf(x Uy Uy dx

1
> —M(/ @O(x,Vun)dx)/ d?o(x,Vun)dx—A/ F(x,u,)dx
9 RN RN ]RN

1 1
- —M(/ ¢o(x,Vun)dx)/ o, Vu,) - Vuy,dx + —A | flx,u,)u, dx
9[9 RN RN Gp RN

= lM(/ d>o(x,Vun)dx> (/ Do(x, Vu,) dx — l/ o(x, Vu,) - Vu, dx>
0 RN RN P JrN
+A/ S, u,) dx
RN

2/\/ S, u,) dx (3.10)
RN

for n large enough. Let us define £2,,(a,b) := {x € RN : a < |u,(x)| < b} for a > 0. The con-
vergence in (3.4) means that

wy, =0 inL(RY) and w,(x) >0 ae inRVasn— oo (3.11)

for 1 < r < p,. Hence by using (3.5) we get

min{1, dm, . F(x,u
< M <Ilim sup/ M dx. (3.12)
Abp n—soo JRN |ty

On the other hand, from assumption (F2) and relation (3.11), it follows that

F(x,u
f ( ;') dx
£2,(0,r9) ” Uy ”X

/ P )|t (%)| + T2, ()7
<
— Jau0n0)

p
”un”x

X

G
=77 ”IO”Lq’(RN) ”un ”Lq(]RN)
llun Il
ol oo v
n LO(RY)

/ |0 () |7 | Wi () [P i
q 2,,(0,r)

G loll Loy 4o »
B R PO I, +7r3"f wa)| dx
g, 157077 B 5 q RN’ |
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G 01l L0o@mNy g- p
< — 1ol @y ||un||x+—r3’”/ (Wa)] dx
loall ™ ED q RN

CB ||U||L°°(RN) q-p
To

=< >
ll2tn Iy q

/ ‘wn(x)‘pdxa 0 asn— o0 (3.13)
RN

for some positive constants C; (i = 1,2,3). Setk’ = k/(k —1). Since k > N/p,weget1 <k'p <
P« Hence, it follows from (F5), (3.10), and (3.11) that

Fx, uy F(x, uy,
/ 7| G up)| dxf/ M’Wn(x)’pdx
21(rg,00) ”un”x 25(rg,00) |22, (%) 1P
1
F(x, u,)]\* i p ) ¥
2nlro,00) \ |Un (x)|p 2(r0,00)
1 1 1
565{/ S(x,un)dx} {/ W, () Kp}K
2y (rg,00) RN

1 1
1 1\* 1) K
<k i lw,0)|* "t —0 asn— oo, (3.14)
0
A RN

Combining the estimates in (3.13) with (3.14), we have

F(x,u F(x,u F(x,u
f 7| ( :)ldx:/ 7| ( ;)|dx+/ —| ( ;)|dx—>0 as 1 — 00,
RN lunlly 2,000 Nunlly 2nirp00)  tally

which contradicts (3.12). This completes the proof. d

N

Using Lemma 3.3, we prove the existence of a nontrivial weak solution for our problem
under the considered assumptions.

Theorem 3.4 Assume that (V), (M1), (M2), (J1)-()5), and (F1)—(F5) hold. Then problem
(P) has a nontrivial weak solution for all 1. > 0.

Proof Note that [, (0) = 0. In view of Lemma 3.2, the geometric conditions in the moun-
tain pass theorem are fulfilled. And also I, satisfies the (C), condition for any A > 0 by
Lemma 3.3. Hence, problem (P) has a nontrivial weak solution for all A > 0. This com-
pletes the proof. d

Next, under assumption (F6) instead of (F5), we show that I, satisfies the Cerami con-
dition.

Lemma 3.5 Assume that (V), (M1), (M2), (J1)-(J5), (F1)—(F4), and (F6) hold. Then the
functional I, satisfies the (C). condition for any X > 0.

Proof For ¢ € R, let {u,} be a (C).-sequence in X satisfying (3.2). Following the proof of
Lemma 3.3, we only prove that {«,} is bounded in X. To this end, arguing by contradiction,
suppose that ||u,||x — oo as n — oo. Let v, = u,/||u,||x. Then |v,|x = 1. Passing to a
subsequence, we may assume that v, — vas n — oo in X. Thus by an embedding theorem,
for 1 < s < p,, we have

v —v inL*(RY) and v,(x) > v(x) ae inRYasn— oo
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From (M1), (M2), (J5), and (F6), it follows that
1 !
c+1> Ik(un) - _(I}L(un)r Mn)
"

