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We explore the physics of supersymmetric Janus gauge theories in four dimensions with spatial

dependent coupling constants e”

and 6. For the 8 supersymmetric case, we study the vacuum and

Bogomol’'nyi-Prasad-Sommerfield spectrum, and the physics of a sharp interface where the couple
constants jump. We also find less supersymmetric cases either due to additional expressions in the
Lagrangian or to the fact that coupling constants depend on additional spatial coordinates.
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I. INTRODUCTION AND CONCLUSION

There has been some interest in the Janus-type field
theory where the coupling constants are dependent on
space [1]. What is exciting about this subject is that some
of supersymmetry of the original theory can be preserved
even when the coupling constants are spatially dependent
once some corrections are made on the Lagrangian and the
supersymmetric transformation. Such field theories appear
naturally in the context of anti-de Sitter geometry [2].
Recently, a Janus-type field theory has been discovered
in the intersecting D3-(p, g) 5 brane [3,4]. The field theory
on D3 branes can have a spatially dependent complex
coupling 7 = /27 + 4i/e?, preserving half of original
16 supersymmetries.

In this work we explore further these theories and gen-
eralize them, extending our previous work [5]. We first
study the vacuum and Bogomol’nyi-Prasad-Sommerfield
monopoles (BPS) configurations. We also study the wave
and dyonic physics near a sharp interface, which acts like
an axionic domain wall. We also find additional supersym-
metry breaking Janus theories.

The original Janus solution in Ref. [2] is a 1-parameter
family of dilatonic deformations of AdSs; space without
supersymmetry. The Janus solution is made of two
Minkowski spaces joined along an interface so that the
dilaton field interpolates two asymptotic values at two
spaces. The conformal field theory dual field theory is
suggested to be the deformation of the Yang-Mills theory
where the coupling constant changes from one region to
another region [2].

Further works revealed that one can have supersymmet-
ric Janus geometries with the various supersymmetries and
internal symmetries [6—10]. Starting from the 16 super-
symmetric Yang-Mills theory, the various deformations of
2, 4, 8 supersymmetries have been found [1]. Especially,
the 16 supersymmetric Janus geometries have been found
[9,10], where both dilaton and axion fields vary along a
spatial direction. Also, other aspects of the Janus solutions
have been discussed in Refs. [11-15].
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In our previous work [5], we investigated in detail the
vacuum and BPS structure of the supersymmetric Janus
theory for the case where only e? depends on the spatial
coordinates and found that there can be a new type of
classical vacua, which are characterized by the Nahm
equation when there are planes where the coupling con-
stant 2 vanishes. In a later work [3], such vacua were
shown to arise naturally when D3 branes intersect with D5
branes. In addition, we have found all supersymmetric
Janus field theories where the coupling constant e> depends
on other spatial coordinates.

In this work we repeat a similar analysis for the case
where 7 depends on spatial coordinates. In Refs. [3,4], the
SL(2, Z) transformation and the brane picture were an
important tool to explore Janus-type field theories.
Especially the vacuum structure was explored in the detail.
However, one can still ask whether there is nontrivial
classical vacua besides the usual Coulomb vacua in our
case. Our analysis shows that if such vacua exist, they
would break the supersymmetry further to only two.
However, the generalization of the Nahm equation is too
complicated at this moment. The BPS objects are dyonic
objects, and their characterization is equally or more com-
plicated than the previous case. In the presence of the 6
term, dyons would carry additional electric charge due to
Witten effect [16].

One interesting simplification is a sharp interface where
the coupling constant 7 jumps from one constant value to
another in a very small region. As the # angle jumps, such
interface can be interpreted partially as an axionic domain
wall [17,18]. Electromagnetic wave reflected or transmit-
ted through such a wall would have rotated polarization.
We calculate the reflection and transmission coefficient.
We fully investigate the 1/2 BPS dyonic object near the
wall, ignoring the non-Abelian core.

A full classification of four-dimensional Janus gauge
theory with partially conserved supersymmetry with spa-
tial dependent coupling e*(x, y, z) has been done in our
previous paper [5]. We think that the same classification
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works also for the present case with 7(x, y, z), and have
worked out all cases in detail.

One can introduce the interface degrees of freedom on a
sharp interface without further breaking of supersymmetry
as in Ref. [3]. Our result suggests that one could introduce
a more general class of interface Lagrangian to our more
general Lagrangian with more parameters and less super-
symmetries. It would be interesting to explore these
Lagrangians and their properties.

This paper is presented as follows: In Sec. II, we review
the 8 supersymmetric Janus Yang-Mills theories in four
dimensions. In Sec. III, we study the vacuum structure of
this theory. We raise the possibility of vacua preserving
only two supersymmetries. In Sec. IV, we consider 1/2
BPS field configurations. In Sec. V, we focus on the sharp
interface for the coupling constant. The image charges for
the magnetic monopoles and electric charges are found.
The wave propagation and reflection at the interface is
studied. In Sec. VI, less supersymmetric Janus Yang-
Mills theories whose coupling constants may have addi-
tional space-time dependence are explored briefly.

