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Particle motion in a curved cylindrical geometry
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Particle motion in a geometry determined by Jackiw-Teitelboim gravity is studied by using the covari-
ant phase-space quantization method. The motion of the particle is completely determined by two pa-
rameters, the scale transformation parameter and the generator of the transformation, which form the
coset space SL(2,R)/SO(2). The symplectic structure of the particle motion is also determined by these
two parameters.

PACS number(s): 04.20.Me, 12.25.+e

I. INTRODUCTION

Recently, two-dimensional gravity has attracted much
attention. Although the Hilbert-Einstein action in 1+1
dimensions does not possess dynamical contents, there
are still interesting formulations of linear gravities which
have been extensively studied [1,2]. One of the earliest
among these was proposed by Teitelboim and Jackiw [1]
whose action is

I = —ggR —
—,'A

where g is a scalar field, R is the Riemann curvature sca-
lar, and A is a cosmological constant. Various authors
reformulated this model as topological gauge theories [3]
and also as a dimensional reduction of (2+ 1)-dimensional
Chem-Simons gravity [4].

Quantization of the Jackiw-Teitelboim model has been
done in various topologies of the space-time manifold
[3,5]. An interesting quantization procedure was offered
by Navarro-Salas, Navarro, and Aldaya [6] who studied
explicitly the symplectic structure of the model on a
cylinder from the viewpoint of the covariant description
of the canonical formalism [7]. They have shown that the
reduced phase space is a finite-dimensional cotangent
bundle where the base manifold (configuration space) is
the space of conjugacy classes of the PSL(2, R ) group,
i.e., T'[PSL(2, R )ladPSL(2, R )], that the quantum Hil-
bert space emerges as the space of I. -class functions of
the PSL(2, R ) group, and that there is the complete
equivalence between the reduced phase space of the
Jackiw- Teitelboim model and that of its topological
gauge formulations [3].

Although there have been many studies on the matter
coupling with the two-dimensional gravities [8,9], the
above covariant phase-space method has not yet been ap-

plied to this problem. As a first step in this direction it
would be worthwhile trying the simplest situation: a
point particle with mass m moving in the above back-
ground geometry. The modified action is then

I=I +I
A= fd'xV' gg R———

—m f d'x fd.S"'« —x(r))[g„.x"(.)x'(r)]'"

(1.2)

where x(7) is the particle trajectory and the overdot
denotes the differentiation with respect to ~, which
parametrizes the arc length of the world line; our Min-
kowski signature is (+,—).

The equations of motion of the particle do not explicit-
ly depend upon the scalar field g, but only upon the
metric g. Therefore they can be solved, with a given
background geometry, without considering the particle's
effects upon the scalar field. We solved them explicitly,
in the cylindrical topology, with the metric given in the
paper of Navarro-Salas, Navarro, and Aldaya [6], in
which the periodicity of the cylinder induces monodromy
transformations of the metric functions. These monodro-
my parameters form the group PSL(2, R ).

We found that the phase space of the particle is also
described by the same group PSL(2, R ) as in the Jackiw-
Teitelboim model quantized by Navarro-Salas, Navarro,
and Aldaya [6]. It is characterized by the coset space
SL(2,R )/SO(2). In addition to this, two points connect-
ed by the monodromy transformations must be identified,
which are due to the periodicity condition of the cylindri-
cal topology.

In Sec. II we consider field equations, their solutions,
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II. EQUATION OF PARTICLE MOTION
AND PERIODICITY CONDITION

The equations of motion derived from the action (1.2)
are

AR=—,
2

(2.1)

and monodromy transformations following the article of
Navarro-Salas, Navarro, and Aldaya [6]. In Sec. III we
construct the monodromy-transformation-invariant equa-
tions of particle motion, solve them explicitly, and show
that the space of initial values forms the coset space
SL(2,R)/SO(2) divided by the monodromy group. We
will compute the symplectic currents and the symplectic
structure in a covariant way following the method of
Navarro-Salas, Navarro, and Aldaya [6]. In the last sec-
tion, we summarize our results and a brief discussion will
be given.

1/2
A

2
d(&A/8)B(Z) —c

8 b—(&A/8)B(Z)+a
1/2

iz- A
8

B(Z)

(2.10)

where ad —bc =1. The monodromy parameters form the
group

PSL(2, R )=SL(2,R )/[+1, —1] .