1
= —/ |Au,|P dx + M(/ @Do(x,Vun)dx)
P JrN RN

1
+ —/ V(x)lu,,|"dx—)»/ F(x,u,)dx
P JRN RN

1 1
- — / |Aw,|P dx — —M(/ Do(x, Vu,) dx> / o(x, Vu,) - Vu, dx
W JrN M RN RN

1 A
——/ V(%) |u,|P dx + —/ flx, u,)u, dx
n JRrN K JRN

1 1 1 1
> (———)/ |Aun|pdx+m0<———>/ o(x, Vu,) - Vu, dx
p 1) Jen Op /) Jgn
1 1 A
+<———>/ V(x)|u,,|”dx——Q/ |, |P dx
p K/ JRrN Hn JRN
. 1 1
> min{dmy, 1}<— - —> (/ |Au,|P dx +/ |Vu,|? dx +/ V(x)|u,l? dx)
Op n RN RN RN

A
——Q/ unl? dx
n JrN

1 1 A
> min{dmy,, 1}(— - —> Nl |15 — —Q/ |yl dx  for large n € N,
72 w JrN

This implies

robp . » Lobtp
limsup [[v,l

< = ? . 3.15
= min{dmo, 11— 0p) P Vel = St =) e G15)

Hence, due to (3.15), we see that v # 0. From the same argument as in Lemma 3.3, we can
show that the relations (3.6), (3.7), and (3.8) hold, and hence we conclude that relation
(3.9) is true. Therefore we get a contradiction. Thus {u,} is bounded in X. This completes
the proof. O

Next, applying the fountain theorem in [32, Theorem 3.6] with the oddity of f, we
demonstrate infinitely many weak solutions for problem (P). To do this, let W be a re-
flexive and separable Banach space. Then there are {e,} € W and {f,;} £ W* such that

W =spanfe,:n=1,2,...}, W*:span{ﬂf:n:l,Z,...},
and

1 ifi=j,
0 ifi#j.

(fe)=

Let us denote W, = span{e,}, Yx = @ﬁzl W, and Zx = @, W,. In order to establish
the existence result, we use the following Fountain theorem.

Page 12 of 17
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Lemma 3.6 ([1, 32]) Let X be a real reflexive Banach space, I € C*(X,R) satisfies the (C),
condition for any ¢ > 0 and I is even. If for each sufficiently large k € N, there exist py > 5, >0
such that the following conditions hold:

(1) by :=inf{I(u) : u € Zy, |lullx = Sk} — oo as k — oo;

(2) ax:=max{I(u):u € Yy, |lullx = pr} <0.
Then the functional I has an unbounded sequence of critical values, i.e., there exists a se-
quence {u,} C X such that I'(u,) = 0 and I(u,,) — +00 as n — +00.

Theorem 3.7 Assume that (V), (M1), (M2), (J1)-(J5), and (F1)—(F5) hold. If ®o(x,—v) =
Do(x,v) holds for all (x,v) € RN x RN and f(x,~t) = —f(x,t) holds for all (x,t) € RN x
R, then for any A > 0, problem (P) possesses an unbounded sequence of nontrivial weak
solutions {u,} in X such that I, (u,) — o0 as n — o0.

Proof It is obvious that [ is an even functional and satisfies the (C). condition. It suffices
to show that there exist px > 8¢ > 0 such that

(1) by :=inf{l, (u) : u € Zy, |ullx =8k} — 00 asn— oo;

(2) ay:=max{li(u):u €Yy, |ulx =01} <0,
for k large enough. Denote

O i= sup  ||ull a(rny.
ueZp,ullx=1

Then we have oy — 0 as k — oo. In fact, assume to the contrary that there exist g > 0 and

a sequence {u;} in Z; such that
lucllx =1 and |l gwny > €0

for all k > ky. By the boundedness of the sequence {u;} in X, we can find an element u € X
such that #y — u# in X as » — oo and

*u)= lim (£ u) =0
(,j ) k~>oo(f; k)
forj=1,2,.... Thus we deduce u = 0. However, we see that
g0 < lim |loxll pgmry = Ull paeny = 0,
k— o0
which is a contradiction.

For any u € Zi, we may suppose that ||u|x > 1. According to assumptions (M1), (M2),
(J3), and (F2), we obtain that

L(u) = l/ |Au|”dx+/\/l</ @0(x,Vu)dx)
b JrN RN

1
+—/ V(x)lulpdx—kf F(x,u)dx
P JrN RN

1 1
> —/ |Aul? dx + —M(/ Do(x, Vu) dx)/ Do(x, Vu)dx
p JrN 0 RN RN

o ()]

1
+—/ V(x)|u|”dx—k/ \p(x)||u|dx—k/ — " ul1dx
P JrN RN RN 4
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in{1,d
M(/ |AM|pdx+/ IVulpdx+/ V(x)|u|1’dx)
Op RN RY R

—A/ |p(x)||u|dx—k/ M|u|‘701x
RN RN 4

- min{1, dmg}
> 7919
- min{1, dmg}
> 7911

21
el = 220011 oy 121 o vy = ;IIUIILoO(RN) ANlulqu

21
lleell = 2ACallullx - ;a,’fcsllullglp

where C4 and Cjs are positive constants. If we take

o 2GCsef MO
~ \min{1, dmy} ’

then 8y — 0o as kK — oo because 6p < g and oy — 0 as kK — oo. Hence, if u € Z; and
|l#|lx = 8k, then we conclude that

1 1
Li(u) > min{l,dmo}(e— - —)8‘,’: —20C4b — 00  as k — oo.
y q

This implies that condition (1) holds.

