ON THE NUMBER OF -MATCHINGS IN A TREE
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ABSTRACT. An r-matching in a graph G is a collection of edges in G such
that the distance between any two edges is at least r. A 2-matching is also
called an induced matching. In this paper, we estimate the maximum number
of r-matchings in a tree of fixed order. We also prove that the n-vertex path
has the maximum number of induced matchings among all n-vertex trees.

1. INTRODUCTION

A set of vertices in a graph G is called independent if the set does not induce any
edges. The number of independent sets in G, denoted by i(G), was first studied by
Prodinger and Tichy [4], who proved that among trees of the same order, the star
and the path attain the maximum and the minimum of the parameter, respectively.
Since then many extremal results on i(G) over various families of graphs have been
obtained, and connections to mathematical physics also have been explored [5]. A
closely related parameter is the number of matchings in G. Another result proved
in [4] is that paths and stars, among trees of a fixed order, are the unique trees that
attain maximum and minimum of the number of matchings, respectively.

Independent sets and matchings can be generalized in the following way as pro-
posed in [1], [3]. Given a graph F, an F'-matching is a subgraph of G whose
components are isomorphic to F. An induced F-matching is an F-matching such
that there are no induced edges between the copies of F'. To generalize it, we define
the distance between two edges e, ¢’ in G as the minimum distance between two ver-
tices v, v’ such that v, v’ are incident to e, €/, respectively. Thus two incident edges
has distance 0. Given an integer r > 1, let (F, r)-matching be a collection of copies
of F' in GG such that the distance between any pair of copies of F'is at least . Thus
F-matchings are (F,1)-matchings and induced F-matchings are (F,2)-matchings.
Note that the empty set is also an (F,r)-matching for any F. Let S,.(F,G) be a set
of (F,r)-matchings and

sr(F, G) = |ST(F’ G)l
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To shorten the notations, we will refer to a (Ks,r)-matching as a r-matching and
a (K3,2)-matching as an induced matching.

We are interested in determining the maximum and minimum number of -
matchings in a tree of fixed order. The following observation shows that finding
the minimum is easy. Hence, we focus on estimating the maximum number of r-
matchings in a tree of fixed order. Let T,, denote a family of all trees with n — 1
edges and n vertices, and P,, denote an n-vertex path.

Observation 1.1. For T € T,,, we have Tm¥1 sr(K2,T) = n, and the equality only
e n
holds for trees T with diameter at most r + 1.

Proof. Since the empty set and sets of one edge are always r-matchings, we have
ijlgl $-(K2,T) = n. It is obvious that a tree T has exactly n r-matchings if the
€T,

diameter of T" is at most r + 1. On the other hand, a tree T satisfying the equality
must have no two edges with distance at least . Thus the tree T" with the equality
must have diameter at most r +1. O

In Section 2, we approximate the number of r-matchings in P,. In Section 3, we
prove that the path P, contains the most number of induced matchings among all
trees with n vertices. In Section 4, we prove that

(efr%ar)”*l < Jax s (K2, T) < (6%017~)7“1

for large r with «,. = (s + l)r/éﬂ = e#1, where s is a real number satisfying
r/2+ s = (s+ 1)log(s + 1). We also prove that there are n-vertex trees having
more r-matchings than P, when r € N\{1,2,3,4,5,7,9}.

2. THE NUMBER OF r-MATCHINGS IN P,.

In this section, we discuss the asymptotic behavior of s,.(Ks, P,,) as n — oo. For
the sake of formality, we let s,(K3, P,) = 1 for n = 0. Take an end edge e and
count all -matchings containing e and r-matchings not containing e. Then we have
the following recurrence relations about s, (Ks, P,):

(1) $p(Ko,P,)=nfor 1 <n<r,

(2) $r(Ka, Py) = 8¢(Ka, Pr1) + 87 (K2, Pp—yp_1) for n >r+1.