(While this work is written, a paper [19] has appeared
where there is some overlap. We feel some of points raised
here seem new.)

II. A BRIEF REVIEW OF 8 SUPERSYMMETRIC
JANUS LAGRANGIAN

We start with the ten-dimensional supersymmetric
Yang-Mills Lagrangian
1 -
.E() = — 47 Tr(FMNFMN + ZI\PFMDM\I,), (21)
e
where M, N =0,1,2...,9and u, v =0, 1, 2, 3. We use
the ten-dimensional notation for convenience. The gamma
matrices I'” are in the Majorana representation, and the
gaugino field W is Majorana and Weyl. The spatial signa-

ture is (— + + +...+ ). The Lagrangian is invariant
under the supersymmetric transformation

SoAy = iVl €, SoW = II'MNeF .y, (2.2)

where the supersymmetry (SUSY) parameter € is
Majorana and satisfies the Weyl condition

[0129 = ¢, (2.3)

As we consider 1 + 3 dimensional space-time x* = x°, x!,
x%, x3, the remaining spatial gradient 9,, = 0 with M =
4,5+ -9 and the gauge field A;; become scalar fields ¢,
with M = 4,5---9. In four-dimensional space-time, one

can have an additional term in the Lagrangian

£9=_

3 1
TtFRF,, = o W0, (24)
T

3272
where the dual field strength is F** = e*"P7F, /2 with
€”"* =1 and W, is the Chern-Simons term, W =
e*’"P Tr(A,0,A,/2 — iA,A,A,/3). As Ly is a total de-
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rivative, the supersymmetry of the original Lagrangian £,
would be intact.

We are interested in the case where the coupling con-
stants e2, # depend on space-time coordinates. The original
Lagrangian L, + L4 is no longer invariant under the
original supersymmetric transformation modulo a total
space-time derivative. Fortunately, one can maintain
some of supersymmetries if one modifies the supersym-
metric transformation of the gaugino field by 6,V and also
the Lagrangian by additional terms, which depend on the
derivatives of the coupling constant. For this work, we need
to take the space-time dependent supersymmetric parame-
ter €(x). The Lagrangian £, + L, transforms under the
supersymmetric transformation &, of Eq. (2.2) nontrivially
as follows:

8o( Lo+ L) = —a,(é) Tr(Fyy i UTVN T4 €)

1 =
- E Tr(FMNl‘I’F'U'FMNa#E)

a,0 =
+ (16M772>6M0 Tr(F,,i¥T €). (2.5)

The additional transformation of the original Lagrangian
due to 6,V would be

1
8]£0 = —E)M(P)lTr(‘I’F"‘S]‘P)

— ;12 Tr(iWTMD,,6,¥). (2.6)

Let us focus on the case where the coupling constants e?,
6 depend only on the x> = z coordinate. It has been shown
recently in Ref. [3] that the half of the original supersym-
metry could be maintained if the spatial dependence of two
coupling constants is constrained so that

é = Dsin2, 0 =6y +8m*Dcos2y,  (2.7)
with the space-time dependence arising only from ¢ (z),
which can be an arbitrary function. Note that in the limit
D — o0, §, — Foo and (z) — 0, 7r/2 with the combina-
tions Di(z) and 6, + 87°D kept finite, the space-time
dependence appears only in the fine structure constant
477/e*. Notice also that a constant shift of by 27 does
not change physics. The complex coupling constant be-
comes

T= i + dmi_ 7o + 4mDe*Y,
27 e
where 79 = 0,/ (2m).

With the coupling constants given by Eq. (2.7), eight of
the original 16 supersymmetries can be preserved [3]. The
condition on the supersymmetric parameter € compatible
with the Weyl condition (2.3) is

(2.8)

e(z) = e~ (W(@/2r"> €0, (2.9)
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with a constant spinor €, such that

[3%%¢, = €. (2.10)
This condition also breaks the global SO(6) symmetry,
which rotates 4, 5, 6, 7, 8, 9 indices to SO(3) X SO(3),
each of which rotates 4, 5, 6 and 7, 8, 9 indices, respec-
tively. As T012-9¢ = ¢, we get ['#5%¥" ¢ = ¢ The
condition on € is identical to the case with the constant 6.

As the SO(6) symmetry is broken to SO(3) X SO(3), we
split six scalar fields to two sets each of which are made of
three scalar fields. We denote

X, = Xy, X2, X3) = (b4, ¢s, o),

(2.11)
Ya = (Yl’ Y2r Y3) = (¢7’ ¢8’ ¢9)

We will also interchangeably use (X, X5, X3) =
(X4, Xs, X6) and (Yl’ Y2, Y3) = (Y7, Yg, Yg) The indices
for I'* follow the indices for the scalar field whenever
they are contracted. To cancel some of the terms in the
zeroth order variation of the original Lagrangian (2.5), one
needs to add a correction to the SUSY transformation of
the gaugino field and also corrections to the original
Lagrangian. The correction to the original SUSY trans-
formation (2.2) is

SIAM = 0,

(2.12)
5,V = /T3 - X) cotyp —

(I'-Y)tany)e,

where the prime means d/dz. The correction to the original
Lagrangian is made of two parts. The first correction,
which depends on the first order in the derivative of the
couple constant, is given as
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The second correction is quadratic in the derivatives of ¢
so that

L= — L Ty = (4 cotp))X,X,
e

+ (Y7 + (Y tanyh) )Y, Y, ] (2.14)

The total Lagrangian L = L, + L, + L, + L, is invari-
ant under the corrected SUSY transformation

SAM = (60 + 61)AM = i\i’FMG,
\Ij == (80 + 51)\1}
= FynTMNe + /T3 (cotep (I - X) — tanep (I - ¥))e.

