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SiO2 stishovite under high pressure: Dielectric and dynamical properties
and the ferroelastic phase transition
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The pressure dependence of the dielectric and dynamical properties of SiO2 stishovite and its pressure-
induced ferroelastic phase transition to the CaCl2 structure are investigated using density-functional theory.
The pressure dependence of the dielectric permittivity tensors and the Born effective charges shows that the
local atomic environments in stishovite, more compressible along thea axis than along thec axis, become less
anisotropic as pressure increases. The phonon frequencies at theG point increase with increasing pressure,
except theB1g mode. The phonon band structure at 73 GPa, the study of elastic constants as a function of
pressure, and the structural relaxation at various pressure provide evidence for spontaneous elastic deformation,
i.e., a ferroelastic phase transition at 64 GPa of stishovite in the tetragonal rutile structure to the orthorhombic
CaCl2 structure. The on-site and interatomic force constants are found to be consistent with the predicted
structural phase transition. The dielectric properties and the phonon frequencies at theG point are also com-
puted in the CaCl2 structure.@S0163-1829~97!03636-9#
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I. INTRODUCTION

Many crystalline polymorphs of silicon dioxide (SiO2)
have been found in nature, or synthesized in laboratory
ambient pressure, SiO2 polymorphsa andb quartz, tridymite
S, and b cristobalite are known to be stable in differe
ranges of temperature.1 a quartz transforms to coesite fo
pressures between 1.5 and 4 GPa.1,2 Tridymite S andb cris-
tobalite also transform to coesite under pressure. Coesite
dergoes a phase transition to stishovite at about 8 GPa.3,4 The
coesite-to-stishovite transition is accompanied by a ra
large volume decrease, because the coordination numb
Si changes from 4 in coesite to 6 in stishovite. At the de
of 1200 km, the pressure in the Earth’s mantle, where Si
and Mg are the most abundant elements, is about 50 G
Therefore, knowledge of the high-pressure behavior of Si2,
therefore, is essential to understand the internal constitu
of the Earth. It can also shed light on the physical and che
cal properties and the interactions among the major com
nents of the Earth.

The structural and dielectric properties and the lattice
namics of SiO2 polymorphs have been the subject of ma
experimental and theoretical research. The thermodyna
properties and the equilibrium phase relations have also b
studied~see, for example, Refs. 5–8!. Compared to the othe
low-pressure SiO2 polymorphs, the experimental characte
ization of the dielectric and lattice-dynamical properties
stishovite have been relatively limited, as the availa
monocrystals of stishovite, metastable at ambient press
are very small. We studied the dielectric and lattic
dynamical properties of stishovite at ambient pressure w
theoretical methods based on the density-functional pertu
tion theory~DFPT!. A detailed account of DFPT is presente
in Refs. 9 and 10, while the ambient-pressure results
presented in Ref. 11.
560163-1829/97/56~12!/7321~10!/$10.00
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The pressure dependence of the dielectric and dynam
properties of stishovite were even less investigated exp
mentally. High-pressure x-ray diffraction data12 and the pres-
sure dependence of infrared7 and Raman13,14 spectra of
stishovite have been reported. However, except a brief
count of the present theoretical work,15 the dielectric permit-
tivity tensors and the phonon frequencies at arbitrary w
vectors have not been reported as a function of pressure

The dielectric properties of solids are strongly related
the atomistic interaction and their knowledge is valuable
the study of the structural properties. Theab initio theoreti-
cal methods, which assume no experimental inputs, can
vide information on the pressure dependence of the dielec
properties of stishovite, where the experimental data
lacking. These methods can also facilitate the understan
of the interaction between atoms, and the nature of still
other pressure-induced phase transition.

Indeed, stishovite undergoes another pressure-indu
phase transition, which has intrigued geophysicists a
geochemists. Theoretical and experimental work sugge
transitions to the fluorite (CaF2) structure,16 the pyritelike
(Pa3̄) structure,17 the a-PbO2 structure,18,19 the hexagonal
Fe2N structure20,21 or the orthorhombic CaCl2
structure12,14,22–28with a wide range of transition pressure.

In this work, we calculate the equation of state, the str
tural parameters of stishovite for a range of pressures~0, 18,
42, 73, and 114 GPa!, as well as the corresponding high
frequency and low-frequency dielectric permittivity tenso
the Born effective charges, the phonon frequencies at thG
point of stishovite in the rutile structure. The phonon ba
structure and the real-space interatomic force const
~IFC’s! at 0 and 73 GPa are also calculated and compa
The phonon frequencies and the elastic properties are clo
investigated to study the possible instability-driven pha
7321 © 1997 The American Physical Society
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7322 56CHANGYOL LEE AND XAVIER GONZE
transition: we observe a second-order transition to the Ca2
structure at about 64 GPa, driven by mechanical instabi
The relaxation of the structural degrees of freedom is p
formed at various values of pressure and the dielectric p
erties of the relaxed structure are calculated.

The remaining part of this paper is organized as follow
In Sec. II, we describe the technical details of our calculat
including an analysis of the numerical convergence. Res
are presented in Sec. III. From Secs. III A to III E, w
present the equation of state, the pressure dependence
dielectric permittivity tensors, the Born effective charge te
sors, the phonon frequencies at theG point of stishovite un-
der the assumption that the tetragonal rutile structure
stable at the pressure of investigation. From Secs. III F
III H, we study the structural phase transition of stishov
and the dielectric properties of the relaxed structure.
summarize and conclude in Sec. IV.