When the particle is absent, the solution for the scalar
field g on the cylinder is obtained by Navarro-Salas, Na-
varro, and Aldaya [6] as

1/2
A A

7l (d —a ) 1 ——AB +2c
1+(A/8) AB 8 8

1/2

d x
vA.

= —r~x x',

PP+V~ g @V+2~ g PV~
4

x"x 5' '(x —x(r))
dv

(g x x')'" &—gg~px x

(2.2)

(2.3)

(2.11)

~=4M ~51TrMI (2.12)

where A, is an arbitrary constant. With the above period-
ic solutions, the symplectic structure of the Jackiw-
Teitelboim model is characterized by the symplectic
two-form

where

r~, = ,'g~e(a~, ,+-a,g„, a@„)— (2.4)

and V„ is a covariant derivative. As a first step to deter-
mine the phase space we need to solve the classical equa-
tions of motion. It is perhaps easiest to study them in the
conformal gauge where the metric takes the form

where M is the monodromy matrix and 5 stands for the
exterior derivative. Thus the reduced phase space of the
theory can be shown to be the cotangent bundle of the
space conjugacy classes of the PSL(2, R ) group, namely,
T'[ PLS(2, R )/adPSL(2, R )]. The Hilbert space is given
by the space of L functions on PSL(2, R ), invariant un-
der the similarity transformation, i.e.,

dH =2e'&dx+dx

where

x =x +x

(2.5)

(2.6)

H= fltrEL [PSL(2,R )]1@(hg/g ')=P(g) j . (2.13)

For the investigation of particle motion, it is quite con-
venient to introduce new notation y+ and y instead of
3 andB:

and the topology of the space-time we choose is R XS'
(
—oo (x ( 00, O~x'(2m. ). In the above gauge, the

curvature equation (2.1) becomes the Liouville equation

1/2
A

y

1/2

A(x ), y —= — B(x ) .
A
8

(2.14)

A
8 8 = ——e p+ —p

whose solution is

(2.7)
Note that we can view y as new coordinates and Eqs.
(2.14) as coordinate transformations. The periodicity
condition of the x coordinates is transferred to the mono-
dromy condition:

a (&A/8) A (Z )+b

c(&A/8) A (Z)+d
1/2

A—:M — A(Z)
8

(2.9)

a+Aa B
exp(2p) = (2.8)

[1+(A/8) AB]
with A (B ) a function of x+ (x ). The cylindrical
topology requires periodicity of the metric
[p(x,x'+2') =p(x, x')], which implies the monodro-
my transformation properties for the functions 3 and B:

1/2
A
8

y+(x, x '+2') =M [y+(x,x ')]
ay+(x', x ')+ b

cy+(x', x')+d '

y (x,x'+2') =M '
[y (x,x ')]

dy (x,x ') —c
by (x,x')+a—

(2.15)

(2.16)

where ad —bc = 1.
In addition, we recall that the action (1.2) is invariant

under coordinate transformations, which enables us to
just copy the equations of motion (2.1)—(2.4) except for
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replacing x by y. With the Inetric reexpressed as

dr =2e ~dy+dy 16 1

A (1+y+y )2
(2.17)

and I ++=28+p, I: =20 p, and other I"s vanishing,
we have the equations of the particle motion as

d 2+=(e ~y )=B p=-
d~ 1+y+y- ' (2.18)

d
(e ~y )=B+p=-

d7.
(2.19)

1+y+y
Hereafter B+ denotes B/By —.

Before attempting to solve these geodesic equations, we
list transformation properties of few quantities under the
monodromy transformation. For notational simplicity
we rewrite the periodic condition as

One of these two equations is, in fact, redundant, which
can be shown easily by adding them together as

ln y y =0
dr (1+y+y )2

(3.5)

+2y
1+y+y

It is technically helpful to define new variables as

(3.6)

We note that the argument of the logarithmic function is
nothing but the cosmological constant A/16, as can be
seen from the metric equation (2.24), and therefore its
derivative vanishes. The invariant equation of particle
motion to be solved is the difference of the two equations
(3.3) and (3.4):

ay++ by'+ —=y+(x', x '+2m-) =
cy++d ' (2.20)

and

y
—=e"—, 2u =u++u, 2u '=u+ —u (3.7)

i+ i — y y1+ +

(cy++d )( by +a )— (2.22)

I+
~ +

(cy++d )