(2.15)
Redefine the scalar fields so that
X, = X,siny,

Y,=Y,cosi. (2.16)

The correction to the supersymmetric transformation of the
gaugino field can be absorbed as

F“DX r

5W=<1F rer +

2 M s1n¢/

o, Y-T+-

Cosw (2.17)

The L, can be absorbed into the scalar kinetic energy

oo ( 1 1 ) 1/ 1 i | i
=" _Triv _1‘*012 + 1"456 _ F789 i\ — - a\2 2
L 42 sings cos s Lo+ Lo=.. 262 (sinzz//(D“X yr cos?yy = M ) )
! i i + ... 2.18
2 XD X + o n v)) 19
e’ iny cosy
(2.13)  The whole Lagrangian £ becomes
|
1 iz N .
L=—-—; Tr( + 72DMY”D#Y“) +— Tr( [Xe, X*]
42 8 cos~ Y 4e sin*
- 1 - 1 - - - -
+ Yo v+ Xa, vb 2) —T('\PF“D ¥+ —WIrxe, ¥ L g YP,‘I')
cos“zp[ P+ [ ] 202 '\ " sing [ ] cos s [ ]
/ _ 1 / B ~ ~ . ~
+ % TriW(—FOlz 446 — F789)\If +2Y ¢ Tr ( X\[%y, X3l + —— V[P, Y3]).
4e sinys cosis cos™

The combined SUSY transformation (2.15) becomes

(2.19)
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6A’u = i‘I’FME, 5X —W\PF €, 5Y[) :C()S(!/ €
1 1 1 - L L
sV = ( W+~ p X Hay —_p 7 Iwr—— ' _[§, ¥~ _[X, X,]
2 # sin s cosyp  “ cos sinyy 2sin” ¢
Y Y, I )e. 2.20
oy o Tl )e (2.20)
|
We can choose the gauge group to be any simple Lie group ~ above equations are the Abelian Coulomb vacua
G. . -
X, =0, Y, =0, 3.5)
III. THE VACUUM STRUCTURE (X, X,] =[Y,, ¥,]=[X, Y,]=0. '

The energy density from the above Lagrangian (2.19) is
not positive definite. To consider the vacuum, we putA,, =
0 and ¥ = 0. The scalar fields can depend only on x* = z
coordinates. The nontrivial part of the energy density is

SREIE B 5%
2¢% \sin?y cos’yy  2sinty 2cos* i
(X, Y, 2i’ | U
T2 ~b2 )+ 2 Tr( —— X1[ X2, X5]
cos”rsin” i e sin® ¢
- g LT m)_ 3.1)

We rewrite the above energy density as

1 ! i
€= — Tr[ % + L ee(X,, X,] -
2e? r(sinlp 2€ (X, X.]

[Yh, Y ]) cosiy

e [X, Y, ]s'nw)2 + ! Tr( Yo
— i€ , i —
b e 2¢2 \cosi
- %eabc([xb, Xc] - [Yb’ Yc]) Sinl,b

. abe 2 1 . 2
— iee[X,, Yc]cosw) - E(%’[X“’ Ya]) + &

(3.2)
The boundary term is
E, = —2iD Tr(X,[ X5, X;]cot?y + Y[V, V3]tan® )’
+ iDeb Tr(X,[Y,, Y ] + Y [X,, X.]). (3.3)

Assuming the boundary contributions vanish, the energy
would be non-negative and the classical vacuum would
satisfy the vacuum equations

le
a = _abc X , X.]-
Sinlﬁ 2 € ([ b c]

[Y,, Y.]) cosiy
— ie?*[X,, Y, ]singy = 0,
Ya — i.Gabc([)(b’ Xc] - [Ybr Yc]) Sil’llﬂ (34)

cosyy 2
— ie*[X,, Y, ]cosiyp = 0.

Of course the obvious vacuum configurations satisfying the

Thus, X,, ¥, are constant and can be diagonalized. As
oW =0 of (220), these Abelian vacua are fully
supersymmetric.