II. CALCULATIONAL METHODS

A. Density-functional perturbation theory

The DFT, in the local density approximation29 ~LDA ! ac-
curately describes the properties of condensed matter
tems in their electronic ground state.30 Their responses to
external perturbations, like homogeneous electric fields
atomic displacements, have been calculated within the L
using various methods.9,10,31 In the variational approach to
the DFPT that we have elaborated in Refs. 9 and 10,

TABLE I. Violation of the charge-neutrality sum rule of th
Born effective charge tensors with respect to thek point sampling.
The components not shown satisfy the neutrality sum rule.

Monkhorst-Pack grid (k Zk,xx* , (k Zk,yy* (k Zk,zz*

(23232) 20.168 3.435
(23234) 20.071 0.249
(23236) 20.077 0.037
(43434) 20.024 0.276
l
.

r-
p-

.
n
lts

the
-

is
o

e

s-

r
A

n

efficient minimization technique facilitates the se
consistent evaluation of the derivatives of the wave functio
and energy. The DFPT makes it easy to handle perturbat
incommensurate with the periodic lattice, or homogene
electric fields whose potential is linear in space and bre
the translational symmetry of the problem. The DFPT h
been used in prior studies on SiO2,

32–34 TiO2,
35,36 Si,37 and

BaTiO3.
38

B. Implementation of DFT and input parameters

DFT calculations are performed using a plane-wave ba
set and accurateab initio pseudopotentials. A rational poly
nomial parametrization of the Ceperley-Alder exchang
correlation energy39 ensures the continuity of the exchang
correlation potential and its derivatives over all the electr
density. Conjugate-gradient algorithms~Ref. 40 for the
ground state, Ref. 9 for the response functions! are used to
solve the minimization problems.

Chemical hardness-conserving, extended no
conserving, pseudopotentials41 describe the Si and O atom
interaction with valence electrons. The cutoff radii for Si a
O pseudopotentials are 2.0 and 1.5 a.u., respectively.

The maximum kinetic energy of the plane waves includ
in the basis set is 30 Hartree. With this cutoff, structural d
of a quartz were converged well within 1%.32

The convergences of the calculated physical proper
with respect to thek-point sampling of the electronic wave
functions in the BZ were studied with Monkhorst-Pack42

grids of (23232), (23234), (23236), and (43434)
specialk points, respectively, reducing to 1 specialk point

@( 1
4 , 1

4 , 1
4 )#, 2 specialk points @( 1

4 , 1
4 , 1

8 ) and (1
4 , 1

4 , 3
8 )#, 3 spe-

cial k points @( 1
4 , 1

4 , 1
12 ), ( 1

4 , 1
4 , 1

4 ), and (14 , 1
4 , 5

12 )#, 6 specialk

points @( 1
8 , 1

8 , 1
8 ), ( 1

8 , 3
8 , 1

8 ), ( 3
8 , 3

8 , 1
8 ), ( 1

8 , 1
8 , 3

8 ), ( 1
8 , 3

8 , 3
8 ), and

( 3
8 , 3

8 , 3
8 )# in the irreducible BZ, when the full symmetry o

the space group can be used, as in the ground-state cal
tions. For the structural parameters, agreement within 0
was obtained between the sets of 3 and 6 specialk points.

Of course, one cannot sample only the irreducible par
the BZ with symmetry-breaking perturbations, for which t
f
ure.
TABLE II. The structural parameters of stishovite at zero pressure.a andc are the lattice constants andu is the internal coordinates o
the O atoms.V0 is the volume of the unit cell,B0 is the bulk modulus,B08 is the pressure derivative of the bulk modulus at zero press

a ~Å! c ~Å! u ~in a! V0 (Å 3) B0 ~GPa! B08

Theory
This work 4.14 2.66 0.305 45.54 319.6 3.87
Ref. 28 4.157 2.658 0.3058 45.92 313 4.24
Ref. 55 4.20 2.65 0.306 46.75 286 4.6
Ref. 56 4.195 2.677 0.3061 47.50 286 3.72
Ref. 25 4.15 2.69 0.306 46.2 328 4.00
Ref. 45 4.14 2.67 0.305 45.64 292.0 5.86
Ref. 62 4.255 2.604 0.3082 47.145

Experiment
Ref. 57 4.1801 2.6678 0.3067 46.615 313.0 1.7
Ref. 58 4.1773 2.6655 0.30608 46.51
Ref. 59 4.1772 2.6651 0.3062 46.503
Ref. 60 4.1812 2.6660 46.61 288
Ref. 61 4.180 2.666 46.58 344 5.7
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full Monkhorst-Pack grid must be used. See Refs. 9 and
for the analysis of the effect of symmetry on the impleme
tation and computational load of the algorithms. We ha
monitored the convergence of the charge neutrality sum
~see Table I! then checked the convergence of some pho
frequencies with the charge neutrality sum rule enforced
in Eq. ~48! of Ref. 10. The phonon frequencies agree with
0.5% between the calculations with sets of 3 and 6 specik
points. Therefore, we use the set of 3 specialk points for
further calculations.

