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The Brans-Dicke theory in the general space-time endowed with torsion is investigated. Since the
gradient of the scalar field as well as the intrinsic spin generate the torsion field, the interaction term
of the spin-scalar field appears in the wave equation. The equations of motion are satisfied with the
conservation laws.

As a modified theory of Einstein's theory of general
relativity (GR), the Brans-Dicke (BD) theory' is based on
the viewpoint of the scalar-tensor theory, say, that gravitation may be produced by a scalar field as well as the
metric tensor field. i It is well known that the BD theory,
which assumes that the reciprocal value of the gravitational "constant" G is the varying scalar Acid P, is more
relevant to Mach's principle than the absolute property of
space.
When the gravitational field is strong, for example, for
a neutron star or in the phenomenon of gravitational collapse, the scalar field P may have some effect on stellar
configurations through a local modification of the gravitational constant by the matter-energy distribution of the
star. Moreover, most matter composing the stellar objects may have intrinsic spins which may play a dynamical role in influencing the geometry of the space-time. It
may be less practical to maintain the Riemannian manifold as the background space-time for those cases. The
space-time should rather be a general space-time endowed
with the torsion fleld which is taken to geometrize the intrinsic spin density of matter, i.e., the Einstein-Cartan
(EC) or Riemann-Cartan (RC) manifold. Allowing the
space-time to carry the torsion field, it successfully incorporates the intrinsic spin. Thus if we want to investigate the problem of a strong gravitational field with spin,
the background space-time of the scalar field P should be
extended to the EC manifold.
To investigate the BD theory in general space-time with
torsion, we introduce the scalar field in a rather ad hoc
manner into the EC manifold, like the usual BD theory
on a Riemannian manifold. While Dunn geometrized the
scalar field on equal terms with the metric tensor field, it
is in contrast with BD theory. He introduced the scalar
field by defining a linear connection with nonvanishing
torsion. However, we assume that the torsion field is generated by the intrinsic spin and the scalar field on equal
footing. Thus we now introduce the scalar field P as the
fundamental field variable with tetrad field e, and spin
connection field nab" independently in the gravitational
action
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where the comma means partial differentiation. The third
term is added in order to bring about a simple wave equation for P. It is also invariant under the Poincare gauge
transformation, since any covariant derivative of a scalar
field is identical with its partial derivative.
The mass action is given by
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Here I.M is a matter Lagrangian density which is a function of e, ", to, b", and source fields X;. The total action
then becomes IT ——
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The field equations for each variable can be obtained by
with respect to P,
varying the total action independently
e, ", and co,b" The field . equation for p is
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where the quantity IQ, the Christoffel symbol computed
from the metric tensor g&„, is familiar and estabhshed by
GR, and the contortion tensor E"~„is given by
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and y are arbitrary dimensionless parameters.
The scalar curvature R is a function of e, and co,b" and,
just as in the EC theory, is given by
where

"
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The extra fourth term of Eq. (5} is added to the case of
the usual BD theory as the interaction of the scalar field
with torsion, since the d Alembertian is defined by Eq. (6).

If, however, the d'Alembertian
Q~

is defined as the covarient
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derivative with the Christoffel symbol as in GR, then the
fourth term is canceled for the wave equation to be the
sanM form as that of the usual BD theory. The parameter
m couples the scalar field with torsion in the same range
of the coupling with the metric.
The field equation for e, is

"

$—
+2yR)G q+ ,'y5q—R =

(

'T
Sm—

q

+~( 0,A— '5„4,i—
4")/4

„—

6

where the Einstein tensor
„=R —,'5&R is asymmetric generally and the canonical energy-momentum tensor T ~ is defllled by
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The canonical energy-momentum tensor T„„is also asymmetric, while the metric energy-momentum
tensor that is
obtained by varying the matter Lagrangian with respect to
the metric tensor is symmetric. Thus T&„can be separated into two parts, a symmetric part (metric energymomentum
tensor
and an antisymmetric
part
(energy-momentum
tensor due to spin, v„„):
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The field equation (10) is an extension of Einstein s equation under gravitation caused by the torsion field and the
scalar field. In the usual BD theory, Einstein's field equation contains the term (P „.„—
g„„dP) which results from

the presence of the second derivatives of the metric tensor
in R, while Eq. (10) does not contain the teriri because of
the independence of the tetrad and the spin conncx:tion as
the fundamental variables in our case. The second term
on the right-hand side is the energy-momentum
tensor of
the massless scalar field.
The field equation for co' & is given by
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Note that the fluctuations in the scalar curvature R and
the scalar function P can act as sources of the torsion
field. Even if the gravitational Lagrangian density is
given by LG =JR(y=O), that is to say, in the case of no
fluctuation in R, the torsion field may be generated by a
nonspin term, the gradient of the scalar field. Thus in the
absence of spins the torsion does not vanish; it can propagate with the scalar field. The form of the torsion field
produced by the scalar field in Eq. (17) is similar to that
which requires minimal coupling and
by the tlaplon'
gauge invariance for a complex scalar field. The similarity is caused by the Lagrangian (1) containing the kinetic
term of P. But they thought that only the tlaplon determines the torsion field, it is the same idea as Dunn s. The
fact that the terms containing the parameter co are absent
in the field equation (13) means that the effects of P and
spin on the torsion field would be of the same order of
magnitude.
By contracting the A, and p indices in Eq. (10) the ycontaining terms are canceled and then
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while the denominator of the first term on the right-hand
', . lt is due to the fact
side in the usual BD theory is co+ —

that Eq. (10) does not contain the term of the second
derivatives of P. Here T denotes the trace of T„„. For
traceless T, for example, the vacuum or electromagnetic
case, the torsion-scalar coupling term determines the wave
equation of P. Of course, since the torsion is described by
a function of the spin and scalar, it would be the spinscalar and scalar-scalar self-interactions.
For the y=O
case,

hP =4rtT/co+ Sn X"i„P

/P+

3P i,P /2$

(21)

and if the magnitude of co is large enough to make R =0
in Eq. (19), then the right-hand side of Eq. (21) becomes

S~X").i 4'/4+ 20'4, i./4 .
The field equations (5), (10), and (13) are consistent
with the conservation laws. Since the background spacetime of the field equations is the EC manifold, the geometrical identity which relates the curvature tensor with torsion and the Bianchi identity of EC theory
are still required to show the consistency. For convenience, consider
the case of the vanishing value of y (Ref. 12). Taking the
modified divergence Vi of both sides of Eq. (10) with
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It is determined with the help of Eq. (5) and the identity
(23)

Also if we take the modified divergence of Eq. {13),then
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of the identity of EC theory
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where T"„„=F~„„+5„Fi'~„5„—
Fr~ is the modified torsion tensor. Both Eqs. (22) and (24) are exactly the conservation laws of energy-momentum
and spin angular
momentum respectively. The scalar field does not break
the conservation, and it has the same base as the usual BD
theory whose field equations require the conservation law
of GR (Ref. 4). However, even if the torsion field vanishes, Eq. (22) does not become the usual conservation law
of GR (or BD theory) since the torsion does not consist of
spin only. There remains the coupling term of the scalar
field and curvature.
Recently Siez' did similar work on the basis of
Msiller's tetrad (MT) theory'
using a different action
Since MT thrxiry considered the
+PF+(e)P)
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