(1+y'+y' )

( by +a)—
16 dy+dy
A (1+y+y )'

(2.23)

y' —=y (x,x'+2m)= c
(2.21)—by +a

where we use y instead of y(x, x') and y' +— for
y

—(x,x'+2'). We find that

du'
du'

'

Then we have

8d7.=
A

' I/2
( 1 2)1/2

du
2 coshu

and the invariant equation (3.6) becomes

d
co ln

1 6)
(cosllu ) =0,

CO

which gives the first integral constant of motion as

(3.8)

(3.9)

(3.10)

=invariant . (2.24)

III. CANONICAL STRUCTURE
OF THE PARTICLE PHASE SPACE

Our task is to solve the set of equations

These are useful in studying the transformations of the
equations of motion.

1 co2

(coshu ) =C, =non-negative const .
CO

From this we get the first-order differential equation

du ' + coshu

du [C, +(coshu ) ]'

which is easily solved as

(3.11)

(3.12)

=0,

d 1

d7

+
+ y =0

1+y+y

d 1 2y
d ~ y+ 1+y+y

(3.1)

(3.2)

sinhu =Ql+C, sinh(+u' —Cz) . (3.13)

ay+ ——y +v(y+y —1)=0, (3.14)

Returning to the y variables we can rewrite the last
equations as

(3.3)

with periodic constraints (2.20) and (2.21). The two equa-
tions are obtained from the geodesic equations (2.18) and
(2.19) by using the metric condition (2.17). Since these
two equations are not invariant with respect to the
periodicity transformations, it is more convenient to
make them invariant by multiplying them by y+ and y
respectively, as follows

d 1 2y
y d7 y 1+y

where
—C 1cx=e, U =+ +1+C,

(3.15)

This is the solution to the invariant equation (3.6), which
can be checked by directly inserting the solution to the
difFerential equation. Note that the solution works for
the whole range of y, even though they were limited to
the positive region in Eq. (3.7).

It is more illuminating to rewrite the solution (3.14) as

d 'T

2y
1+y+y

=0, (3.4) (1/a)y + v
y = =~y

vy +a (3.16)
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where

P=

1/a U

( 1 V2)1/2 ( 1 2)1/2

U A

(1—V2)1/2 (1 2)1/2

(3.17)

We divided the matrix by the factor (1—u )'/ in order
to make its determinant 1, and PHPSL(2, R). Since the
two parameters o.' and v are integral constants of motion,
P represents the initial values of the particle motion. The
space formed by P is a subset of PSL(2, R ), which can be
characterized more clearly as follows. First, we note that

P=

1

V'a 0 1 U

( I 2)1/2 ( I 2)1/2

U 1

(1 V )1/2 (1 V2)1/2

1

&a

= [exp[ —
—,'(lna)cr3]exp( —,'Pcr, )] [exp[ —

—,'(lna)cr3] exp( —,'Pcr, ) J

—:HH (3.18)

where II is the transpose of II and coshP= 1/(1 —u )'/ .
Since the generators of SL(2,R ) are given by the Pauli

matrices

ready to deal with the phase-space structure. The sym-
plectic form is given by the standard formula

co= g 5q'h 6p'
0

$ 03 and io2 (3.19)

II E SL(2,R ) /SO(2) . (3.20)

where o
&

and o3 are noncompact generators, but io.
2 is

the SO(2)-subgroup generator, we see that II belongs to
the coset, i.e.,

=5y+ R, 5p+ +5y h, 5p

and with the momenta given as

mA 1p+= —me 1'y —=—
y

(3.27)

(3.28)

Hence the space of initial values is characterized by the
symmetric space of the group SL(2,R )/SO(2).

In addition to the coset space characteristics, we
should find the periodicity condition on P coming from
the cylindrical topology. Since y' =M(y ) and
y' =M (y ) are to be identified with y+ and y, re-
spectively, because of the periodicity, we should also
identify P' and P in the following:

Hence we need to evaluate

8
5y+h5 . + +5y h5

y
' y- (3.29)

In order to compute the exterior derivatives, we have
to express y+ in terms of the world-line parameter ~. For
this we recall the metric equation (2.17) rewritten as

(3.21) (1+y+yA
16

(3.30)

y'+ =P'(y ) .