C. The parameters for dynamical properties

Dynamical matrices are computedab initio for q wave
vectors belonging to the (13131), (23232), (23234)
Monkhorst-Pack grids, respectively. Then, their short-ran
parts are Fourier transformed, in order to generate the r
space IFC’s.34,10 These grids correspond to real-space bo
containing 6, 48, and 96 atoms, respectively. The long-ra
dipole-dipole interaction is described by an analytical e
pression~see Ref. 34!. The symmetries of the full spac
group, as well as the time-reversal symmetry can be use
decrease the number ofq wave vectors, in the same way a
in unperturbed systems, the electronic wave functions ca
generated only for thek wave vectors contained in the irre
ducible BZ. The above three Monkhorst-Pack grids reduc

1 specialq point @~0,0,0!#, 1 specialq point @( 1
4 , 1

4 , 1
4 )#, and 2

specialq points@( 1
4 , 1

4 , 1
8 ) and (1

4 , 1
4 , 3

8 )#. The phonon frequen
cies generated from the (23234) IFC’s show agreemen
within 2% error to those calculated directly at hig
symmetryq points in the BZ includingZ, X, M , R, andA.43

Sparser grids (13131) and (23232) lead to 17 and 3%
errors, respectively.

III. RESULTS

A. The equation of state

Stishovite has a tetragonal unit cell with Si atoms

~0,0,0! and (1
2 , 1

2 , 1
2 ) and O atoms at (u,u,0), (12u,12u,0),

( 1
2 2u, 1

2 1u, 1
2 ), and (12 1u, 1

2 2u, 1
2 ), in the unit of lattice

constants. This is known as the rutile structure; its sp
group isD4h

14 (P42 /mnm). The structure is completely de
termined by the lattice constantsa and c and an internal
parameteru. We calculate the minimum-energy configur
tion of the unit cell with respect toa, c, andu for a given
volume, assuming the rutile structure is the lowest-ene
configuration in the range of pressure studied. The total
ergies of the optimized geometries with various volumes
fitted into Murnaghan equation of state44 of the following
form:

E5
V0B0

B08
F 1

B0821 S V0

V D B0821

1
V

V0
G1const, ~1!

whereE is the total energy per unit cell andV is the volume
of the unit cell. We obtain from the fitted equation of sta
the equilibrium volumeV0 , the bulk modulusB0 , and the
pressure derivative of bulk modulusB08 at zero pressure, a
shown in Table II. The agreement between our calcula
and the experimental values is good, with slight undere
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mation of the relative volume at high pressure as shown
Fig. 1. The calculated structural parameters and equatio
state will be used for further investigation. It should be not
that experimental values ofB08 have a wide range.45 In Table
III, we show the unit-cell volume and other structural para
eters as a function of pressure. It can be seen that stisho
is more compressible along thea axis than along thec axis,
like other rutile-structured compounds.46 The internal param-
eteru decreases with increasing pressure, indicating the c
traction of Si-O bond lengths from 1.26 Å at 0 GPa to 1.14
at 114 GPa.

The assumption that the rutile structure is energetica
favored in stishovite up to 114 GPa will be maintained
Sec. III B through Sec. III E, although a structural pha
transition to the CaCl2 structure will be found to occur wel
below 114 GPa. The structural phase transition will be
major point of study and the dielectric properties of stish
vite in the relaxed CaCl2 structure will be discussed in late
sections.

B. The pressure dependence of the dielectric permittivity
tensors and Born effective charges

Next, we calculate the pressure dependence of the h
frequency~electronic! dielectric permittivity tensor (e i j

`), the
low-frequency ~static! dielectric permittivity tensor (e i j

0 ),
and the Born effective charge tensors (Zt,i j* ) where i and j
are thex, y, or z axis andt is the Si or O atom. Stishovite is
assumed to have the rutile structure and the dielectric p
erties are calculated up to 114 GPa.e i j

0 at 114 GPa is not
defined because it includes the contributions from ionic d
placement and one of the ionic displacement modes ha

FIG. 1. The calculated equation of state~solid line! of stishovite.
Filled and open circles are experimental data from Refs. 61 and
respectively. The pressure is in GPa.

TABLE III. The calculated equation of state of stishovite an
the pressure dependence of the structural parameters of stish
The rutile structure is assumed.

Pressure~GPa!
Volume

(Å 3)
a

~Å!
c

~Å!
u

~in a! c/a

0 45.5 4.14 2.66 0.3052 0.6421
18 43.3 4.06 2.63 0.3036 0.6471
42 41.0 3.98 2.59 0.3024 0.6503
73 38.7 3.90 2.54 0.3014 0.6524

114 36.4 3.82 2.50 0.3005 0.6537
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TABLE IV. The high-frequency and low-frequency dielectric permittivity tensors~e i i
` and e i i

0 , respec-
tively!, the Born effective charge tensors~Zi j* and their principal valuesz i* ! as a function of pressure. Th
indices ine i i

` , e i
0, andZi j* arex, y, or z and the index inz i* runs over the principal axes 1, 2, and 3. The rut

structure is assumed unless otherwise stated. The components not shown are zero.