The proof of condition (2) proceeds analogously as in the proof of [1, Theorem 1.3]. For
the reader’s convenience, we give the proof. Assume that condition (2) is not true. Then
for some k there exists a sequence {u,} in Yy such that

ltnllx > 00 asm—>o0 and L(u,)>0. (3.16)

Set w,, = u,/||u,| x. Note that ||w,| x = 1. Since dim Y} < 00, there exists w € Y; \ {0} such
that, up to a subsequence,

lw,=w|x >0 and w,(x) —> w(x)

for almost all x € RN as n — oco. If w(x) #0, then |u,(x)| — oo for all x € RN as n — oo.
Hence we obtain by assumption (F4) that

. F(x; un(x)) . F(x; un(x))
lim o = Ii 7
n>oo iy, || nmoe |u(x)|%P

]wn(x)‘gpzoo

for all x € £ := {x € RN : w(x) #0}. As in the proof of Lemma 3.3, we have

/ F(x,un(x))d
—_— ax —> X as 71 — OQ.
§29

4
Il2,, ”x

Therefore, we conclude that
1
L(uy) < =llunlly + M (f Do (x, Vu,,)dx) x| F(x,u,)dx
p RN RN

1 Op b ¢ 6p /
<- M1 / - ally —A F(x,u,)d
= p ”un”)( + ( )( + <||a||Lp (RN) + p ”M ”X RN (x un) X

Page 14 of 17
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/1 b\’ F(x, u,(x))
= el M1l + 7)) =2 [ e as)

— —00 asn— oQ,

which contradicts (3.16). This completes the proof. O

Remark 3.8 Although we replace (F5) with (F6) in the assumptions of Theorem 3.7, we can
show that problem (P) possesses an unbounded sequence of nontrivial weak solutions {u,,}
in X such that [, (x,) — 0o as n — oo.

Appendix: Proof of Lemma 2.5
In this section, we give a proof of Lemma 2.5 for the reader’s convenience. In fact, we
consider that it is a well-known fact to researchers in this area.

Proof Let {u,} be a sequence in X such that u, — u in X as n — oo. Then {u, } is bounded
in X, and we know the embeddings X «— L?(RN) and X < L9(R") are compact for p <
q < p«. So we know that

uy—u inI?(RY) and u,—u inL9(RV)asn— occ.

First we prove that ¥ is weakly strongly continuous in X. Let #,, — u in LP(RN)NLI(RN) as
n — 00. By the convergence principle, there exist a subsequence {u,, } such that u,, (x) —
u(x) as k — oo for almost all x € RN and a function u, € LZ(RY) N L9(RY) such that
|24, ()| < u1o(x) for all k € N and for almost all x € RX. Therefore from (F2), we deduce

o (x)
/ |F(x,unk)|dx§/ p(x)|u,,k(x)| + —|unk(x)|qu
RN RN q
< lolle @y lluoll Loy + ”a”LOO(RN)”uO”Zq(RN)‘

Since function f satisfies the Carathéodory condition by (F1), we obtain that F(x, u,,) —
F(x,u) as k — oo for almost all x € RN, Therefore, the Lebesgue convergence theorem
tells us that

/F(x,u,,k)dx—>/ F(x,u)dx
RN RN

as k — oo, which says ¥ (u,,) — ¥ (u) as k — oo. Thus ¥ is weakly strongly continuous
in X.

Next, we show that ¥’ is weakly strongly continuous on X. By (F2) and Holder’s inequal-
ity, we obtain

[f(x, uy) —f(x, u)|q/ dx < C6/ [f(x, u,,)}q/ + [f(x, u)|q/ dx
RN RN
<G /R o+ 101 gy (a7 + 1) i (AD)

for some positive constants Cq, C7, which implies that |f (x, z,,) — f (%, ) 1 < g(x) for almost
all x € RN and for some g € L}(RYN). Since u, — u in L#(RN) N L49(RY) and almost all in
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RY, it follows from (A.1) and the convergence principle that f(x, u,) — f(x, u) for almost
all x € RN. Combining this with the Lebesgue convergence theorem, we have

| () = &' (W) . = ” s”up1|(t1/’(un) - (u),v)|

= sup [ [ftan) ~fw] vl d

Ivlx<1
< (/ I Ge,16) — f e, 10) | dx>; —~0 asn— oo.
RN

Therefore, we derive that ¥'(u,) — ¥'(u) in X. This completes the proof. O
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