Let p,.(z) = 2" —2" —1 € C[x] be the characteristic polynomial for the recurrence
relation (2). Since p,(z) and its derivative p/.(x) do not have any common root in
C, the polynomial p,(z) is separable. Let ¢1, ¢z, ..., ¢-+1 be 7 + 1 distinct roots of
pr(z) in C, where |g1| > |g2| > ... > |¢r4+1|- In this paper, we let log denote the
natural logarithm.

Theorem 2.1. The polynomial p.(x) has an unique positive real zero 1 < 3, < 2
which satisfies the following: there exists a constant C. > 0 such that

sr(Ka, Py) B3 B r
2 = (1 + 0(1)) (log 7’)2.

C, =1l =
nbee gl Bt (r+1)
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Proof. Since p,(1) < 0 and p,-(2) > 0, there are at least one root of p.(x) between 1
and 2. Because of pl.(z) = 2"~} ((r+1)z—r) > 0, p,(z) i T
It follows that there is an unique positive real root (3, of p.(x) and it lies between
1 and 2. If ¢ is a non-real root of P,(x), then ¢"*! and ¢" have the different
argument, so we have 1 = g1 — g7 = |¢" 1 — ¢"| > [¢" T — |¢"| = |¢|"" — |q|",
which means that £, > |g|. Thus f, is the unique root with largest radius since
P.(x) is separable.

First, we prove that 87 = (1+ o(1))—=
inequalities hold for large r.

3) () <o

Togr It is enough to verify the following two

logr

() - (((1 n @)b;,w) >0

The inequality (3) comes from

r r 1
1 . Y V44 1) = R Y Vi 1) < ;(logrfloglogr) -1
0 (r) (o)) 4 1) = (o = ) < e )

<r (logr —loglogr

1
r +O(<O§T>)> = logr —loglogr + o(1) < logr.

We also get the inequality (4) from

1 )
Viogr

)(e%(logr—log logm) _1) > (14

Viogr’ logr
1 logr — loglog r (log r)?
0
) (o))
> logr + +/logr + o(y/logr) > logr.
Now we show that there exists C, > 0 such that lim,_ .o 2= (Kn"lp n) = C,. We

use induction on n. Because of s,.(K2, P,) > 0, there ex1sts ¢ > 0 such that
57(Kg, Py) > ¢f?~! for 0 < n < r. If this holds for all values less than n, then we
have s,.(Ka, P,) = 8,.(Ko, Py_1) + 8, (Ko, Ppy_r_1) > (B2 4+ B1772) = 71, it
also holds for n. Thus there exists such ¢ > 0. Since p(z) is separable, there exist
by € Rand by, ..., b1 € Csuch that s,.(Ka, P,) = b1 57~ 1+ZT+1 big;" ! forn >0
and by > 0. Then we have

g (14 )

>1”)+1>>r<l+ L) (L

1
>r(l4+——
= Jr\/logr

ST(KQa Pn)

n—1
T

C, = lim

n—oo

=b; > 0.

Finally we find the value of C,. By considering r-matchings in P, containing
n — 1+ th edges for i = 0,1, - ,r and r-matchings not containing any of them,
we get the following

ST‘(K23P2TL) :sr(K27Pn T)ST(K27 ZST K23Pn 2r+7.)3r(K27pn 1)
=0

= (1+o0(1))(C2E2" "2 4 (r+1)C,2pM"2772),
Then we have
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O i SrE2 P (1+o(1))0282~2
Ly~ ST(K27P2n_1) T n—oo (1 + 0(1))(Cr2 %71—7"—2 + (7, + 1)Cr2ﬂgn—2r—2)
g
= =(1 1 .
Gy W gy

3. TREES WITH THE MAXIMUM NUMBER OF INDUCED MATCHINGS

In this section, we prove that the path of order n contains the largest number of
induced matchings among all trees of order n. Before that, we prove the following
lemma.

Lemma 3.1. Let T' be an n-vertex tree which is not a path. Take a minimal
subtree Ty containing all vertices of degree at least three. Let v be a leaf of Ty
and d(v) = d > 3. Let v',v% - 097 be its neighbors of degree two, each of
which belongs to path P!, P? ... P%=1 in T — v, respectively. Let |P'| = p; where
1<i<d-—1andpy >py>--+>pg_1. Then one of the followings holds.