Pressure~GPa! 0 18 42 73 114 73a

Dielectric permittivity tensors
exx

` , ey
` 3.306 3.249 3.200 3.159 3.126 3.169, 3.174

ezz
` 3.502 3.449 3.397 3.349 3.305 3.370

exx
0 , eyy

0 11.014 9.697 8.854 8.273 Not defined 8.179, 8.406
ezz

0 9.144 8.630 8.074 7.535 Not defined 7.752
Born effective charge

ZSi,xx* , ZSi,yy* 3.803 3.776 3.748 3.719 3.689 3.662, 3.785
ZSi,xy* , ZSi,yx* 0.343 0.303 0.269 0.238 0.211 0.312, 0.158
ZSi,zz* 4.055 4.025 3.993 3.958 3.922 3.954
zSi,1* 4.143 4.079 4.017 3.957 3.900 3.954
zSi,2* 3.460 3.473 3.479 3.481 3.478 3.493
zSi,3* 4.055 4.025 3.993 3.958 3.923 3.954
ZO,xx* , ZO,yy* 21.902 21.888 21.874 21.859 21.845 21.831, 21.893
ZO,xy* , ZO,yx* 20.557 20.534 20.511 20.488 20.466 20.488, 20.487
ZO,zz* 22.119 22.013 21.996 21.979 21.961 21.977
zO,1* 22.459 22.422 22.395 22.347 22.311 22.350
zO,2* 21.345 21.354 21.363 21.371 21.379 21.374
zO,3* 22.119 22.013 21.996 21.979 21.961 21.977

aIn CaCl2 structure.
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imaginary frequency~see Sec. III C!. Because of the tetrag
onal symmetry of the structure, only two components of
dielectric permittivity tensor are independent,exx and ezz:
the off-diagonal components vanish, whileexx5eyy .

The summarized results are shown in Table IV. As pr
sure increases, bothe i i

` ande i i
0 decrease. From 0 GPa to 7

GPa, the lattice constantsa decrease by 5.8% andc by 4.5%,
while exx

` and ezz
` decrease by 4.4% andexx

0 decrease by
24.9% andezz

0 decrease by 17.6%.exx
` /ezz

` is 1.06 from 0 to
73 GPa, whereasexx

0 /ezz
0 decreases from 1.20 at 0 GPa

1.10 at 73 GPa.
EachZt,i j* decreases as pressure increases.ZSi,xx* , ZSi,xy* ,

andZSi,zz* decrease by 2.2, 31.6, and 2.4%, respectively,
ZO,xx* , ZO,xy* , and ZO,zz* decrease by 2.3, 12.4, and 6.6%
respectively, as the pressure increases from 0 to 73 G
When the axes are chosen along and perpendicular to
bond direction in thex-y plane,Zt,i j* can be diagonalized
with the principal valuesz i* as the diagonal elements
(z1* 2z2* )/z3* , the difference between the largest and t
smallestz i* overz3* change from 16.5 to 12.1% for Si atom
and from 45.3 to 41.6 % for O atoms, i.e.,Zt,i j* becomes less
anisotropic at higher pressures. The decrease in anisot
can be understood by the fact that the unit cell becomes m
compressed along thea axis and closer to the cubic structur

C. The pressure dependence of the phonon frequencies
at the G point

We also investigate the phonon frequencies of stisho
at theG point. Stishovite is assumed to have the rutile str
ture and the phonon frequencies are calculated at 0, 18
73, and 114 GPa. The frequency of the Raman-activeB1g
e
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d

a.
he

e

py
re

te
-
2,

mode decreases with increasing pressure, whereas the
quencies of all the other phonon modes increase, as show
Figs. 2 and 3. The order of some phonon frequenc
changes as pressure increases. The experimental valu
the pressure shifts of the phonon frequencies also agree
with our calculated pressure shifts which appear in Tabl
of Ref. 47.

Interpolation leads to vanishing phonon frequency of
B1g mode at 86 GPa, as shown in Fig. 1 of Ref. 47. The
fore, stishovite is unstable above 86 GPa with respect to

FIG. 2. The phonon frequencies of the infrared-active modes
a function of pressure. The frequencies are in cm21 and the pressure
is in GPa.
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atomic displacements characteristics of theB1g mode.~The
B1g displacements are the rigid rotation of the O octahe
around Si atoms withina-b plane.! However, it is not guar-
anteed that stishovite is stable below 86 GPa with respec
other instabilities. The relation of the instability due to t
softening of theB1g mode to the phase transition at hig
pressure will be elaborated in Sec. III F.

D. The phonon band structure at 0 and 73 GPa

We computed the phonon spectra over the entire Brillo
zone of stishovite in the rutile structure at 0 and 73 GPa. T
technique that we followed is explained carefully in Ref. 1
and summarized hereafter. We computed first the dynam
matrices on a~2,2,4! Monkhorst-Pack grid in the reciproca
space. Then, we separated the dynamical matrices into
terms, one from the long-range dipole-dipole interaction a
the other from the remaining short-ranged interaction. T
short-ranged interaction part is interpolated thanks to a F
rier transform to real-space IFC’s, followed by inverse Fo
rier transform to any wavevector dynamical matrix. T
long-range dipole-dipole interactions are taken into acco
using an analytical expression based on the calculated a
tropic Born effective charge tensors and the dielectric p
mittivity tensors. The combined dynamical matrices can
interpolated at arbitrary wavevectors and generate the
phonon spectra.