The interesting question is whether there exist any non-
trivial solution for the vacuum Eq. (3.4). For a constant 6
case, this vacuum equation turns out to be the Nahm
equation for the magnetic monopoles, and nontrivial vac-
uum are allowed when e? vanishes on some planes. This
has nice interpretation as D3 branes intersecting with D5
branes. In the present case, it is not clear at all whether
nontrivial, or non-Abelian, solutions exist. If they do, one
may wonder the number of supersymmetries preserved.
Let us consider the generic case. The SUSY transformation
for the vacuum configuration would be

o5t Y, — —[Xu, X, 0

i .
— 20V, Y0 X, yp]rap)e.

oY = (—.1 X! I3 +
sinys
(3.6)

It vanishes for the vacua satisfying the vacuum Eq. (3.4)
only if the SUSY parameter €, satisfies the additional
conditions

3489 — 13597 — 13678 —
r €y = r €y = T €p

= T €). (37)

As only two of the above conditions are independent, any
generic non-Abelian vacuum, if exist, would break the
number of supersymmetries to two.

When 6 is constant, it is known that there may be non-
trivial vacua when the e*(z) vanishes at some points [5].
When D3 branes are connecting D5 branes, the dilation
field vanishes at the location of D5 branes and so the
coupling constant e*(z) in the theory on D3 branes varies,
while vanishing at the D5 locations. The vacua of the
theory characterize D3 branes. After T-dual transforma-
tion to D1-D3, the vacuum structure characterizes how D1
branes end on D3 branes. As D1 branes ending on D3
branes appear as magnetic monopoles, we know that the
Nahm equation characterizes D1 branes ending on D3
branes. The S-dual version of the above vacuum configu-
ration, which appears as the boundary field theory, has
been studied by Gaiotto and Witten [4].
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IV. BPS EQUATIONS

Similar to the constant 6 case, we can introduce two
possible 1/2 BPS conditions:

r1234€0 = €, F70€0 = €). (41)

The first one was for magnetic monopoles and the second
one was for the charged massive particles in the Coulomb
phase. With nontrivial 8, both conditions become the 1/2
BPS condition for dyons. If we impose both conditions, we
would get 1/4 BPS configurations. If there is nontrivial
non-Abelian vacuum of only two supersymmetries (3.7),
the above BPS condition would be incompatible, implying
that there would be no BPS dyons in such a non-Abelian
vacuum.

With the first condition of (4.1) in the Coulomb vacuum,
one can read the 1/2 BPS equations for dyons from the
supersymmetric transformation to be Y, = 0. The remain-
ing 1/2 BPS equations are

Ei - Di}zl = 0;
(B, + iB,) — cotys (D + iD,)X, = 0,

Bs — cotih D3X; — ——[X,, X5] = 0, (4.2)
sin” ¢
(D +iDy)(X, + iX3) =0,

D3(X2 + ZX::,) - COtl//[Xl, Xz + ZX3:| = O,

1 - - - -
g‘[ = j-d3xﬁ Trl:(El - DiXI)z + (Bl - Cot(,bDle)z + (32 - COtlpDzXl)z + <B3 - COtlpD:;Xl -
e

—+

e |D\(X, + iX5) + iDy(X, + iX3)|*> + (
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where the electric and magnetic components of the field
strength are

Ei = FiO’ Bi = %Giijjk‘ (43)

These equations are consistent with the Gauss law

1
p(Le

i
62 87T2 Bi) + ;([Xw D()Xa] + [Ym DOYa]) =0.

(4.4)

One could impose a further constraint X, = X5 = 0, and
then the above BPS equations become

B; — cotyyD; X, =0, E,— DX, =0. 4.5)

These equations can also be obtained from the energy
functional, which can be reshuffled to

1

.\
- 2¢[X2,X3])

S

i - - . - \2
Z(ﬂ [Xz, X3] - C0t¢/D3X2 + DOX3)

i SR - = \? 1 5 i 5 o
+ (—2¢[X2, X3] + COtlpD3X3 + DOX2) ] + faiTr?)Q(E,- - tanl,bB,» + 8{3@[}(2, X3])

S

2D 1% [R R]
_ 2D Lotk
sinZg P

where we have used the Gauss law in completing the
squares. Note that there are three boundary terms.
Among these, the first term vanishes on imposing the
BPS equations and the second term is zero for Coulomb
vacua. Therefore, for the half-BPS configurations the en-
ergy is proportional to the magnetic charge
H =2D j d*x9, TrB,X,. 4.7)

Thus, the 1/2 BPS configuration with nonzero energy
would be those with X, = X3 = 0 and satisfies Eq. (4.5).
The 1/2-BPS equations for the supersymmetric condi-
tion I'"%¢, = €, can be obtained in a similar manner. The
resulting equations and the energy are exactly the same as
Egs. (4.2) and (4.7) with X, and ¢ replaced by Y, and
/2 — i, respectively. After imposing both conditions,

z=00 -
+2D / d; TrB;X| + (Y-dependent terms),
7=—00

(4.6)

|
we get the 1/4 BPS equations, which are complicated

and mixed version of the above 1/2 BPS equations. One
novel aspect of 1/4 BPS equations is that the electric and
magnetic fields are not parallel to each other.

