BPS D-branes from an Unstable D-brane
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Abstract.
We search for exact tachyon kink solutions of DBI type effective action describing an unstable D-brane with worldvolume
gauge field turned in both the flat and a curved background. There are various kinds of solutions in the presence of
electromagnetic fields in the flat space, such as periodic arrays, topological tachyon kinks, half kinks, and bounces. We
identify a BPS object, D(p-1)F1 bound state, which describes a thick brane with string flux density. The curved background
of interest is the ten-dimensional lift of the Salam-Sezgin vacuum and, in the asymptotic limit, it approaches R1,4 × T2 × S3 .
The solutions in the curved background are identified as composites of lower-dimensional D-branes and fundamental strings,
and, in the BPS limit, they become a D4D2F1 composite wrapped on R1,2 × T2 where T2 is inside S3 .
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INTRODUCTION AND SUMMARY
Study of the dynamics of unstable D-brane has been realized by condensation of tachyonic mode living on the
brane [1]. After A. Sen wrote down the boundary state
describing decay of unstable D-branes in boundary conformal field theory (BCFT) [2] and suggested the corresponding tachyon effective action [3], such observations
enables us to study the decay of the unstable D-branes in
the spatially homogeneous background, say, the rolling
tachyon. On the other hand, spatial inhomogeneity has
been another important issue, particularly in the form of
tachyon solitons which form BPS and non-BPS D-branes
of various codimensions.
It is well known that the tachyon effective field theory (EFT) correctly captures some aspects of the tachyon
condensation in the low energy limit of open string theory. Particularly, tachyon kink solutions are effectively
described in EFT. The purpose of this note is to review
the tachyon kink solutions with electromagnetic
√ fields
under a runaway tachyon potential, 1/ cosh(T / 2), in
flat and a curved background, and summarizes the resulting BPS objects on the unstable D-branes.
In flat space, the obtained static kink configurations for
pure tachyon fields are either singular solutions [4] or an
array of regular kink-anti-kink [5, 6, 7]. Once constant
DBI-type electromagnetic fields are turned on, there are
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additional five non-trivial regular solutions. Specifically
the solutions include two types of topological kinks,
bounce, half kink, and hybrid of two half kinks [7]. When
the pure electric field along the inhomogeneous direction
is less than or equal to 1, corresponding BCFT solutions
are also obtained in Ref. [8]. Remarkably, in the critical
limit of the electric field, |E| = 1, the resulting solution
represents a D(p-1)F1 bound state and is identified as the
thick BPS-brane with string flux density. The thickness
can be adjusted by the strength of the string flux density.
We attempt to extend the analysis of unstable D-brane
to the case of a curved bulk background and find tachyonic kink solutions [9, 10]. Similar problems were considered in Ref. [11]. The background of our consideration is R1,4 × T2 × S3 with non-vanishing NSNS B-field,
which is the asymptotic limit of the ten-dimensional
embedding [12] of the supersymmetric vacuum, R1,3 ×
S2 , of the Salam-Sezgin model [13]. We obtain exact
tachyon kink solutions on a non-BPS D5-brane whose
worldvolume lies on R1,2 × S3 . The obtained solutions
describe the codimension-one branes on the non-BPS Dbrane. In the thin limit of the solution, it becomes a BPS
object with string flux density when a constant magnetic
field h is goes to zero and forms a D4D2F1 bound state.

GENERALITIES
In this paper we consider the DBI-type effective action
for tachyon field which couples to abelian gauge field on

an unstable Dp-brane in general backgrounds,
S=

Z

d p+1 xL = −T p

Z

√
d p+1 x e−ΦV (T ) −X,

(1)

all possible static tachyon kinks (See Ref. [7]). To describe the tachyon kink solutions we assume that the
tachyon and gauge field strengths depend only on one
spatial direction, x,

with

T = T (x),

X
Fµν
Fµν

≡ det Xµν = det(g µν + ∂µ T ∂ν T + Fµν ),
= Bµν + Fµν ,
= ∂µ Aν − ∂ν Aµ , (µ , ν = 0, 1, · · · , p),

where T p is the tension of the unstable Dp-brane, Φ is
the dilaton, Bµν is the induced anti-symmetric tensor. We
neglected the transverse scalars which are irrelevant in
our discussion. Equations of motion for the tachyon T
and gauge field Aµ are given by

 √
γp
dV
−X
µν
T p e−Φ
∇µ √
CS ∂ν T + √
= 0,(2)
−g
−g
dT


γp
µν
(3)
CA = 0,
∇µ √
−g
µν

µν

where CS and CA are the symmetric and antisymmetric parts of the cofactor, C µν , of the matrix
(X)µν , and we define
T p e−ΦV
.
γp ≡ √
−X