The phonon band structures at 0 and 73 GPa are show
Fig. 2 of Ref. 47. The phonon frequencies at 73 GPa hav
wider range than those at 0 GPa and the frequency of theB1g
mode at and near theG point significantly approaches t
zero. All the modes~except the three acoustic modes at theG
point! have positive frequencies at any point in the BZ a
GPa. At 73 GPa, the same holds with the important exc
tion of an acoustic mode along theG-M line around the
long-wavelength limit. The imaginary frequency of th
acoustic mode implies that the rutile structure at 73 GP
unstable with respect to some long-wavelength mechan
perturbation. So, the pressure region in which stishovite

FIG. 3. The phonon frequencies of the Raman-active modes
function of pressure. The frequencies are in cm21 and pressure is in
GPa.
a

to
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unstable is brought down from 86 GPa and over to 73 G
and over. The acoustic modes along theG-M line are the
ones with wave vectorsq such thatqx5qy andqz50. In the
long-wavelength limit, these acoustic modes correspond
a uniform compression in thea-b plane if the atomic mo-
tions in thex and y direction are in phase or to a she
distortion in thea-b plane if out of phase.48 Our calculated
bulk modulus at 73 GPa is 598.0 GPa and positive, there
stishovite is stable under the uniform compression. We
scribe in Sec. III F the instability of stishovite under th
shear distortion.

E. The IFC’s at 0 and 73 GPa

Let us now compare theab initio IFC tensors of stishovite
in the rutile structure at 0 and 73 GPa, shown in Table V a
Table VI, respectively.

The real-space IFCF i j
ak,bk8 describes minus the forc

along directionj on atomb in cell k8 generated by a uni
displacement along directioni of atom a in cell k, in the
linear regime. The on-site force constantsF i j

ak,ak are the cur-
vature of the potential well in which the Si or O atom
moves if no other atom is displaced.

The system of coordinates in which theon-siteforce con-
stant tensors will be expressed is one in which these ten
are diagonal: axis 1 is along the@001# direction; axis 2 is
along the@11̄0# direction; axis 3 is along the@110# direction.
For the other IFC tensors, we adopt the systems of coo
nates in which axis 1 is along the bond direction; axis 2 is
orthogonalized direction with respect to axis 1 of the for
on atomb due to the displacement of atoma along the axis
1, and axis 3 is perpendicular to axes 1 and 2.~When the
force on atomb due to the displacement of atoma is di-
rected along axis 1, axis 2 is defined by orthogonalizing
x axis with respect to axis 1.!

At 0 GPa, the on-site force constantsF i i
ak,ak for i 51, 2,

or 3 anda5Si are 42.4728, 30.5714, and 25.7465 eV/Å2,
respectively.F i i

ak,ak for i 51, 2, or 3 anda5O are 26.1235,
35.1281, 12.7702 eV/Å2, respectively. At 73 GPa, the on
site force constantsF i i

ak,ak for i 51, 2, or 3 anda5Si are
49.9070, 24.9423, and 24.2650 eV/Å2, respectively.F i i

ak,ak

for i 51, 2, or 3 and a5O are 53.8233, 20.2034
7.8870 eV/Å2, respectively. The extremal ratio betwee
F i i

ak,ak for i 51, 2, or 3 anda5Si increases from a factor o
1.65 to a factor of 2.06 when the pressure increases from
73 GPa. For O atoms, the difference rises from 2.75 to 6
F11

ak,ak for a5O at 73 GPa becomes more than twice
large as the one that is the largest on-site force cons
tensor element at 0 GPa.F22

ak,ak andF33
ak,ak for a5O atom

shows a decrease by 42 and 38 % from 0 to 73 GPa.F33
ak,ak

for a5O atom is the smallest element, indicating that t
motion of O atoms out of the plane formed by the thr
neighboring Si atoms is even easier at 73 GPa than that
GPa, in agreement with the softening of theB1g mode.

The longitudinal IFCF11
ak,bk8 for a5Si andb5O nearest

neighbor atoms with bond lengths 1.66 and 1.68 Å
215.9907 and214.2668 eV/Å2, respectively, much large
than their counterparts at 0 GPa~27.9929 and
24.7579 eV/Å2 with bond lengths 1.75 and 1.77 Å, respe

tively!. The transverse IFC’sF33
ak,bk8 for a5Si and b5O

a
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TABLE V. The longitudinal (F11
ak,bk8) and the two transverse~F22

ak,bk8 andF33
ak,bk8! interatomic atomic force constants of stishovite f

different pairs of atoms at 0 GPa. The longitudinal interatomic force constantsF11
ak,bk8 are decomposed into dipole-dipole and short-ran

parts~see text!, while their values from pair potentials of Refs. 49 and 50 are also mentioned. Interatomic distancesd are in Å and force
constants are in eV/Å2.