)pr>r+1

2)pr<randpr+p;>r+1lforall2<i#j<d-1

3) There exists an n-vertex tree T' having as many r-matchings as T such that
the number of leaves in T" is one less than T. If n > r+3 and T has exactly three
leaves, then T' has strictly more r-matchings than T.

Proof. Suppose that 1) and 2) are not true. Because of the choice of v, we know
that d is at least 3 and p; +p2 < r+ 1. Let P! = v}--wzl,l and P? = v%-uv;z
and v{,v? be the vertices adjacent to v. We construct a new tree 7" by replacing
vv} with viv) . It is obvious that T” contains exactly one less leaf than T. Let
L = E(Py)UE(P,) Uvv} Uvvi Uvivy, . For any r-matching M of T, M N L has only
one element because any two edges in L have distance at most r. Hence, for any
two edges e, e’ in M, the distance between them in T is the same as their distance
in 7" unless one of them is in L. If e is in L, the distance between e and €’ in T” is
at least the distance between them in T. Thus, M is still an r-matching in 7" and
T’ has as many r-matchings as T. If T has exactly three leaves, then 7" is a path
with at least r+ 3 vertices, then we take {1}%2_11)52 , €} where an edge e has distance
exactly r + 1 from v§2_1v§2. This is an r-matching in 77, but not an r-matching in

T. Thus T has strictly more r-matchings than 7. O

Claim 3.2. Forn € N, we have so(Ts, P,,) > 2s9(Ts, P—2), and the equality holds
only forn=2,3,4.

Proof. Tt is easy to check that the equality holds for n = 2,3,4. For n > 5,
the recurrence relation (2) implies that so(Ts, Py) = s2(Ta, Pr—1) + $2(To, Pr—3) =
52(Ty, Pr_o)+s2(Ts, P_3)+52(To, Pr_y) > 52(To, Py_2)+52(To, Py—3)+52(T2, Py_5) =
52(T, Pr_2) + 52(T, Pp_2) = 253(1%, P,—2). [
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Theorem 3.3. For a tree T of order n, we have
s9(K2,T) < s2(K2, Py,)
and the equality holds only for T = P, or T = K 3.

Proof. We use induction on n. For the base case, we check all the trees with at most
4 vertices, and conclude that Py, P>, P3, P, and K 3 are all possible trees and all of
them have exactly one 2-matching. Take all n-vertex trees with the most number
of 2-matchings which are not paths. Among those trees, we take a tree T with the
smallest number of leaves. We may assume n > 5. Note that T has at least three
leaves since it is not a path. If T has distance at most three, then the theorem holds
by Observation 1.1. So we suppose that 7" is not a double star. Then take a minimal
subtree Ty in T" containing all vertices of degree at least three. Let v be a leaf of
To. Then T — v has at least two path components. Let vivl .- vll,l oy ujud vgl
denote j paths in T'— v, where p; > ps > --- > p;, such that v{ adjacent to v. By
Lemma 3.1, one of the following three cases holds.

Case 1. p; > 3.
Then the recurrence relation(2) and induction hypothesis imply that

$9(K9,T) = s9(Ko, T — vzl,l) + s9(Ko, T — U;FQ - 1)11)171 — vzl,l)
< 89(Ka2, Pro1) + s2(Ka2, Pryr—1) = s2(K2, Pp).
Case 2. py <2and p;+py >4 for 1 <i#i <j.
Then we have py =--- =p; =2 and
$59(K2,T) = s55(Ko, T —v3) + 27 Lsp( Ky, T — v —vi — -+ — vl —v) —v).
We get the last term 297 1so(Ka, T — v — v — -+ — v{ - v% — v) by counting 2-
matchings containing viv} according to its intersection with {vivd : i =2,--- j}.

By Claim 3.2, we have
$9(K2,T) < 89(Ko, Po_1) + 27 ' s5(K2, Prj_1)
< 53(Ka, Pro1) + 52(K2, Py_3) = s2(K2, P).