Since the solution of the BPS equation is a dyonic object
in the presence of 6 term, we would like to briefly discuss
the Witten effect [16] in this case. Assume that the vacuum
is given by

Trpp = 92, (4.8)

where ¢ = X, or ¢ = Y, depending of the supersymmet-
ric condition. The Noether charge n generating the gauge
transformation around the direction ¢ is
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— d3 a
" / amM>
1
o R LY
e? 8

This is quantized as an integer. Using Eqgs. (2.7) and (4.5),
we find

(8 = D)fd3x8 Tr(B;¢/7) = ( bo D)Q
= (1o = 47D)n,,

4.9)

(4.10)

where the upper (lower) sign is for ¢ = X,(Y,). Q,, is the
magnetic charge quantized as Q,, = 4mn,, with n,, being
an integer. Therefore, for 1/2-BPS solutions to survive
quantum mechanically, the parameters in the coupling
should be quantized. Note, however, that there is no simple
relation between the electric charge and the magnetic
charge if the couplings are not constants. For example,
with Eq. (4.9),

1 -
QE = [dSXGiTr(62~EiX1)

—2D f dxd,; Tr(sm ¢B,X1).
v

The electric charge would have been a sum of Noether
charge and that of the Witten effect if # is constant.

(4.11)

V. SHARP INTERFACE

Here, we consider the 1/2-BPS case that the coupling
constants e%(z), 0(z) change from one value to another at a
sharp interface so that

(e, 0y, ;) forz>0

@aw:{@ﬁ@M)mu<0 -1

As there is no matter source at the interface, we get various
continuity conditions from the equations of motion. The
following quantities are continuous at the interface z = 0:

1 0 1 0
Ei’ (?E'; 8 233) B3, (73l - WE,’),

e
X, D;X,, coty DX,
Y, DY, tanyD¥, (i=12). (52

From this boundary condition we see that, if 6 is not
constant, electric charge is induced on the boundary, which
is proportional to the magnetic flux ® through the bound-

ary
induced — 1 — 02 — 01
Qinduced — fai(e2 Ei) =g . (5.3)

PHYSICAL REVIEW D 79, 126013 (2009)

A. Reflection and transmission of waves

Let us consider now a massless wave propagating to-
ward the interface of the two coupling constants from z >
0 region. The fields and their derivatives in (5.2) should be
continuous across the interface z = 0. A part of the inci-
dent wave will be reflected and the rest may get refracted or
transmitted. Let us call the electromagnetic field of the
incident wave to be E, B, the reflected wave to be E”, B”,
and the transmitted wave to be E’, B’. The continuity
equations at z = 0 are

(E+E'—E)xX2=0,
(B+B"—B)-2=0
E+E' E 0
(—2 =7t 2(B+B") ZB) z=0,
ey e; 8w
B+B' B 0,
- E+E”+ E’)x‘=0.
( PR g (B EY) 2
5.4
The space-time dependence waves would be e~/ +ikx,
e WItiK"x and o~ Witik'X for the incident, reflected, and

transmitted waves, respectively. The wave equation at each
region and the above continuity equations imply that

w = |k| = [K"| = [k], k =K,

(5.5)
(k +k")-2=0.
Thus the transmitted wave is not refracted at all. After
taking out the space-time dependence, we can express the
electric fields of the reflected and transmitted waves in
terms of the the incident wave. The amplitudes of the
transmitted electric fields is given by
sin2r

Ej=——————[cos(¢, —

sin(i + 4,) ¥2)Bgl.

(5.6)

2)Eq — sin(i —

Note that the polarization direction is rotated. For the
reflected electric field, the expression explicitly depends
on the incident angle and will not be shown here since it is
rather complicated. However, if the incident electric field
has the form Eq = Ey(cos2 i + sin2 s i), where m is
the unit vector normal to the plane formed by Z and k and
fi = kK X 1, it can be written in a simple form

sin(¢; — )
0=, L o, m
sin(¢r; + )
_sin(¢y — ¢,)
sin(¢r; + )
The expression in the second line also holds when the
incident wave is normal to the xy plane. The corresponding
magnetic fields can be obtained from the relation B = % X

E. The reflection and the transmission coefficients defined
as Ej = rE,, E{, = tE, are however independent of the

El=E

(_ COSZ(/’IEO + Sin2¢f 1 B()). (57)
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details of the incident wave and are always given by

sin(fr; — ¢5) sin2¢,
sin(i + i) sin(iy + i)

5

(5.8)

B. Gauge fields of a single dyon in the Abelian limit

For simplicity, we consider the SU(2) gauge theory,
which is broken spontaneous to U(l) subgroup by the
Higgs expectation values at the vacuum

<)21> = j—%ﬁ-

The diagonal components of the fields will be massless,
and off-diagonal ones will be massive. We solve the 1/2
BPS Eq. (4.5) in the Abelian limit where the non-Abelian
core size vanishes. For definiteness, we work with the first
condition of Eq. (4.1). For a single dyon with charge (g, g)
at z = a > 0, electric and magnetic fields would have the
form

(5.9

0 (x,y,2— o' (x,y,z+
g (yg a)""f_ﬂ()é u)’ 72>0

4ar ry
B=1¢ o
TR z<0,
2 2 (5.10)
ad (xyz—a) 4 649 (xyzta)
47 ri_ + 47 r y 0
E =
38" (wy.z—a)