d F11
ak,bk8 F22

ak,bk8 F33
ak,bk8 Dipole-dipole Short range Ref. 49 Ref. 50

Si—O
1.75 27.9929 22.6088 21.3605 13.5253 221.5182 26.5054 25.2436
1.79 24.7579 21.2162 22.0140 15.1346 219.8915 23.7046 22.2017
3.14 0.9397 20.4465 20.7488 1.4344 20.4946 2.9187 3.1714
3.20 1.4392 20.6010 20.4135 2.3255 20.8863 2.7416 2.9614
3.68 0.9834 20.5233 20.2740 1.1603 20.1769 1.7511 1.8283
4.07 2.3566 20.0913 20.1166 1.2828 1.0738 1.2715 1.3065
4.11 1.1010 20.2663 20.1161 0.7813 0.3197 1.2261 1.2580
4.15 0.9368 20.3537 20.1370 1.0087 20.0709 1.1968 1.2269
4.86 0.5539 20.2337 20.0831 0.7152 20.1613 0.7327 0.7412
4.90 0.5772 20.1501 20.0534 0.6151 20.0379 0.7152 0.7232
5.18 0.4742 20.1084 20.1176 0.4742 0.0000 0.6010 0.6060
5.26 0.3673 20.1448 20.0909 0.4431 20.0758 0.5755 0.5800
5.55 0.4179 20.0709 20.0962 0.4179 0.0000 0.4889 0.4919
5.61 0.3907 20.1181 20.0637 0.4150 20.0253 0.4734 0.4761
6.11 0.2167 20.0758 20.0743 0.2167 0.0000 0.3651 0.3665
6.12 0.1856 20.0879 20.0714 0.1856 0.0000 0.3633 0.3646
6.15 0.3061 20.0549 20.0719 0.3061 0.0000 0.3577 0.3590
6.17 0.3761 20.0496 20.0442 0.3090 0.0671 0.3540 0.3552
6.17 0.2818 20.0724 20.0617 0.2692 0.0126 0.3538 0.3550
6.40 0.2585 20.0593 20.0622 0.2585 0.0000 0.3170 0.3179

O—O
2.28 29.2669 0.4047 0.4368 24.3118 24.9551 212.7502 212.9813
2.50 23.9571 0.3042 0.3979 22.0786 21.8785 28.2750 28.4713
2.66 22.2788 0.4120 0.1429 21.9076 20.3722 25.9641 26.1552
3.00 20.3693 0.3358 0.2245 20.6045 0.2352 22.9616 23.1136
3.50 20.4801 0.3173 0.1088 20.9796 0.4985 21.2337 21.3113
3.57 20.6385 0.0739 0.2221 21.1214 0.4830 21.1148 21.1841
4.01 20.2429 0.2133 0.0709 20.3615 0.1186 20.6681 20.7013
4.14 20.2808 0.0836 0.1521 20.4130 0.1322 20.5889 20.6150
4.43 20.4315 0.1356 0.0923 20.3430 20.0875 20.4644 20.4799
4.45 20.5452 0.0466 0.0661 20.5150 20.0301 20.4558 20.4707
4.51 20.3207 0.0564 0.0875 20.3780 0.0573 20.4357 20.4490
4.92 20.3518 0.0729 0.0243 20.2604 20.0904 20.3339 20.3404
5.21 20.2128 0.0564 0.0573 20.2128 0.0000 20.2813 20.2853
5.32 20.3187 0.0598 0.0598 20.2381 20.0797 20.2658 20.2691
5.78 20.1633 0.0792 0.0233 20.1963 0.0330 20.2081 20.2097
5.81 20.1516 0.0476 0.0437 20.1671 0.0155 20.2056 20.2071
5.85 20.2449 0.0185 0.0457 20.2546 0.0097 20.2010 20.2024
5.97 20.1866 0.0214 0.0384 20.1866 0.0000 20.1895 20.1907
6.10 20.1186 0.0583 0.0248 20.1312 0.0126 20.1782 20.1792
6.28 20.0739 0.0432 0.0330 20.0739 0.0000 20.1638 20.1645
6.37 20.1244 0.0345 0.0316 20.1244 0.0000 20.1576 20.1583

Si—Si
2.66 28.3525 2.2949 2.2949 27.6305 20.7220 28.4433
3.21 25.0027 1.3163 0.5578 23.7637 21.2390 24.9086
4.14 21.4518 0.6195 0.3853 21.7191 0.2672 22.3277
4.92 20.9621 0.3858 0.3270 21.0729 0.1098 21.3908
4.95 21.1904 0.2196 0.1754 21.1195 20.0709 21.3686
5.32 20.8144 0.3051 0.3051 20.9533 0.1390 21.1030
5.85 20.9582 0.1137 0.1647 20.7259 20.2323 20.8263
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TABLE VI. Same in Table V except at 73 GPa.