(4)

Conservation of energy-momentum is given by


γp
µν
CS = 0,
∇µ T µν = ∇µ √
−g

(5)

where T µν is the energy-momentum tensor. For the
tachyon potential V (T ) that is symmetric under T → −T
in type IIA and IIB superstring theories, any runaway potential with V (0) = 1 and V (±∞) = 0 is allowed for the
existence of D-brane configuration of our interest, that
is consistent with universal behavior in tachyon condensation [4]. Here we assume a specific form in order to
obtain exact solutions
V (T ) =
cosh

1


T
√
2

,

(6)

which was derived in the open string theory using perturbation around half S-brane [14].

TACHYON KINKS IN FLAT SPACE
In this section we analyze the DBI-type effective action
(1) with vanishing dilaton Φ and anti-symmetric field
Bµν in flat (p+1)-dimensions (gµν = ηµν ), and classify

Fµν = Fµν (x).

(7)

Then the effective action (1) is simplified as
Z
q
S = −T p d p+1 xV (T ) β p − α px T ′2 ,

(8)

where T ′ = ∂x T , α px is 11-component of the cofactor
C µν , and β p = − det(ηµν + Fµν ).
Bianchi identity for the abelian gauge field strength,
dF = 0, the gauge field equation (3), and conservation of
energy-momentum (5) determine the system completely.
As expected the resulting solutions are consistent with
the tachyon equation (2). What we obtain is as follows.
All components of the gauge field strength are constants,
and T 11 which is written as T 11 = γ p α px is a constant
of motion. Now the remaining equation is constancy of
T 11 where the expression of T 11 is reexpressed by a firstorder differential equation for the tachyon field,
1
E p = T ′2 + U p(T ),
2

(9)

where E p = β p /2α px and U p = α px [T pV (T )]2 /2(T 11 )2 .
We can classify all kink solutions in terms of three parameters (α px , β p , T 11 ). For the tachyon potential (6) all
the codimension-one tachyon solitons are given by exact
solutions [7].
When α px is negative, U p is turned upside down and
has the minimum value, α px T p2 /2(T 11 )2 , at T = 0 and
the maximum value, 0, at T = ±∞ due to the runaway
property of the tachyon potential (6). Three types of the
exact solutions of Eq. (9) are


T (x)
=
(10)
sinh √
2
 √
u2 − 1 sin (x/ζ ) for 0 < β p < ũ2

ux/ζ
for β p = 0
 √ 2
u + 1sinh (x/ζ ) for β p < 0

(i)
(ii) ,
(iii)

where

2
T p2 α px
,
u2 =
β p (T 11 )2

ũ2 = β p u2 ,

ζ=

s

2α px
.
βp

(i) is an array of kink-anti-kink which is interpreted as
an array of D(p-1)D̄(p-1) ( and D(p-1)F1 − D̄(p-1)F1),
and is an unique nontrivial solution in the pure tachyon
case [5]. (ii) and (iii) are the topological kinks connecting
two vacua T = ±∞, and interpreted as a single D(p-1)F1

bound state. For (i) and (ii), BCFT calculation confirms
this interpretation [8].
When α px is positive, there are three more types of
non-trivial solutions


T (x)
√
=
(11)
sinh
2
 √
 u2 − 1 cosh (x/ζ ) for 0 < β p < ũ2 (iv)
for β p = ũ2
exp (x/ζ )
(v) .
 √
(vi)
1 − u2 sinh (x/ζ ) for β p > ũ2

These solutions are interpreted as bounce for (iv), halfkink for (v), and hybrid of two half-kinks for (vi). The
functional form of these three solutions in Eq. (11) coincides with the exact rolling tachyon solution in DBI-type
tachyon effective action [15]. However, these solutions
are not yet obtained in other descriptions of the system
theories, such as BCFT and boundary string field theory (BSFT).
In relation to BPS nature, the single topological kink
(ii) saturates BPS-type bound with thickness for T 11 =
Π1 6= 0 case, i.e., the energy of this object consists of the
string charge and RR-charge of the lower-dimensional
D(p-1)-brane exactly.