’
4 r

where 72 = x> +y? + (z ¥ a)?>, and the group factor

03//2 is omitted for simplicity. The image charges
(¢, g") and (g”, g") are to be determined from the BPS
equations and the boundary conditions. The configuration
of scalar field X, may be obtained by integrating the
electric field through E; = D,;X,. From the BPS equation
E; = tany B, it immediately follows that

/ 1
8 8 8

q =—2tan¢1, q/ =—2tan¢1, q// =—2tanlp2.
€ € €

(5.11)

In addition, we have four equations from the boundary
conditions Eq. (5.2). Since we have only four unknowns
it may look over constrained. However, with the help of the
relation Eq. (2.7) between e” and 6, we can find a solution
satisfying all the equations,

I _ Sin(‘/’l - ¢’2)

$ 7 SSin(y, + 0
0 sinyr; cosi,
&7 (g, + ) 51
I sin? i sin(¢r) — ,) ’
7= "2%D sin(¢r; + ¢5)
o — 4 singsin® i, cosir,
sin(¢r; + ¢,)
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The magnetic and electric fluxes to the northern and south-
ern hemispheres are, respectively,

L,

oY =g + g, O3, = 18",

(5.13)
DY =g + ¢,

10

(I)%qu,

and the charges Q) and Qf in Egs. (4.10) and (4.11) are
given by the total fluxes

Ou=%xg+g +g" =g
Or =1(q +q' + q") =2gDsing singry cos(ghy — ),
(5.14)

which satisfy Eq. (4.11) as it should be.

One may wonder whether this object has nonzero field
angular momentum. At a first look this has to be the case
because a dyon produces nonzero angular momentum in
the background of an axionic domain wall [18] for which 6
changes from zero to 277, while the coupling e remains a
constant. For the present case, however, the electric field is
proportional to the magnetic field thanks to the half-BPS
equation and hence the field angular momentum defined by

M = fd3xr X (E X B) (5.15)
is identically zero.
The magnetic flux through the xy plane is
il = -3 = —%g”, (5.16)

which induces electric charge on the boundary as in
Eq. (5.3). If the dyon is on the negative z axis (a <0),
the corresponding magnetic flux on the xy plane would be
D0 = Lg", . (5.17)
Let us now consider the situation that a dyon with charge
(g, g) at z <0 region passes from the xy plane to z > 0,
where § = gtany,/e3 as given in (5.11). Since the cou-
pling constants change from (e,, 6,) to (e, 6;), the charge
should change to (g, g), accordingly. It is interesting to
check how the conservation of electric charge works. In
fact, as the dyon passes the xy plane the induced electric
charge (5.3) should also change due to the change of
magnetic flux, which is given by

AP = P470(q, g) — 947G, 8)

_ singgycosgpy  singpcosy _
gSin(‘/fl + ) gSin(l/H + ) &

(5.18)

Then,
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0, — 0,

A Qi];lduced — 5

Py (5.19)

This is to be compared with the change of the electric
charge of the dyon

8
- e—% tan lpz, (520)

where we have used Eq. (5.11). On using Eq. (2.7), this is
precisely cancelled by AQirdueed jn Eq. (5.19). Usually the
induced charge on the axion domain wall is due to the
polarization of fermions, which led the photon-axion in-
teraction. In our case, a further study is needed to clarify
the exact nature of the sharp interface.

If the 1/4-BPS configurations are considered, the elec-
tric and magnetic fields are not parallel to each other in
general, and more richer configurations with nonzero an-
gular momentum would appear near a sharp interface. The
detail will be left as an exercise.

VI. ADDITIONAL SUSY BREAKING JANUS

Let us consider the further supersymmetry breaking
Janus configurations. This could happen two ways. First
is to have additional terms in the Lagrangian while keeping
the coupling constant 7(z) depending only on one spatial
coordinate. Another is to introduce additional space-time
dependence to the coupling constant and then correct the
Lagrangian. We have done a full classification in Ref. [5]
without the # term, and the same classification works for
the present case as long as we keep the supersymmetric
condition on €,, which we describe in the following.

A. The 7(z) case

In this subsection we are still interested in the case where
the coupling constant e(z), 6(z) depends only on one
spatial coordinate. We can impose additional constraints
on the SUSY parameters €,, which is compatible with what
we have already imposed. We then find the corrections to
the Lagrangian and SUSY transformation, which needs
several undetermined parameters. Depending on the value
of these parameters, the number of preserved supersym-
metry would be 8, 4, or 2.

We impose on the ten-dimensional Majorana Weyl
spinor €, the four conditions including one in (2.10),

3456 —
r €y = €,

%€, = —e,,

49, = —¢,,

3678 —
r €y = €p.

(6.1)

As the product of the above four conditions is an identity,
there are only three independent conditions, breaking the
supersymmetry to 1/8th or two supersymmetries.