d F11
ak,bk8 F22

ak,bk8 F33
ak,bk8 Dipole-dipole Short ranged Ref. 49 Ref. 50

Si—O

1.66 215.9907 22.3984 23.5072 17.9090 233.8988 216.0565 215.4460

1.68 214.2668 23.2686 22.7035 15.2424 229.5092 213.9419 213.2182

2.97 1.0874 20.5768 20.0729 1.8114 20.7240 3.5056 3.8827

3.04 1.6355 20.4154 20.0850 2.6666 21.0320 3.2468 3.5662

3.46 1.1904 0.0316 20.2925 1.3770 20.1856 2.1273 2.2500

3.85 2.3177 20.1521 20.2750 1.4373 0.8804 1.5084 1.562

3.91 1.2886 20.2002 20.2269 0.9494 0.3392 1.4412 1.489

3.97 1.0427 20.0792 20.1463 1.1428 20.1011 1.3712 1.4135

4.60 0.6802 20.0748 20.0967 0.7434 20.0632 0.8672 0.8803

4.62 0.6443 20.0199 20.0578 0.8037 20.1603 0.8566 0.8694

4.91 0.5520 20.0700 20.0568 0.5520 0.0000 0.7111 0.718

4.99 0.4392 20.0904 20.0335 0.5160 20.0768 0.6737 0.6805

5.21 0.4976 20.0496 20.0578 0.4976 0.0000 0.5920 0.596

5.35 0.4441 20.0807 20.0350 0.4733 20.0282 0.5449 0.5488

5.76 0.2371 20.0520 20.0428 0.2371 0.0000 0.4363 0.438

5.77 0.2614 20.0428 20.0462 0.2614 0.0000 0.4352 0.437

5.80 0.3625 20.0379 20.0418 0.3625 0.0000 0.4279 0.429

5.84 0.4305 20.0705 20.0413 0.3625 0.0671 0.4186 0.420

5.89 0.3285 20.0369 20.0603 0.3158 0.0126 0.4077 0.409

O—O

2.19 210.9928 0.1045 0.6530 24.6383 26.3555 214.8091 215.1125

2.36 25.5722 0.3907 0.5238 22.3867 23.1855 210.9446 211.1509

2.54 22.7191 0.7492 0.2425 22.1671 20.5520 27.5664 27.7617

2.82 20.5325 0.3970 0.2760 20.7930 0.2614 24.2837 24.4608

3.32 20.7045 0.0627 0.0734 21.3284 0.6239 21.6304 21.7317

3.36 20.5685 0.0938 0.0398 21.0923 0.5228 21.5425 21.6390

3.79 20.3187 0.0564 0.1360 20.4558 0.1360 20.8390 20.8869

3.90 20.3654 0.0972 0.0224 20.5248 0.1594 20.7454 20.7854

4.19 20.6103 0.1409 20.0068 20.5996 20.0107 20.5647 20.5888

4.20 20.4558 0.0058 0.0428 20.3984 20.0573 20.5565 20.5799

4.30 20.3605 0.0457 0.0816 20.4315 0.0700 20.5112 20.5307

4.66 20.4587 0.0539 0.0870 20.3207 20.1380 20.3948 20.4051

4.89 20.2536 0.0277 0.0345 20.2536 0.0000 20.3398 20.3466

5.09 20.3071 0.0389 0.0389 20.2711 20.0360 20.3019 20.3067

5.52 20.2760 0.0117 0.0189 20.2906 0.0146 20.2388 20.2412

5.53 20.1769 0.0160 0.0185 20.1905 0.0136 20.2366 20.2389

5.54 20.1895 0.0238 0.0107 20.2225 0.0321 20.2356 20.2379

5.67 20.2206 0.0199 0.0224 20.2206 0.0000 20.2210 20.2228

5.82 20.1429 0.0160 0.0287 20.1565 0.0136 20.2048 20.2063

5.93 20.0972 0.0282 0.0194 20.0972 0.0000 20.1932 20.1944

6.00 20.1399 0.0131 0.0189 20.1399 0.0000 20.1871 20.1883

6.07 20.1419 0.0155 0.0175 20.1419 0.0000 20.1808 20.1818

Si—Si

2.54 29.7655 0.4718 0.4718 28.6693 21.0962 29.5110

3.04 25.9327 0.2765 0.9494 24.4751 21.4577 25.7860

3.90 21.8065 0.0418 0.3528 22.0660 0.2595 22.7780

4.66 21.1525 0.0913 0.0345 21.2692 0.1176 21.6382

4.71 21.3799 0.2075 0.2561 21.2954 20.0845 21.5846

5.09 20.9387 0.0500 0.0500 21.0835 0.1448 21.2563

5.52 21.0243 0.0943 0.0986 20.8260 20.1982 20.9875
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atoms with 1.66 Å, andF22
ak,bk8 for a5Si andb5O atoms

with 1.68 Å also show a large increase. The IFC’s betwe
the nearest pair of Si-Si and O-O atoms and the farther p
of atoms show minor changes between 0 and 73 GPa.

When we decompose the longitudinal components of
IFC’s into the long-range dipole-dipole interaction part a
short-ranged part, we find an increase by 58% of the sh
ranged part of the IFC’s between the closest Si-O ato
because the covalent bond due to the electronic overla
stronger due to the shorter interatomic distance. In orde
estimate the range of the covalent IFC’s, we compute
phonon frequencies including short-range forces restricte
pairs of atoms within some cutoff distance. The spatial ra
of the covalent IFC’s is found to be of the order of 5.5 Å
73 GPa, longer than that at 0 GPa, which is of the orde
4.4 Å. Empirical force constants from Refs. 49 and
slightly overestimateab initio IFC’s at large distance at bot
0 and 73 GPa.

F. The pressure dependence of the elastic properties

So far, we have studied the dielectric properties of stis
vite under the assumption that the tetragonal symmetry of
rutile structure is preserved within the investigated press
region. However, the low-frequency dielectric permittivi
tensor is not defined because theB1g mode at theG point has
an imaginary frequency at 114 GPa. One of the lon
wavelength acoustic modes along theG-M line in the BZ has
an imaginary frequency at 73 GPa. The analysis of the IF
at 73 GPa show that the modeB1g , with motion of O atoms
out of the plane formed by the three neighboring Si atoms
softer than at 0 GPa while other IFC’s become much stif
Triggered by these facts, we take a close look at the ela
properties as as a function of pressure and characterize
domain of~meta!stability of stishovite in the rutile structure

We calculate the elastic constants with respect to a ho
geneous pure shear deformation with strain ten
exx52eyy at 0, 18, 42, 73, and 114 GPa. As mentioned
Sec. III D, this elastic deformation corresponds to the lo
wavelength acoustic modes along theG-M line. We find that
the shear modului51 due to the deformation are 107.9, 97.
67.1,238.2 GPa at 0, 18, 42, 73 GPa and interpolation p
dicts negative shear moduli above 64 GPa. This means
the tetragonal rutile-structured stishovite is unstable ab
64 GPa, causing spontaneous shear deformation, i.e.,
roelastic structural phase transition toward the orthorhom
CaCl2 structure. This is a good example of the theoreti
account by Miller and Axe52 that an elastic instability mus
occur in general crystalline solids if a Raman-active mod
soft. Similar structural transformations are known for CaC2
and CaBr2, that undergo ferroelastic phase transitions, fr
the rutile structure above 491 K~Ref. 53! and 780 K,54 re-
spectively, to the CaCl2 structure at lower temperatures.