Case 3. There exists an n-vertex tree 7’ with as many 2-matchings as T
such that 7’ have one less leaf than T

By our choice of T, it is only possible when T” is a path and T contains exactly
three leaves. In this case, Lemma 3.1 implies that 7" has strictly more 2-matchings
than T forn >5. O

4. THE NUMBER OF 7-MATCHINGS IN A TREE FOR LARGE r
In this section, we estimate the maximum number of r-matchings in a tree T" of
fixed order, for large r. Let s € R be such that r/2 4+ s = (s + 1)log(s + 1). Note
1
that (z + 1)772%= has its maximum value when z = s and the maximum value is

(14 0(1)) 77557 Also note that r > s for all 7 > 2. Let a, = (s + 1)”5“ =T,

Before proving Theorem 4.3, we do useful calculations in the following Claims.
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Claim 4.1. (e¥a,)/2+5/241 > (eFq,)/2+5/2 4 1

(e
Proof. (e T i r/2+s/24+1 _ (e%ar)r/2+s/2 _ (e%esil ~ e r/2+s/2( +1)e R
1 r/24s/2 _ s/2

(s+1 )(8 +1)e = TE > (14 S+1)€2(S+1>e2r >1. 0O

Claim 4.2. For an integer w such that w = as with 0 < a < 1, we have
(e7 o)™ T H > (e7 )" 4 w.

Proof. (e a,) ™+t — (era, )”w = (ev (s -|- 1) 725 )+ (e (5 4 1)#% —1)
B (5+ 1)2+‘(;+1)1o‘g(e+1) (6, 6(;4.1) _ 1) e (S+ 1) @“s+1 (% n %)
> (s 41+ CH ) > a4 1) > a(s+1) > w. O

Theorem 4.3. For an integer r > 2 and a tree T with n vertices, s.(Ko,T) is at
most (s +1)(eray)" L.

Proof. We use induction on n. For n < r + 2, the theorem holds because of the
following equation:
n—1 n-1
+

s+1
Assume a counterexample exists with minimum n. Then we have n > r + 1, and
we take all tree T' with n vertices with the maximum number of r-matchings, and
among those we take the one with the minimum number of leaves. Obviously, T
has diameter at least r + 2.

If T is a path, say v1vs - - - v, with p > r 4 3, then we have the following Case 1.
Otherwise we take a minimal subtree T containing all vertices of degree at least
three, and let u be a leaf of Ty. Because of the choice of u, T" — u consists of at
least three components and at most one of them is not a path. Let v;...v, and
Uy ... Uuq be two paths such that v,, u, are both adjacent to v and vy, u; are both
leaves in T and p > ¢q. By Lemma 3.1, we have either p>r+1,p+q¢>r+1, or
there exists a tree T” with at many r-matchings as T with less leaves. Because of
our choice of T, it cannot be the third case. Thus it’s one of the first two, and in
any case, we have p+q > 7+ 1. Let Ly = {v1,v2, -+ , Umin{p,r+1} }-

n<(s+1)(1+ )< (s+1)(eres )" = (s+ 1) (e a,)" L.

Casel. p>r/2+s/2+1.

First, consider all r-matchings containing vive. Since deleting vivs from them
gives r-matchings in T — L1, induction hypothesis implies that there are at most
(s + 1)(er )~ t-min{er 1} < (5 4 1) (er @, )"~ "/275/272 p_matchings containing
v1vg, since min{p,r+ 1} > r/2+ /241 for r > 2. Again by induction hypothesis,
there are (s + 1)(eva,)""2 r- matchings not containing vive. By Claim 4.1, the
number of r-matchings in T is at most

(s +1)((eman)" 2 + (eT o) /275/272) < (s + 1) (eT o) L.
Case 2. q<p <r/2+s/2.