To cancel the supersymmetric variation (2.5) we add to
the Lagrangian the following three terms:

PHYSICAL REVIEW D 79, 126013 (2009)

!
= 1
L= ‘//2 \III:—FOIZ + X (coT#56 — ¢, T4 — ¢, 157

4e in s
— 4678 — ! (coT™ — ¢,T567 — ¢, 648
cosy
_ c3T459):|‘If,
/
Ly = —i—5——Tr(coplds, ds] — c1duldbg, do]
e’ siny

— c2ps[bo, h7] — c3pel b7, B3]
B Tr(codl s, dol — c1ds[ e, 7]
e” cosy
— CrPel Pu, bs] — c3hul s, bo)),

+ i

9
L= r/Tre3, (6.2)
=4
where
r; = Dy'"*[c;(c; + sin® ) cotey
+ (1 —c)(1 —¢c; + cos’ ) taniy]
— D" (c; — sin®4), (6.3)
and c;’s are real constants satisfying
C0+C1+C2+C3:1, C4:C0+C1,
Cs = ¢y T ¢y, Ce = Co T C3, c7 = ¢yt 3,
Cg = C1 + Cs, Cog = C1 + CH. (64)

The correction of the supersymmetric transformation is

5V = — ¢/ (cotypT - X — tanyT - Y)I e, (6.5)
where
F'XEC() F”(ﬁa-i-c] F‘l¢a+02 Fa¢u
a=45,6 a=438,9 a=5.9,7
+ C3 Z Fa¢a’
a=67,8
F-Y=cy Y TP, +c I, + ¢ rve,
p=7.89 p=5.67 p=648
tey Y IPg, (6.6)
p=459

Then the total Lagrangian Lo+ L, + L, + L, + L5 is
invariant under the corrected supersymmetric transforma-
tion. For a generic values of constants c;, the number of
supersymmetry is two. If two of ¢, ¢y, ¢,, ¢3 vanish, it is
enhanced to four. If only one of them is nonvanishing, we
will have eight supersymmetries as in the previous
sections.
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B. The 7(y, z) case

In our previous work [5], we classified all supersymmet-
ric theories with compatible intersecting Janus interface,
both in the two-dimensional and three-dimensional case.
One can work out a similar analysis to the current case with
the nontrivial 6 term. Let us first focus on the case where
the coupling constants are functions of two coordinates
e*(y, z) and 6(y, z). As before, compatible supersymmetric
conditions can be expressed by introducing a constant
Majorana Weyl spinor €, defined by

€y, z) = e (/P ¢ 6.7)

PHYSICAL REVIEW D 79, 126013 (2009)

_ F25676 — 1“3456 (610)

€y = €,
which implies
[2648¢) = [3489¢, = [3597¢, = 8¢, = —¢,. (6.11)

Each condition breaks the supersymmetry to 1/2 and
imposing the three at the same time breaks the supersym-
metry to the minimal one 1/16.

With these supersymmetric conditions we consider the
following interface Lagrangian:

£y = =i (o) + i 2 o)

One can impose three compatible supersymmetry condi-
tions + 143—¢ Tr(W(csciy M5 — seciy N;) W)
2789 . — 13456
["%€) =T17"%¢) = ¢, (6.8) + l42—¢ Tr(W(cscy M, — secip N,)W), (6.12)
— [%9¢, = I¥56¢, = €, 6.9  and
|
4
L, = _213— cscifp Tr(codalbs, bl — crdulds, dol — casldbo, d7] — c3psl b7, d3))
¥
+ 213— secy Tr(coplds, Pol — c1psldbe, d7] — crbslbu, 5] — c3palbs, Pol)
¥
- 2127 cscif Tr(bgpqlbs, dol — bidslde, d7] — brplda, sl — bspulbs, dol)
¥
+ 212— secty Tr(boPulbs, el = bidulds, dol — brpslbo, P71 — bidsl b7, Ps)), (6.13)
[
where M,,, N,,, (m = 2, 3) are matrices defined by 9 ( ) ( )
B,, = cot T4, — tan co I,
M3 = c0r456 _ c1r489 _ C2F597 _ C3F678 l/j ; l'b Z ¢
N3 = C0r789 - CIF567 - 62F648 - C3F459 (614) (m = 2, 3) (618)
M, = bol"789 _ b1F567 _ b2F648 _ b31“459 . ) ( ) -
Ny = —(b[*5 — b, T*9 — p, 157 — p,[678), Icr(lmt)ht(z;cpressmn Cy s are given in terms of ¢},
2 263
and c;, b; are real parameters satisfying
3 3 C4ECO+C1, CSECO—'—CZ’ C6Ec0+c3:
Z Z =1L (6.15) cr=cy+ ey cs =c; +c3 co=c| + cy,
(6.19)
so that there are six 1nde endent parameters For conve-
nience we also denote c = b, and ca = ¢,. Note that and
the following properties hold for M,, and N,,:
91280 € = N, €, (cosyM,, + singyN,,)e = ["e. by = by + by, bs = by + b3, bs = by + by,
(616) b7 = bo + hl’ bg = bO + bz, bg = bo + b3.
Now we define the correction to the supersymmetric (6.20)
transformation (2.2) 6,V as
The index a is understood to be cyclic in 4,5,...,9, i.e.,

51‘1’ = _83¢B3F3€ - 82¢B2F2€, (617)

where

C19p = €4, €11 = 5, and so on. With these, it is not difficult
to show that
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(cosyyM,, — sinyN,,)B, €

[ B, +2 Z M (e coty — ci’% tanlp)F“qﬁa]Fme.