TACHYON KINKS IN A CURVED
BACKGROUND
Since the DBI action can describe the low energy dynamics of Dp-brane in a curved background as well, we
consider the DBI-type tachyon effective action on the
curved background [9, 10, 11]. This section is based on
the Ref. [10], and we will study tachyon kink solution
in the large dilaton limit of the ten-dimensional lift of
Salam-Sezgin vacuum on R1,3 × T2 × Rρ × S3 described
by [12]
ds2

B
Φ

= dx26 + 4R2 d ρ 2 + du2
u
h
 u  i2
+ sin2
dv2 + dw + cos
dv ,
R
 uR
dv ∧ dw,
= − cos
R
= −ρ ,
(12)

where R is the radius of S3 which is parametrized by
three coordinates (u, v, w), B is the non-vanishing NSNS two-form field on S3 , and Φ is the dilaton field. It is
interesting to notice that the local geometry of the background (12) is nothing but the NS5-brane near horizon
geometry. However, there is a difference in that string
coupling constant goes to zero in the asymptotic limit of
the background, while it blows up in the throat region of
the NS5-brane. Thus in this background (12), it is valid to
study non-BPS D-branes in terms of DBI-type effective

theory (1). Note that Fµν defined by Fµν = Fµν + Bµν
is gauge-invariant on the worldvolume of D-brane.
We consider an unstable D5-brane on R2 × S3 with the
coordinates (x, z, u, v, w) where (x, z) is two of the spatial
coordinates of R1,3 . Similar to the case of the flat space
in the previous section, we assume the same tachyon
potential (6). The compactification scale R in the Eq.
√(12)
is assumed to be identical to the self-dual radius 2 in
the tachyon potential (6).
From now on, we will study static solutions of the
tachyon effective action (1) under the ansatz
T = T (u, w),
(13)
F0z = Ez (u, w), Fvz = α (u, w), Fvw = h(u, w),
where we assume other components of the gauge field
strength Fµν vanish. Using the Bianchi identity for the
two-form field on the unstable D-brane, dF = H, where
H is field strength of the anti-symmetric tensor field, we
obtain
Ez = constant,

α = constant,

h = h(w).

(14)

Inserting the Eqs. (12), (13), and (14) into the equations
of motion (2) – (3), we find that the tachyon field T is a
function of either u or w but not both, and h should be a
constant, i.e.,

∂u T ∂w T = 0,
h = constant,

(15)

and the dilaton field Φ is decoupled.
We first consider the case that T depends only on u.
Then we can find an exact solution
s





T (u)
u
T5 2
√
√
sinh
− 1 cos
=±
, (16)
αγ5
2
2
where γ5 was defined in Eq. (4). From the analysis of
the physical quantities for the solution (16), e.g., energymomentum tensor T µν and electric flux density Πi , we
notice that the solution represents a dimensionally reduced configuration. From the background metric in
Eq. (12), the configuration spans T2 in the three-sphere:
dsS3

= du2 + sin2
√u = π
2 2



u
√
2





 2
u
dv2 + dw + cos √
dv
2

−→ dsT2 = dv2 + dw2 .

(17)

To identify the RR-charge of the resulting lower dimensional D-brane we take into account the WessZumino term for the unstable D-brane [4, 16],
SWZ = T5

Z

V (T ) dT ∧CRR ∧ eF+B .

(18)

For the solution (16) in the thin limit γ5 → 0, the WessZumino term (18) is reduced to
SWZ

Z 
√
= ∓π 2T5
C(5) + α C(3) ∧ dz ∧ dv

+h C̃(3) ∧ dv ∧ dw ,
(19)

where we omitted the terms containing a RR-form
wedged to dt, which are irrelevant in the interpretation of
the lower-dimensional D-brane. Thus the resulting configuration consists of a D4-brane stretched along √
R2 × T2
with coordinates (x, z, u, w) and RR-charge T4 =
√ 2π T5
and two
D2-branes
with
charges
per
unit
area,
2π T5 α
√
and 2π T5 h, spanned by the worldvolume coordinates
(t, x, w) and (t, x, z), respectively. In addition, there are
fundamental strings with flux on cylinder R × S1 of
(z, w).
In order to study the BPS nature of the solution, we
now investigate the energy-momentum tensor. For the
solution (16) to describe a BPS object, it is required
that the pressure in u-direction, T uu , and the off-diagonal
stress component between two D2-branes, T zw , should
vanish, which are given by
T uu

=

T zw

=

α2

γ5
√ ,
sin(u/ 2)



u
α
√
h − cos √
Σ(u) (20)
sin(u/ 2)
2

−

the BPS nature in the thin limit γ5 → 0 which satisfies
the condition h = 0 automatically in this case. This BPS
object is proven to describe the same configuration as the
BPS solution in the case of T = T (u).
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