Here we have L1 = {v1,v2, -+ ,0p}. Let Ly = {ug, -+, uptq—r}. Consider a forest
F =T — Ly — Ls. Then F contains two components, one of which is a component
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containing ug, say Ty, and the other one 77 does not contain ug. Then Ty has at
most p+q—r—2<s—1edges and T; hasm —p —q¢ < m —r — 2 edges. Also,
the number of all r-matchings in 7" without v1vs is at most (s+1)(er oy )"~ 2. If we
take an r-matching with vyve in T', and delete vy v2, then it is also a r-matching in
F. Thus, the number of all r-matchings in T" with vivs is at most the number of
r-matchings in F. Let p+ g =r 4+ w with w = as < s, where 0 < a < 1. Since the
number of r-matchings in F is at most (p+ g — r)(s + 1)(er o) P~9~2, by Claim
4.2 the number of r-matchings in 7' is at most

(s+D((erar)" 2 +wlera,)""""72) < (s+ 1)(erap)" .

In the following Theorem 4.4, we prove that Theorem 4.3 is pretty close to being
tight.

Theorem 4.4. For large 7, there is a tree T with n vertices such that the number
n—1

of r-matchings in T is at least (efr%ar)
Proof. Let n be an integer such that n—1 is a multiple of [r/2+s+17]. We construct

atree T with —2=1— leaves and n vertices from K, _ »—1 by subdividing each
[r/2+s+3] Frrarer T

edge [r/2+ 5+ 3] —1 times. We consider the forest F' obtained from 7' by deleting
all vertices with distance at most (r — 1)/2 from the vertex of degree ﬁ
All r-matchings in F' are also r-matchings in 7T since the distance between e and e’
in T is at least r for edges e, €’ in two distinct components of F. Since the number
of r-matchings in each path is [r/2+ s+ 3] — [£] +1 > [s + 1], the number of
r-matchings in F' is at least

n—1 1 n—1

—_— _n-1 n-
([s + 1) 725581 > (54 1)77355 (5 4 1) 72000 E]772F

3(n—1)

> (Ocr)n_l(s +1) 26/2+97 > (e_r%ar)"_l,

Therefore, the number of r-matchings in 7" is at least (efr%ar)”_l. O

1+o(1)
= qa,”"°*" . Note

The ratio between Theorem 4.3 and Theorem 4.4 is at most e%Jrr%

that the number of r-matchings in the n-vertex path is

(Cr +o0(1))Br~" = (Cr + 0(1))045%“’(1))("—1).

By Theorem 4.4, there are trees having more r-matchings than a path when r is
large. Let T;, denote the subdivided star obtained from K ; by subdividing each
edge a—1 times. In the following table, we indicate the actual example constructed
in the same way as in Theorem 4.4 with more precise choice of parameters.
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1

r s Q. Br a | s:(K2, Ty tn=1)/a) ™~
2 || 1.7182... | 1.4446... | 1.4655... | 3 3173 =1.4422. ..
3 | 2.1809...(1.3693...]1.3802...| 5 41/5 =1.3195...
4 |/ 25911...]1.3210...[1.3247...| 5 415 =1.3195. ..
5 112.9673...11.2866...|1.2851...| 6 416 = 1.2599. ..
6 || 3.3191...1.2605...|1.2554...| 6 416 = 1.2599. ..
7 1 3.6523...(1.2397...]1.2320...| 8 51/8 =1.2298. ..
8 |/ 3.9706...(1.2228...(1.2131...| 8 5L/8 =1.2298. ..
9 || 4.2766... | 1.2086... | 1.1974... | 10 | 610 =1.1962...
10 || 4.5723... [ 1.1965... | 1.1842... | 10 | 610 =1.1962...
11 || 4.8592... [ 1.1861... | 1.1729... | 11 | 6% =1.1769...

For r larger than 11, 8, < sr(Kg,Tam/a)ﬁ holds since 3, decrease faster than

sr(Ka, Taﬁn/a)ﬁ. Hence, we can conclude that

/B'r' < S,-(Kg, rfa,n/a)ﬁ

for all r except r € {1,2,3,4,5,7,9}. Thus, there are n-vertex trees with more
r-matchings than P, for » ¢ {1,2,3,4,5,7,9}. For r = 1,2, such tree does not
exist, and we do not know for r € {3,4,5,7,9}. We leave this as an open question.

Problem 4.5. Forr € {3,4,5,7,9}, does the following hold?

max s2(Ko,T,) = s2(Ka, Py)
T,eT,
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