(6.21)
Also note that fora =4,5,...,9,
gt ez =1 Cabarz = byCar3 = cq = by,
Cat+3 — bars = —(cq = o). (6.22)

£3 - —
m=23 ¢ a=4
2 &
Z Ot Z ) coty — cg"fr)3 taniys |2 —
m=23 a=4
X (ca = ba) Tr(upa+3) +
a=456

Then the full Lagrangian £ = Lo+ L, + L, + L, +
L5 is invariant under the suupersymmetric transformation

C. The 7(x, y, z) case

When the coupling constants depend on all three coor-
dinates, e*(x, y, z) and 6(x, y, z), there are two independent

supersymmetry conditions:
[1467¢, = T275¢, = [¥56¢, = €,
(6.24)

[148¢, = [468¢, — [M78¢) = ¢,

As in the previous section, we define

23‘70

PHYSICAL REVIEW D 79, 126013 (2009)

We are ready to find the supersymmetric Langrangian.
First, one can show that the zeroth variation &y(L, +
L, + L,) is cancelled by the first order terms from
8, L,. The only nonvanishing terms are §,L; and the
second order terms from & £, which should be cancelled
by introducing another term L3 in the Lagrangian.
Utilizing the above properties among the parameters and
matrices, it can readily be shown that the desired term is

@) & m () g 2 (m) M) e )12
> S e (4 cdese? i) + (1 + csec? )]

9299 3l’ll(csc U — sec? )

(cotyy + tangh) D (¢, = by) Tr(dudbass).

a=4,5,6

(6.23)

The correction to the supersymmetric transformation is
51)\ = —81 i,Z/BlFlG - 821//BZF26 - 831//B3F3e, (627)

where B,, (im = 1, 2, 3) are given by

8
Bm = C0t¢f<r4¢4 + Z cg-"l)rig{)l-)
i=5

8
- tan¢<F9¢9 +3(1 - cﬁ’"))riqsi), (6.28)
i=5

and here we introduced the notations as before,

as = a,, ag = ay, ar; = ay, ag = dy,
= 467 458 = 589 679
Ml = (llr + a2F y Nl (llr + a2F y bs — bl, b6 _ bz, b7 — bl, bg — bz,
M2 = blr475 + b2F468, N2 = b1F689 + b2F597, o . o o
Cs = Cp, Co = C1 €7 = Gy Cg = Cp
My = T4 + o T478, Ny = ¢, + ¢, 1569,
3 cl 62 3 Cl 02 6 25 (l) = al, CEZ) = o 653) = Cl' (l- — 5’ 6, 7’ 8).
(6.25) (6.29)
where parameters satisfy the relation ) ) )
Then the correction terms to the Lagrangian again turn out
agtay=b +bhy=c +tc=1 (6.26) (o consist of three terms:
|
L, = —ﬁ Ti[0, Y ATOBA + 9, p ATBIA + 95 ATO12A — 0,y A(csc M, — secyN,)A

— 9, A(csciy M, — seciyNy)A — s A(cscip My — secipN3)A],

(6.30)
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01y
.£2: _21—;2

PHYSICAL REVIEW D 79, 126013 (2009)

Tr{cscy(a; pal bo, 7] + ardpalds, gl) — seci(a; ds[ bs, dol + ardel b7, dol)}

- 21'82—;# Tr{cscf(bypslP7, 5] + bypuldbe, ds]) — sech(by ol bs, ol + brps[bo, d7]}

— 21'62—2111 Tr{csciy(c1Pulds, b6l + crpaldr, Psl) — secih(ci alds, dol + crps[bs, o))k (6.31)
and
3
Ly=-3 (a;e¢)2 Ti[(1 + esc®¢h) g + (1 + sec? ) ]
m=1
3 8
Z (@, elﬁ) Z 1+ (c™)2esc?yp + (1 — ¢™)2sec? ] ¢p?
m=1 i=5
> Oy - 0\ (1 —
+ PP Tr[cotz//(g{)ﬁ + i:ZsCi d),z) tan¢/<¢§ + i:z;_(l c; )2¢z‘2>]
%[ 1 s (esc?y — sec’yp) — 9,02 (cotyy + tany)]Tel(ay — b)) bss + (a1 = by) b7 ¢s]
el [0, 05p(csc?if — sec?th) — D034 (cotyy + tanyy) | Tr{(by — )7 + (b — ¢1)ps ]
a %[33 o p(esc?y — sec?p) — 039 ¢ (cotyy + tany)] Trl(c, — ay)Ppsps + (¢ — ap)pgbs]. (6.32)

It is straightforward to show that the full Lagrangian is
invariant,
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