From the latter we have

y+=M 'P'M ' (y )

and

(3.22)
and the solution

(3.23)
+ (1/a)y +v

Uy +a
Combining these two we have the equation

(3.31)

P' =MPM (3.24)

which is to be identified with P. Furthermore, the
periodic condition can be applied to any integer times,
and so we identify all the P'"'s, where

(y +au) +a (1—v )

which yields the solution

A

16a (1 —u )

1/2

(3.32)

P1 '=M"P(M )", k &integer . (3.25)

Now we can fully specify the space of initial values: It is
the coset space SL(2,R )/SO(2) whose two points II and
II'"', related by the monodromy transformation M as

y (r)= —au+a(1 —u )' tan
A
16

1/2

(3.33)

II' '=M II, k &integer, (3.26) and y+ is obtained from Eq. (3.21) as

are to be identified.
Having obtained the space of initial values we are

I 1y+(r) =+-
a cot[(A/16)r+8o]+v/(1 —u )'

(3.34)
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There are four parameters cz, v, 00, and A to specify the
particle motion. Among these, A is fixed by the back-
ground geometry, and one of the rest of the three must be
superAuous because the phase space of a particle is two
dimensional. This will be, indeed, confirmed by our ex-
plicit calculation of the symplectic form. The exterior
derivative 6 operates on the parameters a, u, Oo as

mA 1 + 1 b+~ Bby 5g Q 6g0 . +

(3.35)

where q'=(a, v, &o). After straightforward but long cal-
culations, we find that

co= &A5(lna) A 5
4 ( 1 2)1 i2 (3.36)

and other terms involving 5a, 50O, and 5U vanish. It is
therefore consistent with the previous group-theoretical
description of the space of initial values in terms of n and
U. It is not surprising that Oo is a superAuous variable, be-
cause it is nothing but the reference point of ~, as can be
seen from Eqs. (3.33) and (3.34), and r itself is not an in-
dependent variable (once t and x are taken as indepen-
dent).

We conclude this section by summarizing our results.
The motion of a particle in a cylindrical geometry with a
metric given by (2.17) is completely specified by two pa-
rameters of initial values a and U. The space spanned by
these is the coset space SL(2,R )/SO(2), expressed as

11=exp[ —
—,'(lna)tT, ] exp( —,'Po, ), (3.37)

II =M II, k E integer, (3.38)

are to be identified. The symplectic structure of the
phase space is given by the two-form

m&A
to = 5(lna) h 5(coshP), (3.39)

which specifies the canonical quantization rules.

where tanhp=v and two points II and II'"', related by
the monodromy transformation M as

The generator of this transformation is given by

G =5'+y p —y
1/2

(4.2)
. y y

which is a constant of motion. By using solutions (3.33)
and (3.34) we find

AG= —m
16 (1—2) iy2 (4.3)

Note that the parameter e in Eq. (4.1) is related to the pa-
rameter tt of Eq. (3.14) by e=lnct. We thus see that the
initial-value parameters that specify the symplectic struc-
ture are just the parameter (1na) of the symmetry trans-
formation and its conjugate momentum.

In the parameter solution y+(r) of Eqs. (3.8) and (3.9),
we note that the world-line parameter ~ is limited in its
range as

1/2
16
A

1/2
16

2 A
(4.4)

This is a new feature due to the curved background
geometry at the presence of the cosmological constant.
In the fiat limit (A~O), r is unlimited, as one would ex-
pect.

In deriving and solving the equation of particle motion,
the scalar field q has no direct effects at all, but it plays a
hidden role. The monodromy transformation M, which
was used to implement the periodicity condition on the
particle trajectory, is determined by the choice of the
solution of the g-field equation without a particle source.
So the il field given in (2.11) implicitly affects the phase
space of the particle motion through (3.38).

While the particle motion is not directly influenced by
the scalar field, the latter is manifestly modified by the
presence of a source term due to the particle in the field
equation. Therefore, beside the homogeneous solutions
obtained by Navarro-Salas, Navarro, and Aldaya [6], we
have to obtain particular solutions and study their effects
upon the symplectic structure, which we leave for future
investigation.

IV. DISCUSSION

by+ =ay+, Sy = —ey (4.1)

We have solved the second-order differential equation
of the particle motion (3.6) by straightforward integra-
tion. It is also possible to obtain the first integration by
use of the symmetry of the system. We note that the
matter Lagrangian in Eq. (1.2) is invariant under the
infinitesimal transformation
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