G. SiO2 in the CaCl2 structure: Structural properties

The positive shear modulus of stishovite at 0, 18, and
GPa confirm the stability of the rutile structure with respe
to the shear deformation. Instability of the rutile-structur
stishovite is demonstrated by the negative shear modulu
73 GPa and 114 GPa. To find the minimum-energy geom
n
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at 73 GPa and 114 GPa, we relax the tetragonal symmetr
the unit cell and calculate the energy with respect to latt
constantsa and b. When relaxed at 73 GPa, the tetragon
unit cell with a5b53.90 Å andu50.3014 transforms into
a lower-symmetry orthorhombic unit cell witha53.83 Å,
b53.97 Å, and O atoms at (u1 ,u2,0), (12u1,12u2,0),

( 1
2 2u1 , 1

2 1u2 , 1
2 ), and (12 1u1 , 1

2 2u2 , 1
2 ), with the internal

parametersu150.2803 andu250.3198. At 114 GPa, the
relaxation leads the tetragonal unit cell witha5b53.82 Å
and u50.3005 to the orthorhombic unit cell with
a53.72 Å, b53.93 Å, and the internal paramete
u150.2682 andu250.3293. The Si-O bonds rotate by 3.8
and 5.8° off the diagonal ina-b plane at 73 and 114 GPa
respectively. This corresponds to theB1g displacement if the
structure remained tetragonal.

The stability of CaCl2 structure is substantiated by calc
lating the phonon frequency of the soft modeB1g at pressure
higher than 64 GPa. TheB1g mode in the relaxed CaCl2
structure at 73 GPa is no longer soft with frequen
219.7 cm21, as shown in Table 2 of Ref. 47, indicating th
the CaCl2 structure is stable upon relaxation.

H. SiO2 in the CaCl2 structure: Dielectric properties
and phonon frequencies at theG point

Stishovite in the rutile structure at 73 GPa being fou
unstable, we want to calculate the dielectric permittivity te
sors, the Born effective charges, and the phonon frequen
at the G point of stishovite in the CaCl2 structure. These
quantities in the rutile structure are symmetric with respec
the permutation ofx and y axes: phonon frequencies o
modes with motion of atoms perpendicular to thez direction
are twofold degenerate. In the CaCl2 structure, the degener
ate modes separate due to the loss of symmetry. The o
modes also undergo changes. The dielectric permittivity t
sors and the Born effective charge tensors of stishovite in
CaCl2 structure at 73 GPa are shown in the rightmost colu
of Table IV. exx

` andeyy
` in the CaCl2 structure become non

degenerate into a larger and a smaller value than the de
erate exx

` and eyy
` in the rutile structure;ezz

` increases by
2.9%.Zt,xx* , Zt,yy* , Zt,xy* , andZt,yx* for t5Si or O atoms in
the CaCl2 structure become nondegenerate with a larger
a smaller value than the degenerate value in the rutile st
ture.Zt,zz* slightly decreases.

The phonon frequencies at theG point in the CaCl2 struc-
ture are presented in Table 2 of Ref. 47. Each of the dou
degenerateEu andEg modes in the rutile structure splits i
the CaCl2 structure. The frequencies of the nondegener
modes in the rutile structure decrease in the CaCl2 structure
except theB1g andA2g modes. The frequency of the softB1g
mode in the rutile structure drastically increases
219.7 cm21 in the CaCl2 structure.

IV. CONCLUSION

The dielectric properties and the lattice dynamics
stishovite are investigated as a function of pressure using
variational DFPT. The low-frequency and high-frequency
electric permittivity tensors and the Born effective char
tensors are found to be less anisotropic at higher press
indicating the local environments of stishovite in the rut
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structure, more compressible along thea axis than alongc
axis at high pressure, is less anisotropic. The phonon
quencies of each mode at theG point are calculated as
function of pressure and the derived pressure shifts,
Grüneisen parameters, and the LO-TO splittings agree w
with experiment. The interpolated frequency of theB1g
mode is supposed to vanish at 86 GPa if the rutile structur
maintained. But the phonon band structure at 73 GPa sh
an instability of the rutile structure under shear deformati
From the real-space IFC’s, we find the motion of the O at
out of the plane formed by the nearest neighbor Si ato
especially easy at 73 GPa, whereas the longitudinal com
nents between a pair of the nearest neighbor Si and O a
are much larger at 73 GPa than at 0 GPa. The study of
elastic constants with respect to the shear deformation s
,
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spontaneous structural deformation at 64 GPa, suggesti
pressure-induced phase transition of the teteragonal ru
structured stishovite into the orthorhombic CaCl2 structure.
We also confirm the instability of stishovite in the ruti
structure by structural relaxation.
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